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SOLUTIONS OF SOME CLASSES OF CONGRUENCES
Eugen Vedral
Abstract. We present a method for solving nonlinear congruences. It is different
from methods often met in the literature, and it is based on reduction of nonlinear
congruence to either linear or quadratic congruence. This paper is written for teachers
and talented gymnasium students, interested in solving nonlinear congruences.
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In this article solutions of the following nonlinear congruence are considered:
(1)

xk ≡ a (mod p).

where a is an integer, a 6≡ 0 (mod p), and p is a prime satisfying the condition
p = k · l + 2 (or p = k · l + 3), for some k, l ∈ N. This congruence will be reduced
either to the linear congruence
(2)

Ax ≡ B

(mod p),

A, B ∈ Z, or to the quadratic one
(3)

x2 ≡ b (mod p),

b ∈ Z.
The lecture on this topic can start by asking students to solve the following
problem.
Example 1. Solve the congruence x5 ≡ 9 (mod 37).
A clever student might notice that computing the 7-th power of both sides
of the given congruence leads to a quick solution. Namely, x35 ≡ 97 (mod 37)
and consequently x35 ≡ 16 (mod 37). Now, multiplying both sides by x, we get
x36 ≡ 16x (mod 37). Finally, applying Fermat theorem (it is obvious that x 6≡ 0
(mod 37)), we obtain the linear congruence 16x ≡ 1 (mod 37), whose solution is
x ≡ 7 (mod 37). It is easy to check that 7 is the solution of the given congruence
as well.
Before presenting the general idea, we can offer to students another problem:

x34

Example 2. Solve the congruence x17 ≡ 18 (mod 37).
By squaring both sides of the given congruence, the following formulas occur:
≡ 182 (mod 37) or x34 ≡ 28 (mod 37). Now, multiplying by x2 and applying

42

E. Vedral

Fermat theorem, we obtain the congruence 28x2 ≡ 1 (mod 37). Its solutions are
x ≡ 2 (mod 37) and x ≡ 35 (mod 37). We check that 2 is the only solution of the
given congruence.
The general idea, sketched in the two examples above, can be summarized as
follows.
Proposition 1. Let p be a prime, p = k · l + 2 for some k, l ∈ N. Then the
congruence (1) is equivalent to the linear congruence
al x ≡ 1

(4)

(mod p).

Proof. First, we are going to find the l-th power of both sides of (1). In this
way the formula xkl ≡ al (mod p) will be obtained. Then, multiplying the last
congruence by x, we get xkl+1 ≡ al x (mod p). Since kl + 1 = p − 1 and using
Fermat theorem we obtain xkl+1 ≡ 1 (mod p). (Note that a 6≡ 0 (mod p) and
therefore x 6≡ 0 (mod p).) We have al x ≡ 1 (mod p). Finally, the solution of the
congruence (4) satisfies x ≡ a−l (mod p). Let us prove that a−l is the solution of
(1) as well:
(a−l )k ≡ a−lk−l+1 ≡ a−(p−1) a ≡ a (mod p).
The proof is completed.
Example 3. Solve the congruence x7 ≡ 13 (mod 23).
From 23 = 7 · 3 + 2 we obtain that l = 3. Applying Proposition 1, we obtain
the solution 13−3 . First we find 13−1 ≡ 16 (mod 23) by solving the congruence
13x ≡ 1 (mod 23). Then we need to compute 163 ≡ 2 (mod 23). So, 2 is the only
solution of the given congruence.
The following proposition can also be proved.
Proposition 2. Let p be a prime, p = k · l + 3 for some k, l ∈ N. If x is a
solution of the congruence (1), then x is a solution of the congruence
(5)

x2 ≡ a−l

(mod p).

Proof. The proof of Proposition 2 is given by the following chain of formulas:
xkl ≡ al (mod p),
xkl+2 ≡ x2 al (mod p),
x2 al ≡ 1 (mod p),
x2 ≡ a−l (mod p).
Actually, xkl+2 ≡ 1 (mod p) by Fermat theorem.
If (5) has a solution, then it has two solutions. It is necessary to check whether
they are the solutions of (1). Namely, Proposition 2 is of the “implication” type,
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which means that the converse need not be true. On the other hand, if (5) has no
solutions, then (1) has no solutions either.
In order to discuss the number of solutions of (1), let us first recall Theorem
37 from [1].
If p is a prime and g.c.d. (a, p) = 1, then the congruence (1) has either
p−1

g.c.d. (k, p − 1) solutions or no solutions, depending on whether a g.c.d.(k,pi−1) ≡ 1
(mod p), holds or does not hold.
Since p = k · l + 3, then p − 1 = k · l + 2. Therefore we have g.c.d. (k, p − 1) =
g.c.d. (k, 2). There exist two cases:
1. If g.c.d. (k, 2) = 1, then (1) has only one solution. The congruence (5) has
two solutions, and only one of them is the solution of (1). The congruences (1) and
(5) are not equivalent. It is necessary to check which of the solutions of (5) is the
solution of (1).
2. If g.c.d. (k, 2) = 2 then congruence (1) has either two or zero solutions. In
the first case (5) also has two solutions, and congruences (1) and (5) are equivalent.
Example 4. Solve the congruence x5 ≡ 9 (mod 23).
First, let us note that 23 = 5 · 4 + 3. Therefore l = 4 and, by using (5), we get
x2 ≡ 9−4 (mod 43). Since 94 ≡ 6 (mod 23) and 6−1 ≡ 4 (mod 23), we obtain the
congruence x2 ≡ 4 (mod 23) with the solutions 2 or 21. It is easy to check that 2
is the only solution of the given congruence.
Example 5. Solve the congruence x10 ≡ 35 (mod 43).
We have 43 = 10 · 4 + 3. Since g.c.d. (10, 42) = 2 and 3521 ≡ 1 (mod 43),
the given congruence has two solutions. Both solutions of the quadratic congruence, to which the given congruence will be reduced, are the solutions of the given
congruence. It is easy to follow the chain of formulas:
x40 ≡ 11 (mod 43),
x42 ≡ 11x2 (mod 43),
11x2 ≡ 1 (mod 43),
x2 ≡ 4 (mod 43),
x ≡ 2 (mod 43) or x ≡ 41 (mod 43).
Both 2 and 41 are the solutions of the given congruence.
The two propositions above show that the congruence (1), k > 2, can be reduced to either linear or quadratic one, and then solved by the well known methods.
These two propositions can be applied under the condition that p is of the type
kl + 2 or kl + 3, k, l ∈ N.
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