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FORMALISING THE USE OF THE CENTRE OF MASS
METHOD IN MATHEMATICAL PROBLEMS
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Abstract. In this paper, we adopt from physics the concept of centre of mass
and use it in the solution of classical geometric problems. Such uses include finding
both the incentre and orthocentre of a triangle. We define the concept of centre of
mass mathematically and show how to formalise the intuitive solution from physics
into a formal mathematical solution. This concept is easy to teach because it requires
only basic knowledge of vectors; it can help in solving many complicated geometrical
problems.
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1. Scientific background

Do different fields of science have common topics and methods, or are they
independent of one another? If you ask students, they will probably answer that
different fields are independent and have nothing in common. In fact, it is relatively
common for one field to use methods developed in other fields.

Treeby [6] gives good examples of using the centre of mass method when
solving combinatorial problems. The centre of mass method was used by Hodgson
& Shultz [5] to solve the soda can problem. In Hausner [3], the author used the
centre of mass method to solve several geometrical problems. In Dana-Picard [1]
the author used barycentric coordinates to solve problems in geometry and calculus.
One of those problems is the incentre problem that we solve, although we use the
centre of mass method.

In this article we focus on the centre of mass method from physics and use
it to easily solve problems from geometry and analytic geometry. The centre of
mass method is used as an intuition for problem solving, and we formalise this
intuition to a mathematically accepted solution. We use a table to show how
we formalise the physical intuition, which is mathematically unacceptable, to an
accepted mathematical solution. Our method can be taught in high school because
we only use the mathematical concept of vectors, which is taught at that level.

The centre of mass concept that we use helps us solve the incentre problem
very easily. This problem is partially taught in high school in the following way:
The incentre of a triangle is the point where all its bisectors cross. However, the
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division ratio is only taught in the case of a triangle’s medians (a 1 : 2 division
ratio). This is because all other cases are too difficult to prove using the geometry
tools taught in most high schools.

In addition to the incentre problem, we solve the orthocentre problem and
other problems from analytic geometry. We also give the reader other problems for
exercise.

The importance of our paper comes from the fact that we show how to adapt
the centre of mass method for use in most high schools, which enables teachers
and students to explain and solve geometrical problems that are too complicated
to solve using customary methods.

Our paper is divided as follows: In Section 2, we show how to use vectors to
solve problems in geometry. In Section 3, a formal mathematical definition of the
centre of mass method is given. In Section 4 we solve the incentre and orthocentre
problems using the centre of mass method; then we solve other problems. In Section
5 we offer our conclusions.

2. Using vectors to solve problems in geometry

In this section we show how to use vectors to solve some problems in geometry.

2.1 PROBLEM 1. In triangle ABC, points D, E are the midpoints of AB, AC
respectively, as shown in Fig. 1. If we connect points D, E, then the length of DE

K is half of the length of BC, and DE || BC.

— — —
Proof. Let BA = @ and AC = ¥; then BC =
—_— -
BA+ AC = @ + . Points D, E are the midpoints of
. 1 1= ” 1
o AB, AC, respectively, hence DA = i and AE = 39.
E Now we can write

—_ e
B DE =DA+ AE = —i+

DN | =

—_— — —
¢ hence DE 1l BC' and |DE| = §|
Fig. 1
2.2. PROBLEM 2. In a quadrilateral ABCD, if diagonals AC and BD halve
each other (as shown in Fig. 2), then ABCD is a parallelogram.

Proof. Let O be the intersections of

B . — R —
the diagonals and let AO = 4 and OB =

— — -
v; then AB = AO + OB = 4 + ¢. Since
diagonals AC' and BD halve each other,
0 — — . — — N
then OC = AO = @ and DO = OB = 7,
—_— —_— —

implyi_n;g that DC' = DO + OC = 4 +
v = AB. It follows that DC || AB and
their lengths are equal, hence ABCD is a

D c parallelogram. m
Fig. 2

A
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2.3. PROBLEM 3. In the parallelogram ABCD (see Fig. 2), the diagonals
halve each other.

Proof. Let AO = @ and OB = #. Since OC 1] AO and DO 1] OB, then
— — —_— —
OC = au and DO = b7 for some a,b € R. We now use the fact that AB = DC"

— —_— =
AB=A0+0b=4+7

L = G+0=0b0+ad = (1—a)i+(1-0b)7=0.
DC=DO+0C=bi0+au

Since @ ) ¥/, these vectors are linearly independent, meaning that (1—a)i+(1—b)v =
0 has only the trivial solution 1 —a = 1—b = 0, implying that a = b = 1 and hence
— — — —

OC=A0=4and DO=0OB=7.m

3. Centre of mass — formal mathematical definition

In this section, we formalise the physics-based notion of centre of mass. For
this, we need the following definitions and theorems.

3.1. DEFINITION 1. A pair (P,m), where P € R? represents a position in
space and m € R* represents P’s mass, is called a “mass point”. The mass point
(P,m) can be also denoted as mP.

3.2. DEFINITION 2. Given two mass points {mj P, maPs} (see Fig. 3 in
Theorem 1, below), their centre of mass is a point Z such that:

(1) Z € PPy, ie., Z is on the line between the points Py, Ps.

—
Pz
(2) “Lever Rule”: g =z

ZF|  m

3.2.1. THEOREM 1. For any two mass points, their centre of mass exists and
is unique, as illustrated in Fig. 3.

Proof. It is known that any
segment can be divided in a given
ratio. Let point Z divide the seg- miPi
ment Py P in the ratio of msy : m;.
From Definition 1, it follows that Z
point Z is the centre of mass of the
mass points {miP;,maPs}. Thus, m2P;
centre of mass exists.

Fig. 3

Assume now that there are two centres of mass, Z; and Zs, such that Z; # Zs.

Then from (2) of Definition 2 we get

—_— —_—
|PrZi|  mo  |P1Zy]

Z.Py| ™1 | ZoPs|
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From (1) of Definition 2 we get |PyZ;| + |Z; P2| = | P1 P|, for i = 1,2, implying that

|Plz| |P1P2|_|ZIP2| ‘P1P2| _1 . |P1Z1| ‘P1Z2|

5 , and using that 5 we get
|Z:P,| |Zi P |Z:P| 2P| |ZaPs|
@ —-1= @ — 1, wherefrom |Z Py| = |Z2P»| and hence Z; = Zs, which
|Z1 Py | | Z2 Pa|

contradicts our assumption. m

3.2.2 THEOREM 2. Given two mass points {mlPl, me P}, a point Z is their
centre of mass if and only if mq - ZP1 + mgy - ZP2 =0.
R — — —
Proof. <: Assume that my - ZP; +mgo - ZP, = 0. Then
— P
(1) PAZ 11 ZPy
572 me = . .
P Z = — . ZP,, implying that |P1Z| ms hence Z € PP,

miq ,
ZPy| ™

=: Assume Z is the centre of mass of {m;P;,maPs}. Then Z € P\ Ps,
—_— — — —
hence P\ Z 1l Z Py, ie., PLZ = v - ZPy, for some v > 0. According to the “Lever
—

Pz m
Rule” of Definition 2, we also have ‘L)‘ =2 , leading to — = 7. Therefore,
| Z Py miy’ mi
—_ — — my —— — — -
PiZ =~-ZP;, hence PiZ = —-ZP,and mi-ZPi+mo-ZP,=0.m
my
We now generalize the case of a centre of mass of two mass points to a case
of a centre of mass of three mass points.

3.3. DEFINITION 3. Given three mass points {my Py, moPs, m3Ps}, their
centre of mass is a point Z such that

—

3.3.3. THEOREM 3. For any three mass points {my Py, maPs, m3P3}, their
centre of mass exists and is unique, as illustrated in Fig. 4.

Proof. We show that the equatlon my - ZP1 + mg - ZPQ + tmg - ZP3 =0 has a

unique solution. Since Z—P; ZP1 + Png and ZP3 ZP1 + P1Pg7 it is equivalent
to each of the following equations:

—

— e J— B —
my - ZPy+mgo - (ZP1 + PiPy) + mg - (ZP, + P1P3;) =0,

-
(m1+mg+m3) - ZP1 =my - PPy +m3 - P3Py,
ZpP = L E— - PP+ L — - P3P.
my +mg +ma my + mg +mg
The right-hand side of the last equality exists and is uniquely determined and
independent of a point Z, and hence the left-hand side exists and is also unique.
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miP;

(my+m2)Z; \

L
-

mzP: mzPs

Fig. 4

—

That is, the vector Z P, exists and is unique. It follows that the point Z exists and
is unique. This means that the centre of mass of {m, Py, moPs, m3Ps} exists and
is unique. =

3.3.4. THEOREM 4. For any three mass points {m1 Py, moPs, m3Ps} (see
Fig. 4 in Theorem 8), if Z is their centre of mass and Z; is the centre of mass of
{m1P1,maPs}, Then Z is the centre of mass of {(my1 + mz)Z1, msPs}.

Proof. If point Z is the centre of mass of {my Py, moPy, msPs}, then my -
— — — -
ZPy+my-ZPy+mg-ZP3 =0. If point Z; is the centre of mass of {my Py, maPs},
-3 —°, 7
then my - Z1 Py + mo - Z1P, = 0. We now prove that Z is the centre of mass of
{(m1 +ma)Z1, m3Ps}:

——

- f——d ——
O=mq-ZPi+mo-ZP>+ms3-ZP;
e —_— —_— e —_—
=mq - (ZZ1 + Z1P1) +mo - (ZZ1+ Z1Py) + ms3 - ZPs
— — e e
= (m1 —|—m2) ZZ1 —+ ms ZP3 +mq - lel + mo - 21P2

0
:(m1+m2)~Z_Z1>+m3~Z—P3>. [

We now generalize the case of a centre of mass of three mass points to the
case of a centre of mass of any number of mass points.

3.4. DEFINITION 4. Given n mass points {miP;,maPs,...,m,P,}, their
. . —— — — -
centre of mass is a point Z such that my - ZP, +mg-ZPy +---+m,, - ZP, = 0.

3.4.1. THEOREM 5. For any n mass points {miP;,maPs,... ,m,P,}, their
centre of mass exists and is unique.
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Proof. We have that ZPk = ZP1 + PlPk for k = 2,3,...,n. Hence, the
equation my - ZP1 + mo - ZP2 + o+ my, - ZPn =0is equlvalent to each of the
following:

3 n
m1-ZPr 4+ > my
k=2

n —_— [N -
my - ZP + ka'(ZP1+P1Pk):07
k=2
n
(m1+"'+mk) = >, my - PP,
k=2
Zzp—— ™  pP+..4— "0 PP
This means that the centre of mass of {myPi,ma2Ps,...,m,P,} exists and is
unique. m
3.4.2. THEOREM 6. For any n mass points {myPy,maPs,...,m,P,} let Z
be their centre of mass, and for any k of them, say {m1Py,maPs,...,mpPy}, let

Z1 be their centre of mass. Then Z is the centre of mass of

{(ml —+ -4 mk)Zl,mk+1Pk+1, - ,mnPn}

Proof is done by induction on the number of points. Theorem 2 proves the
case of n = 2, and Theorem 3 proves the case of n = 3. We now assume Theorem
6 is true for any set of [ points such that [ < n, and prove for any set of size n.
We denote mi + mo + -+ m,, = M,, and mq +mo + -+ + my = M. Point Z is

the center of mass of {miPy,maPs,...,mpP,}. Using Theorem 5 it follows that
Zn m; - Py Py Zn m; - P; Py
- * _ . 2. .
Z—Pl) = J_2]\4—]J Similarly, Z; P, = % Using Theorem 5 on
n k
{(m1 + -+ + mg)Z1, M1 Pit1,...,mp Py} it follows that the centre of mass O
—_—
- M, —— o om; - PP,
satisfies the equation OP; = ﬁk - Z1 P+ Z]_kﬂjw it . Now we prove that
O = Z. Indeed, ! !
M > P;P,
—— P G=k+1 Y 501
OP, = - 71 P
1= Mn 141 + MM,
k —_— —_—
My, Xjem PP Y my - PPy
M, M, M,
k 5 n 5
> oy PPy N >t My PPy
B M, M,
—_—
Yi—ami PP

—=i=2 0 TV _ 7P m
M, !
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4. Using the centre of mass method
to solve problems in geometry

In this section we choose some problems that are difficult to solve using stan-

dard high school geometry tools; the centre of mass method makes their solution
much easier.

4.1. PROBLEM 1. Given a triangle ABC, we denote by A; (B;, Cy respec-
tively) the point where A’s (B’s, C’s respectively) angle bisector intersects with
BC (AC, AB respectively). We also denote a = |BC|, b = |AC|, ¢ = |AB|, as
Fig. 5 shows. Then, all three bisectors intersect at a single point O (the incentre
of triangle ABC') that satisfies

|AO]  b+c |BO| a+c |COl a+b

|OA1| a ’ |OB1‘ b ’ |OCl‘ o C

Fig. 5
Proof.

Intuition from physics Formal mathematical solution

We give to points A, B, C, the mass-

es a, b, ¢, respectively, such that: a =

|BC|, b = |AC|, ¢ = |AB|. We now

have a system of three mass points According to Theorem 3y there_is) a
{aA,bB,cC} with a centre of mass, unique Z such that a - ZA+0b-ZB +
which is Z (Fig. 6). c-ZC =0.
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The centre of mass of {aA,bB} is Cy.
We move masses from points A and

B to point Cy, which becomes a mass
point (a + b)C; (Fig. 7).

a

Fig. 6

021, is the bisector if and only if
A A
7|_)C| = 7|Cl ;| and C; € AB implies
|BC| |BCh|

e — —

that a - C1A =b- BC4q, ie., a-C1A+

— - Jin —
b-CiB=0. Now, 0 =a-ZA+b-
— — — —
ZB+c¢-ZC =a-(ZCy + C1A)+b-

—_— —— — —
(ZC1+C1B)+c-ZC = (a+b)- ZCi+c-
— — —

=1

—
-ZC1+

—

c-ZC.

k:- {a+b)C;

Fig. 7
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Producing the system {(a + b)C,cC}

with Z as the centre of mass, thus
¢z _

a+b
Fi
|ZCh| (

—_ —_— —
Resulting in (a+b)-ZCy +c¢-ZC = 0.

By Theorem 1 we have Z € C'Cy, and
i, 8) ICZ]  a+b
& ' ‘chl o C
al
\
5 & (a+)C;
L ] IIlI
|IIII
. .
cC bB
Fig. 8

From this proof we have Z € CC;.

In a similar way we can prove that
|AO|  b+c

Z € BBy and Z € AA;; thus Z is the intersection point of all bisectors. This
means that Z = O (as illustrated in Fig. 5), and
|BO|  a+c
‘OA1| a a

|ICO|  a+b
|OB;|

b ' |OCh|

Pt
4.2. PROBLEM 2. Given an acute-angled triangle ABC, denote by A; (B1, Cq,
respectively) the intersection point of the altitude to the edge BC (AC, AB, re-

spectively), as the diagram on Fig. 9 shows. Also denote « = ZBAC, 8 = LABC,
v = LZACB. Then, all the altitudes in the triangle intersect in a single point O
(orthocentre) and

|AO| _ tan 4 tany
[OA,

tan «

|BO|  tana +tanvy
|OB|
Proof.

tan (8

|CO|  tana +tan
|01

tan -y
Intuition from physics

We endow points A, B,C with the

masses mi,Mms, M3, respectively, such
that: m; = tana, mo = tan 3, msg =

tan~y. We now have a system of three
mass points {m;A,moB,m3C} with
the centre of mass which is Z (Fig. 10).

Formal mathematical solution

According to Theorem 3, there is a

—— —
unique Z such that mi-ZA+my-ZB+
— -

ms - ZC =0.
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A

Fig. 9

Fig. 10
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Let the centre of mass of the system
{maB,m3C} be A;. We move
masses from points B and C to point
Ay, which becomes a mass point
(mg + m3)A1 (Fig. 11).

AA; is an altitude if and only if tan 3 -

— —

|A1B| = tanvy-|CA;| and Ay € BC. Tt

— —

follows that tan 8- A1 B = tan~y - C Ay,
iy — L

hence ms - Ay B +mso - A1C = 0. Now,

R — — —

O0=m-ZA4+m—-2-ZB+m3-ZC =

— — _—

mq ZA+m2 (ZA1+AlB)—|—m3

—_— — —

(ZA1 +A1C) = (m2+m3) ZA1 +m1 .

— - —

ZA+ mg-A1B+mg-AC = (777,2 +

0
— —

m3)-ZA1+m1-Z

m ;C

Fig. 11

Producing the system {(ms + mg3)A1,
m1A} with Z as the center of mass,

thus JAZL 0 matms
. |Z Ay my
AZ tan 5 + tan-y

= Fig. 12).
|Z Ay tan o (Fig. 12)

From this proof we have Z € AA;.

—
Resulting in (mg + m3) - ZA; + mq -

ZA = 0. By Theorem 1 we have Z €
|AZ| mo + M3

AAq and 24| = , implying
|AZ|  tanf+ tan~y
that = .
A | Z Ay tan a

In a similar way we can prove that

Z € BBy and Z € C(4, thus Z is the intersection point of all altitudes. This
means that Z = O (as illustrated in Fig. 9), and

|AO|  tan 8 + tanvy

|BO|  tana +tanvy

|CO|  tana +tan 8

0A:] OB:|

tan «

tan g

0Cy| tany
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¥ |—‘ ,B‘

msC (mz+ m;)A, m;B

Fig. 12

Fig. 13

4.3. PROBLEM 3. Given a triangle-based pyramid A; AsA3zA4, we denote by

B;; the middle-point of edge A;A;, for every 1 < ¢ < j < 4, as the diagram on

Fig. 13 shows. Then, all line segments B12 B34, B13B24, B14Bos intersect in point
O that satisfies

|B120| _ [B130O| _ [B14O| _

= = =1.
|OBss|  |OBas|  |OBag|
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Proof.

Intuition from physics

We endow points Ay, Ay, A3z, A4, with
the masses 1,1,1,1. We now have a
system of four mass points
{141,1A45,1A43,1A,4} with the centre
of mass which is Z (Fig. 14).

Formal mathematical solution

According to Theorem 5, there is a
unique Z such that

ZA+ZAs+ ZAs+ ZAy = 0.

1As

14;

o™

1A1

1A;

Fig. 14

For every 1 < i < j < 4, the centre of
mass of the system {14,,1A4;} is B;;.
We move masses from points A; and
As to point Bio, which becomes a mass
point 2B12, and from points A3 and Ay
to point Bs4, which becomes a mass
point 2B34 (Fig. 15).

For every 1 < i < j < 4, B;; € AjA;
and |B;;A;| = |B;;A;|, implying that
BZ]AZ = AjBij7 i.e.7 B”AZ + BijAj =
— — —_ —_—

0. It follows that 0 = (ZA; + ZAz) +
— — I - =

(ZAs + ZA4) = ((ZB12 + B12A1) +
(ZB12+ B12A2)) + ((ZBss + B3y As) +
(ZBsy 4 B3y Ay)) = 2ZB1g + 2ZBsy +
Bi12Ay + Bi1oAs + B3y As + B3y Ay =

0 0
27 B1s + 27 Bay.
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144

14;

14; —V
T 1A;

Fig. 15

Producing the system {2Bjs,2B34}

—_ —_ N
Resulting in 27B15 + 2Z B3y = 0. By
with Z as the centre of mass, thus

Theorem 1 we have Z € Bi5B34, and
|BIZZ| 2 . |Bng 2
= - =1 (Fig. 16). =—-=1.
ZBay 3 L (Fie 16) (ZBa| 2
1A,

143

Fig. 16

From this proof we have Z € Bi3B34. In a similar way we can prove that
Z € B13Bsoy and Z € By4Bss, thus Z is the intersection point of all line segments
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3123347 313324, 314323 (as illustrated in Flg 13) This means that Z = O7 and

|B120| _ [B1sO| _ [B14O| _
|OBss|  |OBas|  |OBags]

4.4. The following generalized centroid problem is easy to solve using the
centre of mass method, making it a good exercise. We only provide the problem
and its answer, leaving the solution to the student.

Fig. 17

PrROBLEM 4. Given a triangle ABC, we denote by A; the point on BC' such

BA AB
|CA1| = %, by B the point on AC' such that ||CB1|| = ? and by O the
1 A 1 B

point where AA; and BB intersect, as the diagram on Fig. 17 shows. Then

that

|AO| _msp- (ma+na)
|A10| ng-ma

Remark: This is a generalization of the centroid problem, which states that the
triangle’s medians divide each other in a 1 : 2 proportion.

5. Conclusions

In modern school geometry, the axiomatic Euclidean method is still in use.
This method was modernized over the years by many mathematicians, e.g., by
David Hilbert [4]. With this approach, teachers do not pay enough attention to
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the study of vectors and the use of vectors for solving geometric problems. Her-
mann Weyl proposed the “vector” axiomatics of geometry in 1917. One of the most
zealous supporters of teaching geometry was Jean Dieudonne [2]. Most pupils are
familiar with the concept of vector, mainly from their lessons in physics. However,
physics teachers do not usually familiarize their pupils with vector methods for
solving geometric problems. We think that the study of vectors for solving geo-
metric problems should be given much more time, because it will help pupils look
at problems from a different angle and makes some problems solution much easier
than regular geometry solution.
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