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GENERALIZATIONS OF SOME REMARKABLE INEQUALITIES
D.M. Batinetu-Giurgiu, Neculai Stanciu

Abstract. In this paper, we present a generalization of Mitrinovié¢’s inequality for
polygons, and triangles, a generalization of J. Radon’s inequality and a generalization
of Nesbitt’s inequality. The main tool in the proofs is the inequality of Jensen.
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1. Generalizations of Mitrinovié’s inequality
for convex polygons and triangles

If AjAs... Ay, n > 3 is a convex polygon, and M € int(A1As... A,), with
Pra, Ay M =T € [AkAk+1] fO’f’ ke {1, 2,... ,n}, An+1 = Ay, then

- AkAk+1 m
kz_:l Mij—'k 2 2n tan ﬁ

Proof. We first prove the following

LEMMA. Let A, B, A # B be points in the plane and M ¢ AB, T =prug M.
Then

UT = tanwu + tanwv,
where u = W(LAMT), v = p(LTMB) are the measures of the angles ZAMT and
ZTMB.

Proof of the Lemma. We have the following cases:

AT BT
i) T € (AB). Then tanu = T and tanv = VT hence tanu+tanv = UT

AT AA BT
ii) TAZ A. Then tanu = VT - MT - 0 and tanv = VT hence tanwu +
tanv = UT Similarly if T' = B.
ALA
From Lemma, we have % = tanuy + tanvg, for k = 1,n, where u, =
k
M(ZAkMTk), V= /L(ZTkMAk+1). It follows that
N ApAri | o

= Z(tanuk + tan vy).

MTy, —

k=1
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Since the function f: [0,7/2) — [0,+00), f(x) = tanz is convex on [0,7/2), we
can apply Jensen’s inequality and obtain that

n n
ApApi1 1
—— = >2nt — .
2 T, ntan o kE:1(uk + vg)

Since, Y p_; (ug + vy) = 2w, we deduce that

“~ Ay Apg

> 2ntan =& = 2 tan
> 2ntan — = 2ntan —,
MT;, 2n n

k=1
and we are done. m

REMARK 1.1. If AjAs... A, is circumscribed about the circle C(I;r) and
M = I, we have MT, = r, k = 1,n, and the obtained inequality becomes

1 2s T
- >ohe1 ArApy = o > 2ntan = wherefrom,

(1) s}nrtanz.
n

The inequality (1) is a generalization of Mitrinovi¢’s inequality for triangles
(M) 5> 3rv/3.

REMARK 1.2. If A; A5 A3 is a triangle, then the obtained inequality becomes
A1A2 A2A3 A?,Al ™
> 6tan — = 6V 3.
MT, T MT, | MT an g = 6V3

For M = I, we obtain (M). For more results see [1].

2. A generalization of J. Radon’s inequality

In what follows, we denote Ry = [0, +00) and R = (0, +00).

Let a,b,c,d,xp,yr € RY, k = I,n and X, = >0 _ @k, Yo = >y If
m,p,q,s € Ry, r € [1,400) are such that cY,’ > dmaxi<p<n ¥i, k = 1,n, then

n m r(m+1) p+r +rym+1
(aXP + bzl)ymHiz) (andXPHT 4+ pXITT) 1
(2) Z k k >

(Y —dg) T (ens — dymyCFD O Dar=Dmms

Proof. Denote ug, = (aXP+bal)xl, vi = (Vi —dy)yr, k =1,n, Vo, = >0 vk
and the left-hand side of (2) becomes

1 1
n UZLJFI n up m—+ n Uk g m—+
> => o — =V == :
e Vk Vi \vg

k=1 F k=1 k=1 "

Since the function f: R% — RY, f(z) = x™+1 is convex, we use Jensen’s inequality
and we obtain that

n n n n m+1
VEk UL Vk Ul Ul 1
—_— _— > _—— = —_— = —_— N .
an<vk;>/f<zvn Uk:) f(ZVn) 'r:n+1 <ZUk)

k=1 k=1 k=1 k=1
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Therefore,

n m—+1

Vn n m+1 1 n m+1
> USIT Z Yt (Z “k) = vm (Z “k> )
k=1 n

k=1
ie.,

- m+1
ay,.r
n (an + bx%)7n+1x2(m+1) (Z ( P+ bzk)xk)

= (Y —dyp)myy (é v dy;z)yk)m
(aX E zp +b E a:q“) " (aX Z xp +b Z xq'”) m
B (CYS Z s —d E ys+1) (cYﬁeJrl d Z ys+1)

Since the functions g,h,k: R} — RY, g(z) = =
convex, also by Jensen’s inequality, we have:

>k =3 ala) Sng(E3e) =n Xe o

", W) = xq+7", k(y) = y**! are

— nr nr—1’
1 « Xatr Xatr
q+r __ _ A n n
St = Snten > (1 S ) < ST =
1 n Ys+1 Ys+1
>t =3 k) > ok (5 o) e ey =
i=1 i=1
Then, we deduce that
Xngr X;JLJrT m+1
i (aXP + bgdymtigrm ) - (a' nr—1 tb- nq+7'—1)

= (Y —dyp) (CY; +17dY;+1)m

ns
(and XPFr 4 pXatrym+l nms
(Cns _ d)mynm(5+1) m(m+1)(‘1+7"_1)
~ (aniXErT 4 pxatrymtl 1
- (cns _ d)mYnm(erl) ) n(m+1)(q+r71)fms

and we are done. m

REMARK 2.1. If p = ¢ = s = 0 then (2) becomes

n

Z (a+ b)m-ﬁ-lxz(erl) N (a+ b)m+1X77:L(m+l) 1
= (c—d)my - (c —d)ymym A D(r—1)°

ie.,

(2/) Z Ly —

= Ik 7 Ymp(m+(r=1)°

X;'(m—i—l)
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If we consider r = 1 then by (2') we obtain

n_,m+l m-+1
xy, X7
(R) D2

k=1

i.e., just the inequality of J. Radon (see, e.g., [2]), with equality if and only if there
exists t € R such that x, = tys, k = 1,n.

REMARK 2.2. If m =1 then (2) becomes

(2//) i (aXP + be)szr S (aang+7" + ng+r)2 1

(Y —dyp)ye T (ens —d)YatT pPlebrehes

If we take p = ¢ = s =0, r = 1 then by (2”) we obtain
a2 X2
(B) P
1 Yk Yn
But, that is just the inequality of H. Bergstrom.

3. A generalization of Nesbitt’s inequality

Ifa € Ry, byeday, € RY, bk =1,n, X,, = >/ ok, m € [1,400) and
cX]' > dmax;crgn TF, then

n

Z aX,, + bxy < (an 4+ b)n™
cXm—dz* T en™ —d

(0G) xX!-m,

k=1

Proof. We have

n

Ua=%" aX, +bry Z": (aX,, + bxy)?
U eXp —dayt A (aXy, 4 bag) (X — dayl)

B zn: (a X, + bxy)?
— acXmtt — ad X,z + beX My — bda:ZH'l’

where we apply H. Bergstrom inequality (B) and we deduce that

(3 (X, + bxk)>2

k=1

Un 2 n n n
acn X —adX,, S 2 +beX Y —bd Y a
k=1 k=1 k=1
(anX, + bX,)?

acn + be) X — adX,, 7 — bd gl
k k
k=1 k=1

Using convexity of the functions f,g: R% — R%, f(z) = 2™, g(z) = ™!

Jensen’s inequality we have:

n Xm n
E T = nmn_l and E xL”H >
k=1 k=1

, by

m—+1
Xn

nm

7
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and we obtain that

2y2
U s (an -+ b X2

adXmH pgxXmAT
nm-— 1 o nm

(acn + bc)XZL"+1 —

_ (an+ b)anz Xl—m
acn™tl 4+ ben™ —adn —bd "

_ (an + b)%n™ yl-m _ (an + b)n™
(an+b)(en™ —d) " en™ —d

which completes the proof. m

REMARK 3.1. If a =0 and b = ¢ = d = m = 1 then we obtain the Nesbitt’s
inequality for n variables, i.e.,

1-m
Xn )

n
Tk n
N > .
(N) ]; X, — Tk n—1
If we take n = 3 then by (N) we obtain
T X9 T3 3

+ + > =,
To + I3 T3+ 21 1'1+£L'2/2

i.e., Problem 15114, proposed by A.M. Nesbitt to Educational Times 3 (1903),
37-38.

REMARK 3.2. A generalization of (OG) was published in [3], i.e., if a,m € R,

be,d,xp € R, k=1,n, X, = > ay, p € [1,400), and X' > dmaxicp<n 7,

k=1
then
" aX,, + by (an+bn™ _ | _
AMM > X —mp,
( ) Z (eXm —dzir)p ~ (en™ —d)p "

k=1
REMARK 3.3. A generalization of (AMM) appeared in [4], i.e., if n € N*\ {1},

a € Ry, bedax, e R, k=1,n X, =) xx, m,p,r,s € [1,+00), such that
cX]" > dmaxigrgn ], then k=1
n

Z (aX] + bx})® S (an” + b)*®
(eXm —dz)P = (en™ — d)P

mpf'r‘erersfmp
n .

k=1

REFERENCES
[1] D.M. Batinetu-Giurgiu, N. Stanciu, Inegalitdti geometrice n poligoane conveze, de tip Berg-
strém-Mitrinovié, Recreatii Matematice, 2 (2011), 112-115.

[2] D.M. Batinetu-Giurgiu, Aplicatii la inegalitatea lui J. Radon, Gazeta Matematica — seria B,
7-8-9 (2010), 359-362.

[3] D.M. Batinetu-Giurgiu, N. Stanciu, Problem 11634, The American Mathematical Monthly,
119 (March 2012), 248.

[4] D.M. Béatinetu-Giurgiu, N. Stanciu, Nuevas generalizaciones y aplicaciones de la desigualdad
de Nesbitt, Revista Escolar de la Olimpiada Iberoamericana de Matematica 47 (nov. 2012—
feb. 2013).

“Matei Basarab” National College, Bucharest, Romania
“George Emil Palade” Secondary School, Buziu, Romania
E-mail: stanciuneculai@yahoo.com



