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Abstract. The technique introduced by M. Marjanovié in [10] is used to prove
several classical inequalities. Examples of application are given which can be used for
preparing students for mathematical competitions.
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1. Introduction

M. Marjanovi¢ deduced in [10] some refinements of classical inequalities of
Karamata [7] and Steffensen [16], making also shorter proofs (see also [8]). Similar
technique was used in [12] to make a short proof of Chebyshev’s inequality [4].
These proofs are reproduced in Section 2 of this paper.

It is well known that these classical results can be used in solving some of
the most difficult problems in mathematical olympiads (in fact, the authors of
these problems probably used the mentioned results, and made elementary solutions
afterwards). We shall present in Section 3 some examples of this kind, giving
solutions based on classical inequalities.

2. Majorization of sequences and functions and its application

Recall that, for decreasing finite sequences a = (a;)}_; and b = (b;)}_; of real
numbers, a is said to majorize b, what is denoted by a = b, or b < a, if the terms
of these sequences satisfy the following two conditions:

k n n

k
1° Zai>zbi’ for each k € {1,2,...,n—1}; 2° Zai:Zbi.
i=1

=1 =1 i=1

Analogously, for two integrable functions 1,19 : [, 8] — R, 91 is said to majorize
19, what is denoted by 1 = 19, or P9 < 1y, if the following two conditions are
satisfied:

x T B B
1° /wldtQ/ o dt for x € [a, B); 2° /wldt:/ o dt.
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EXAMPLE 1. (a) If a = (a;)}, is an arbitrary decreasing sequence of nonneg-
ative numbers, having the sum equal to 1, then

11 1
(1,0,...,0) = (a1, a2, ..., an) = (f,f,...,f)

(for details see Lemma 2 in [12]).
(b) If ¢1: [, ] — R is a decreasing integrable function, and

@@):ﬁ/ Pdt for w€lo ],

then ’(/Jl i ’(/JQ.

(¢) The sequences (4,4,1) and (5,2,2) are incomparable in the sense of the
relation >, i.e., none of the two majorizes the other one. A

LEMMA 1. [15] Let ¢1,12: [, 3] — R be two integrable functions, such that
Y1 = g, and let p: [a, B] — R be an increasing (integrable) function. Then

B8 B8
/ e de < / o dx.
(6% (6%

Proof. [8] Put ¢(z) = ¥1(z) — ¢o(z) and g(x) = [T (t)dt. Then, by the
hypothesis, g(z) > 0 for x € [, 8] and g(«) = g(f) = 0. Using integration by parts
in the Stieltjes integral, we get

B

B
/ P(t)(t) dt = / () dg(t) = p(t)g(t)

o

B

(03

153
- / o(t) de(t)

B
:_/ (6 de(t) <0.

Following [10], one can use this lemma to deduce the following classical in-
equality, which is connected with various names—I. Schur [14], G. H. Hardy, J. L.
Littlewood, G. Polya [3], H. Weyl [18], and J. Karamata [9]. Following articles [5],
[10] and [13], we shall call it Karamata’s inequality.

THEOREM 1. Let a = (a;)?; and b = (b;)_; be two (finite) decreasing se-
quences of real numbers from an interval (o, 3). If a = b, and if f: (o, ) — R is
a convex function, then the following inequality holds

(1) Z flag) > Zf(bz)

Proof. [10] The given function f, being convex, is continuous and it can be
represented in the form f(z) = fs @ dt for an increasing function ¢. Introduce
functions A, B: [a, ] — R by

n n

A(z) =) (min{z,a;} —a),  B(z)=)» (min{z,b;} — ).

i=1 =1



Some classical inequalities 99

It is easy to see that A(z) < B(z), for € [a, (] and A(a1) = B(ay). More-
over, A'(x) and B'(x) exist everywhere except in a finite set of points. Applying
Lemma 1, we conclude that

2) / " pdA@) > / " pdB(x).

But,
ay Qn An—1 ai
/ SOdA(f)Zn/ goda:+(n—1)/ cpdx+--~+/ pdx
[e% « a, as

n

= far) + flaz) + -+ f(an),

and the similar relation holds for the integral on the right-hand side of (2). This
proves Karamata’s inequality. m

If the function f is strictly convex, it can be easily checked that the equality
in (1) is obtained if and only if the sequences (a;) and (b;) coincide.
By the standard technique (passing from natural to rational and then to real

weights) one can deduce the weighted form of Karamata’s inequality (sometimes
called Fuchs’ inequality, see [2]):

n

Z Nif(a;) = Z Aif (b
i=1

k k
if \; € R" and (a;) and (b;) are decreasing sequences, Y A\;a; > Z Aib; for k €
{1,2,...,n—1} and Y Na; = Z A:bi. An immediate C(Z);lbequencel Ts the classical
i=1 i=1
Jensen’s inequality:
THEOREM 2. [6] Let f: [o, 8] — R be a convex function, let x; € [a, (],

i€{1,2,...,n} and let \; € [0,1] be such that Y A\; =1. Then

i=1

(3) f(i Ax) < i&f(x

If f is strictly convex, equality in (3) holds if and only if x1 = xo = -+ =z, or all
but one \;’s are equal to 0.

Lemma 1 can also be used in proving Steffensen’s inequality [16]:

THEOREM 3. Let f,g:[0,a] = R, 0< g(z) <1, f be decreasing on [0, a], and

let F(x) = [, fdt. Then
/fgdxéF(/ gdx).
0 0
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Proof. [10] If we denote ¢ = [ gdx, then 0 < ¢ < a. Let

(1 x € [0,
h(m)—{()’ z € (¢, al.

Then, it is easy to check that h = ¢, and so, applying Lemma 1, we obtain Stef-
fensen’s inequality in the form

/chdx:/oafhdx>/oafgdx. .

In order to deduce Chebyshev’s inequality, we first prove the following lem-
a [12].

LEMMA 2. Let a = (a;)'q, b = (b)), and ¢ = (¢;)1_, be three decreasing
sequences of real numbers, such that a = b. Then the following inequality holds:

n n
E a;C; 2 E bzcz
=1 i=1

Proof. Denote A; = Z a;, B; = Z b;, for i € {1,2,...,n}, and put Ay =
By = 0. Then we have J=! =1
Z a;c; — Zb ci = Z —bi)e; = Z(Az —Ai1—Bi+Bi_1)

i=1 i=1

= (Ai = Bi)ei — Y (Ai-1 — Bio1)e;
i=1 i=1
n—1 n—1

= Z(Az — B;)e; — Z(Az — Bi)cit1
i=1 i=0
n—1

=Y (Ai = Bi)(ci — ci1) >0,
i=1

being A; — B; >0 and ¢; — ¢;41 = 0 foreach i € {1,2,...,n—1}. m

n n
In particular, when a and b are decreasing, a = b and > a; = > b; = 1, the
i=1 i=1
above inequality holds for convex combinations of points ¢i, ¢s, ..., Cp.

THEOREM 4. If (x;)7, and (y;)7_, are decreasing sequences of real numbers,
then the following inequality holds:

(4) (,Z:; xz‘) (Zz: yi) <n Zz: TiYi-

Equality in (4) holds if and only if x1 = 2o =+ =Ty ory1 = Y2 =+ = Yn.
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Proof. [12] Without loss of generality, we can assume that the terms z; and y;
of the given sequences are nonnegative (if, for example, some of x;’s or y;’s were
negative, we would apply the procedure that follows to the terms z} = z; —x, > 0
and y; = y; — yn > 0).

Denote X = > x;, a; = % and b; = —. Then the sequences (a;) i (b;) are
i=1 n
decreasing and, by Example 1, (a;) = (b;) holds true. Applying Lemma 2 to the
sequences (a;), (b;) and taking ¢; = y;, we obtain

7
;lfy-yiaglﬁ-yu

i=1 i=1

We state also the following version of Chebyshev’s inequality:

THEOREM 4’. Let (z;)_, and (y;)!_, be decreasing sequences of real numbers,
and let  be an arbitrary permutation of the set {1,2,...,n}. Then the inequality

(5) > wiye <Y wiys
i=1 i=1
holds. If the sequence (x;)_y is strictly decreasing, then equality in (5) holds if and
only if Y=y = yi fori € {1,2,...,n}.
3. Examples of olympiad problems

PROBLEM 1. [Asian-Pacific Olympiad, 1996] Let a, b, ¢ be the length of sides
of a triangle. Prove that the inequality

Va+b—c+Vb+c—a+vVeta—b<Va+Vb+ e

holds.

Solution. Suppose, without loss of generality, that a > b > ¢ and apply
Karamata’s inequality to the concave function f(x) = /z and sequences

(a+b—c,c+a—-bb+c—a)> (abec) A

PROBLEM 2. [13] Prove that the inequality

ai a3 a; 2 2 2
—+ =+ + L >a7+a3+ - +a;
az as ay

holds for arbitrary positive numbers ay, aso, ..., ay.

Solution. Making the substitution z; = loga;, i € {1,2,...,n}, we obtain an
equivalent inequality

631}1—.’1)2 +e3w2—w3 Lt 63171—1'1 2 62.'121 +e2w2 Lt €2x".
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This is obtained by applying Karamata’s inequality to the (convex) function

f(z) = €, and the sequences a = (3z1 — 22,322 — x3,...,3%, — x1) and
b= (2x1,2x2,...,2x,). It is enough to prove that these sequences, when arranged
to be decreasing, satisfy a = b.
Let indices mq, ..., my and kq, ..., k, be chosen so that
{my,....mp} ={k1,.... kot ={1,...,n},
(6) 3Tmy — Tmy+1 Z 3Ty — Tmp41 2 -+ 2 3Tm,, — Ty, +1,
(7) 2$k1 2 2xk2 2 2 2£Ckn.

Then
3Ty, — Tmy41 2 3Tk, — Ty 41 = 2T,

(the first inequality holds because 3%y, — Tm,+1 18, by the choice of numbers m;,
the greatest of numbers of the form 3x,,, — xm,+1; the second one follows by the
choice of numbers k;). By similar reasons,

(33&‘m1 _‘rmlJrl) + (3$m2 _xszrl) = (3mk1 _xlirl) + (3xk2 _mk2+1) 2 237]01 +2xk2’

and, generally, the sum of the first [ terms of sequence (6) is not less than the sum
of the first [ terms of sequence (7), for I € {1,...,n —1}. For [ = n, obviously, the
equality is obtained, and so all the conditions for applying Karamata’s inequality
are fulfilled. A

PROBLEM 3. [International Mathematical Olympiad 1999] Let n be a fixed
integer, n > 2.
(a) Determine the minimal constant C' such that the inequality

4
Z rixj(x? +:c?) < C’< Z 1’Z>
1<i<j<n 1<i<n

is valid for all real numbers z1, z2, ..., T, = 0.

(b) For the constant C found in (a) determine when the equality is obtained.

Solution. As far as the given inequality is homogeneous, we can assume that
T1 + T2 + - -+ 4+ x, = 1. In this case the inequality can be written as

B1—z)+ad(l—ay)+---+23(1-x,) <C.
The function f(x) = 23(1 — ) is increasing and convex on the segment [0,1/2]. Let
x1 be the greatest of the given numbers. Then the numbers x5, x3, ... , £, are not
greater than 1/2. If 1 € [0,1/2] as well, then from (z1,22,...,2,) = (3,3,0,...)
using Theorem 1, we obtain that
1 1 1
F@) + f@a)--+ flan) < £(5) + F(5) + (n=250) = 2.

If, to the contrary, xy > 1/2, then it is 1 — 231 < 1/2 and we have that
(x2,23,...,2n) =X (1 —x1,0,...,0). Applying Karamata’s inequality once more,
we obtain that

f@) + f(@2) -+ flan) < flzr) + F(L—21) + (n = 2)£(0) = f21) + f(1 — 21).
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It is easy to prove that the function g(x) = f(z) 4+ f(1 — z) has the maximum on
the segment [0, 1] equal to g(1/2) = 1/8. Thus, in this case also, f(z1) + f(x2) +
<+ f(x,) < 1/8 follows.

Equality holds, e.g., for 1 = x2 = 1/2, which proves that C = 1/8. A

PROBLEM 4. [G. Szegd, [17]] Let f: [0,a1] — R be a convex function and
a1 = ag = ... 2 agpy1 = 0. Then the inequality

flar —az + a3 — -+ azgny1) < flar) — faz) + flag) — - + f(aznt1)
holds.

Solution. [5] Put a = a1 — ag + a3 — -+ + azp+1. Then the given inequality

can be rewritten as

flar) + f(as) + -+ flazni1) = f(a) + flaz) + -+ + f(azn).
To apply Karamata’s inequality it is enough to check that (a1, as,...,a2,+1) =
(ag,...,a2n,a). But this follows directly because asr—1 > ag for all k.

For another proof of Szegd’s inequality see [11] or [8]. A

PROBLEM 5. Let a, b and ¢ be the length of sides of a triangle and let s be its
semiperimeter. Prove that for a positive integer n, the inequality

n—2
a”+b”+cn>g g1
b+¢ c+a a+b~ \3
holds.

Solution. [7] Without loss of generality, we can suppose that a < b < ¢; then

1 1 1
also s < Ta < P Chebyshev’s inequality, applied to the sequences

1 1 1
(a™,b™,c") and <b+c’c+a’a+b>’ implies that
a” b" c” a +b" + " 1 1 1
+ + > - + :
b+c c+a a+b 3 at+b b+c c+a

By Cauchy-Schwarz inequality, we have
1 1 1
2(a+b+c¢) + + =9,
a+b b+c cHa
and by the mean inequality of order n,
a" +b" 4" <a+b+c)"

Now,

a” N b N cn ><a+b+c>”< 1 N 1 N 1 )
b+c c+a a+b” 3 a+b b+c cHa
1 1
3
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PROBLEM 6. [University student’s competition, Ostrawa 2002] Let 0 < x1 <
2o < - <2y (0> 2) and
S SR
1+ x4 1+ 2o 1+,

Prove that

\/9?1+\/972+---+\/x7>(n—1)(\/%+\/%+~-~+\/%).

Solution. [7] It is enough to prove that

(e gm) s (e m) o (e )

1 1
\/T1 A/ T2

1 1 1
zn|—=+-—=+ -+ :
(,/J:l \/ L \/J)n)

or, equivalently,

142 1+, 1 1 1
®) (\/IT T \/ﬂ)(1+x1+1+x2+“.+1+xn)
SRR
z+1

1
Take the function f(z) =z + —= = ——, = € (0,4+00). It is easy to check that
VA

8

1
f is increasing on (1, +o00) and that f(z) = f (x) for each = > 0.

By the assumptions, it follows that only z; could be less than 1 and mn <
1 T 1 Z2
1— = L Hence, x2 > —. Now it is clear that (both in the case 21 > 1
14+ 2 1+ T

and in the case 1 < 1)

f@ﬂf<1><f@ﬂ<~‘<ﬂ%)

T

+ T

1 n
This means that the sequence ( > is increasing. Applying Chebyshev’s
k=1

/T _
inequality, we obtain that inequality (8) holds.

We leave it to the reader to check that for n > 2 equality holds if and only if
r1 =Ty =---=x, =n— 1. If n =2, then equality holds for

(z1,22) € { (%,t) ‘t} 1}. A

PROBLEM 7. [Serbian Mathematical Olympiad 2007] Let k be a positive in-
teger. Prove that for positive real numbers x,y, z, having the sum equal to 1, the
following inequality holds
k+2

k+2 k+2

—_

z Yy z
$k+1+yk+zk+yk+1+zk+xk+Zk+1_|_xk_|_yk >§'
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Solution. The inequality will be proved by several applications of Chebyshev’s
inequality. Note first, that the expression on left-hand side is symmetric, so we can
suppose that = > y > z. Let us prove now that

2P gk P P R b <R b

It is enough to prove the first inequality, which is equivalent to 2* T 4+ y* < yF+1 +
k 11—z

z*, ie., to (g) < 1 4 (numbers x and y are less than 1). Since y < =z, it is
x -y

1—x
enough to prove that y < 1o’ which is equivalent to 0 < oz — 22 —y + 3% =
x

(r —y)(1 — 2z —y) = (z — y)z, and this inequality obviously holds.
Applying Chebyshev’s inequality to the triples

1 1 1
k42 k42 k42
e, V2 and , , ,
( Yy ) (karl T yk 1 2k yRHL § ok 4 gk RHL 4 gk | yk)

we obtain that the left-hand side of the given inequality is not less than

ol ko kto | k4o 1 1 1
A*g(x Ty Ttz )$k+1+yk+zk+yk+1+zk+xk+zk+l+xk+yk'

A new application of Chebyshev’s inequality, this time to the triples (z,y, z) and
(a1 yktL 2k +1) gives the inequality

G2 B2 R kL kL kL

1 1
2 g(xk+1 _|_yk+1 +zk+1)(a:+y—|—z) _ g(xk-‘,-l +yk+1 +Zk+1).

Thus,

A> = (xk'H +yk+1 +Zk+1) %

Wl =

1
3

1 1 1
X (xk-&-l P e S e L +xk+yk> = B.

But, Cauchy-Schwarz inequality implies that

1 1 1
<$k+1 +yk+2k +yk+1+2k+ﬂfk +Zk+1+1'k+yk> X
X ((zk+1 +yk +Zk) + (yk+1 + Zk +:Ek) + (Zk‘Jrl +l’k +yk)) 2 97
Ik+1+yk+1+zk+1

and hence B > Gk 4 gkl 4 kT 4 2(gk 4 gk 1 k)

. It remains only to prove
that
(P g F L Ry S gk gk g ok
This follows directly by another application of Chebyshev’s inequality.
Equality holds if and only if =y =2=1/3. A
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