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JEFFREY FLUID FLOW PAST INCLINED
STRETCHABLE SHEET WITH MAGNETIC

DIPOLE AND SUCTION/INJECTION

M. O. Iyoko, B. I. Olajuwon, O. Fagbemiro, and
M. T. Raji

Abstract. Jeffrey fluid flow past an inclined stretchable sheet affected by
magnetic dipole and suction/injection was investigated. The applicable equa-
tions were changed into nonlinear ordinary differential equations by similarity
transformations. With the Chebyshev spectral collocation approach, solutions
were obtained for fluid velocity and temperature. Considering the prescribed
surface temperature (PST) and prescribed heat flux (PHF) heat processes, the
effect of inclination angle, the Grashof number, and other parameters on the
velocity and temperature of the fluid were documented by graphs and tables.
Without the angle of inclination, the solutions from this paper were found to
agree with those of the Generic algorithm and Nelder Mead method. The fluid
is slower when the plate is inclined at a larger angle and this tends to allow for
higher fluid temperature. The ferromagnetic interaction parameter and the ra-
tio of relaxation to retardation time have the same effect on fluid velocity and
temperature as the angle of inclination. The suction parameter and Prandtl
number amplify the Nusselt number, while, as the suction increases, the skin
friction increases for all inclination angles. With these results, engineers in
chemical/polymer industries can make appropriate changes that can lead to
more quality production.

1. Introduction

The Jeffrey fluid model accurately describes the property of retardation and
relaxation times of physiological fluids such as cosmetics, emulsions, geological ma-
terials, and slurries. This fluid can easily become the general non-Newtonian fluid
model when the retardation and relaxation times are zero; this actually happens
when there is a higher wall stress as compared to the yield stress. Several interest-
ing studies on boundary layer flow, involving fluids of non-Newtonian type, have
been carried out due to applications in the industry such as: slurry transporta-
tion, polymer processing, stretchable sheets cooling, and plasma film stretching.
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Various studies have been conducted on the flow of Jeffery fluid with influence of
magnetohydrodynamics. Zeeshan and Majeed [1] examined heat transfer of Jeffrey
fluid flowing past stretchable plate where magnetic dipole and suction/injection is
present. It was discovered that magnetic dipole enhances fluid temperature and
reduces the flow, while suction/injection makes boundary-layer that is related to
heat less thick. Iyoko and Olajuwon [2] investigated the influence of radiation
as well as magnetic dipole on Jeffrey fluid flowing past a stretchable plate where
suction/injection exists. Thermal radiation increases fluid temperature for the pre-
scribed surface temperature (PST) as well as the prescribed heat flux (PHF) heating
processes. Hayat et al. [3] also carried out a study on the Jeffrey fluid flow through
two stretching rotating disks and stated that the Deborah number supports the ve-
locity while temperature ratio parameter increases the heat transfer. Several other
interesting papers on the Jeffrey fluid are recorded in literature [4–6]. Studies of
Jeffrey fluid flowing past vertical and inclined stretchable plates have received a
lot of attention. With the focus of this paper being on Jeffrey fluid flowing on
an inclined stretchable plate, some of the previous papers are presented below.
Mohd Zokri et al. [7] worked on dissipative MHD mixed convective boundary-layer
flow of Jeffrey fluid over an inclined stretching sheet with nanoparticles: Buon-
giorno Model. It was found that the Deborah number, concentration buoyancy
parameter, and mixed convection parameter increase velocity; while the magnetic
parameter, and the angle of inclination cause a reduction in fluid velocity. Tlili [8]
investigated the impact of MHD and heat generation on mixed convection flow of
Jeffrey fluid in microgravity environment over an inclined stretching sheet and real-
ized that the thermal expansion coefficient and g-Jitter frequency do not affect the
fluid temperature and that fluid velocity is the highest when magnetic force is zero.
Also, the magnetic field and thermal expansion increase the skin friction, whereas
the Nusselt number is reduced with the increase of magnetic field. Thermal and
concentration diffusion in Jeffrey nanofluid flow over an inclined stretching sheet:
A generalized Fourier’s and Fick’s perspective was considered by Khan et al. [9];
and they established that the angle of inclination of the sheet, fluid relaxation
parameter and magnetic parameter adversely affect the fluid velocity, while there
is an increased fluid velocity with the increase in the thermal buoyancy parame-
ter and the concentration buoyancy parameter. The fluid temperature is higher
with increasing thermophoresis number and reduced as the Prandtl number rises.
Raju et al. [10] analyzed unsteady MHD mixed convection Jeffrey fluid flow past
a radiating inclined porous moving plate in the presence of thermophoresis heat
generation and chemical reaction. It was observed that the angle of inclination,
magnetic parameter and heat generation coefficient reduce the velocity, while the
Jeffrey parameter and Prandtl number increase the velocity. Chemical reaction
rate decreases the concentration and radiation parameter increases the tempera-
ture. Other publications on flow of fluids over inclined stretchable plates are found
in [11–16]. Different mathematical methods have been used to find solutions to flow
problems. Iyoko and Olajuwon [17] used the differential transform method, while
Akinbo and Olajuwon [18–20] utilized the homotopy analysis method. For this pa-
per, which is an extension of the study by Zeeshan and Majeed [1], we are going to
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explore the use the Chebyshev Spectral Collocation Method in finding the solution
to the flow of a ferrofluid Jeffrey fluid past an inclined stretchable sheet affected
by magnetic dipole and suction/injection. Some applications of ferrofluids were
discussed in Bailey [21]. The Chebyshev Spectral Collocation Method is chosen as
the method of computation of the solution because it is a well-established method
which is able to derive very accurate solutions to ordinary differential equations
(ODEs) and partial differential equations (PDEs). It can solve model equations in
both finite and infinite domains. Emran [22] established that the Chebyshev Spec-
tral Collocation Method usually obtains results with up to 10 digits of accuracy,
unlike the finite element and finite difference methods which only get 2 or 3-digit
accuracy. The method also takes a very short time to compute results and utilizes
little computer memory at lower accuracies. The motivation for the application of
this method is linked to its efficient use in solving engineering problems as found
in [23–25]. Behaviour of velocity and thermal property as different parameters is
altered and will be presented by the use of tables and graphs.

2. Formulation of Mathematical Model

2.1. Magnetic dipole. The permanent magnetic scalar potential (ψ) of a
dipole field has an influence over magnetic fluid flows.

φ =
γ

2π

( x

x2 + (y + a)2

)
γ connotes magnetic field potency. There are magnitudes of this magnetic field in
both x and y directions; these are respectively Hx and Hy.

Hx = −∂φ
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=
γ

2π
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(x2 + (y + a)2)2
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The sum of Hx and Hy is H.
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Anderson and Valnes [26] stated that the changes in magnetization M are
linearly related to temperature and presented thus:

M = K∗(Tc − T )

K∗ being the pyromagnetic coefficient, Tc is called Curie temperature. Ferrohydro-
dynamic interaction will exist if:

(a) fluid temperature is T and it is not the same as Tc.
(b) external magnetic field is not homogeneous.
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As the fluid approaches Tc, magnetization ceases. This characteristic is of physical
significance because Curie temperature tends to be usually high; for example, iron
has a value of 1043 K.

2.2. Analysis of the flow. The fluid flow is viewed in two dimensions, over
a stretchable plate that is inclined at an angle r0 to the vertical and there is a
magnetic field acting on it because of a magnetic dipole. The Jeffrey fluid is taken as
a ferrofluid and does not conduct electricity (Titus and Abraham, [27]). The x-axis
is along the stretchable sheet whose velocity is Uω = cx; the y-axis is ninety degrees
to plate surface. A magnetic dipole is a distance “a” away from the stretchable
plate. The schematic diagram is presented in Figure 1 below. The magnetic field
moves in the positive x-direction as a result of the magnetic dipole. As the intensity
of the magnetic field becomes high, the ferrofluid becomes marinated The steady
temperature at the surface Tω, is taken to be lower than Tc; while the temperature
in the ferrofluid’s surroundings T∞ = Tc and it does not permit magnetization until
it gets to the temperature related boundary layer close to the plate. The stretchable
sheet is inclined, allowing for force of gravity (g) to act downward.

Figure 1. Diagrammatic representation of the problem where
magnetic dipole is indicated by the spirals.

Jeffrey fluid model is portrayed by these equations (Nadeem and Akbar [28])

τ = −pI+ κ, κ =
µ

1 + λ2

[
A1 + λ1

(∂A1

∂t
+V · ∇A1

)]
A1 is given by A1 = (∇V) + (∇V)T

Incorporating gravitational acceleration, the angle of inclination, and thermal
expansion coefficient as found in Mohd Zokri et al. [7] and using boundary-layer
approximations, equations of continuity and momentum of Jeffrey fluid are:

∂u

∂x
+
∂v

∂y
= 0
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(2.1) u
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∂x
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∂y
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ρ
M
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)]
+ gβT cos r0(Tc − T )

All symbols are defined in the Nomenclature. The boundary conditions required
for the velocity profile are:

(2.2) u = uω = cx, v = vω at y = 0; u→ 0,
∂u

∂y
→ 0 at y → ∞

c > 0 represent stretching rate of the plate, while suction/injection velocity is vω.
Using equation (2.3) (Andersson and Valnes [26]) on equation (2.1)

(2.3) ψ(ξ, η) =
(µ
ρ

)
ξf(η), ξ =

√
cρ

µ
x, η =

√
cρ

µ
y

The components of velocity are:

(2.4) u =
∂ψ

∂y
= cxf ′(η), v = −∂ψ

∂x
= −

√
cνf(η)

Inputting equation (2.4) into (2.1) and comparing coefficients of the same exponents
till ξ2, the non-dimensional momentum equation is

f ′′ − (1 + λ2)(f
′2 − ff ′′) + γ1(1 + λ2)(f

′′2 − ff iv)(2.5)

− (1 + λ2)
2βθ1

(η + α1)4
+ (1 + λ2)Gr θ1 cos r0 = 0

Using equation (2.4) on (2.2) leads to:

(2.6) f = S, f ′ = 1 at η = 0; f ′ → 0, f ′′ → 0 at η → ∞,

where γ1 = λc is Deborah number, β = γρ
2πµ2µ0K

∗(Tc−Tω) represents ferromagnetic

interaction parameter, Grashof number is Gr = gβT (Tω−Tc)
c2x , S = − vω√

cν
is referred

to as suction/injection parameter where S > 0 relates to suction and injection
happens when S < 0.

2.3. Transfer of heat. The energy equation as in Zeeshan and Majeed [1] is
written as

(2.7) ρcp
(
u
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)
,

where specific heat is cp, fluid temperature is T , and thermal conductivity is k.
Thermal boundary conditions which are non-isothermal and necessary for solving
equation (2.7) are

T = Tω = Tc −A
(
x
l

)2 for PST

qω = −k ∂T
∂y = D

(
x
l

)2 for PHF

 at y = 0; T → Tc as y → ∞
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A and D being positive constants while l =
√
ν/c has to do with the length. With

introduction of the non-dimensional variable θ(ξ, η);

(2.8) θ(ξ, η) ≡ Tc − T

Tc − Tω
= θ1(η) + ξ2θ2(η),

where Tc − Tω = A
(
x
l

)2 for PST, Tc − Tω = D
k

(
x
l

)2√ν
c for PHF.

Non-dimensional energy equations for coefficients of the same exponents till
ξ2 is derived when we put similarity transformations (2.3) and equation (2.8) in
(2.7) as

(2.9) θ′′1 + Pr(fθ′1 − 2f ′θ1) +
2λβ(θ1 − ϵ)f

(η + α1)3
− 2λf ′2 = 0,

θ′′2 +Pr(4fθ′2−2f ′θ2)+
2λβθ2f

(η + α1)3
−λβ(θ1− ϵ)

[ 2f ′

(η + α1)4
+

4f

(η + α1)5

]
−λf ′′2 = 0,

where the viscous dissipation parameter is λ = cµ2

ρk(Tc−Tω) , Prandtl number is given
as Pr =

µcp
k , the non-dimensional space from the origin to the magnetic dipole is

α1 =
√

cρ
µ a, while the non-dimensional Curie temperature ratio is ϵ = Tc

Tc−Tω
.

With boundary conditions given thus

(2.10)
θ1 = 1, θ2 = 0 for PST
θ′1 = −1, θ′2 = −1, for PHF

}
at η = 0; θ1 → 0, θ2 → 0, as η → ∞

Local skin-friction coefficient, as well as local Nusselt number, are physically of
great importance. These are

(2.11) Cfx ≡ −2τω
ρ(cx)2

, Nux ≡ xqω
−k(Tc − Tω)2

where τω represents surface shear stress and qω depicts surface heat flux and they
are defined by

τω = µ
(∂u
∂y

)
y=0

, qω = −
(∂T
∂y

)
y=0

Utilizing equations (2.3) and (2.8) on (2.11) results in

CfRe
1/2
x = −2f ′′(0),

Nux(Rex)
−1/2 = −

(
1 + 4

3Rd

)
(θ′1(0) + ξ2θ′2(0)) PST

Nux(Rex)
−1/2 =

(
1 + 4

3Rd

)−1
(θ′1(0) + ξ2θ′2(0)) PHF

 .

With Rex = ρcx2

µ being local Reynolds number. The Grashof number Gr most
definitely affects the flow. Heat transfer coefficient on the surface of the sheet is
θ∗(0) = θ1(0)

θ′
1(0)|r◦=0◦

, which is used as a replacement for rate of heat transmission on
the wall −θ′ = −(θ′1(0) + ξ2θ′2(0)), as it does not depend on the distance ξ.



JEFFREY FLUID FLOW PAST INCLINED STRETCHABLE SHEET... 99

3. Numerical Solution

Utilizing the method of Chebyshev Spectral Collocation (CSCM), equations
(2.5), (2.9), (2.6), and (2.10) are solved. Here, Tn(η) are summed up to get approx-
imate values for f(η) and θ(η) (Akaje and Olajuwon [29]), that is:

f(η) =

N∑
n=0

anTn(η), θ(η) =

N∑
n=0

bnTn(η)

where Tn(η) is made up of Chebyshev polynomial N over [−1, 1]

(3.1) Tn(η) = cos(N cos−1 η̄)

Pruett and Streett [30] together with Sobamowo et al. [31] defined the points of
Collocation as:

(3.2) η̄j = cos
(πj
N

)
, j = 0, 1, 2, . . . , N

which enable the discretization of [−1, 1] as well as specify the Chebyshev nodes
within. an and bn are the obtainable values.

(3.3) η =
2ξ

ξ∞ − 1

With ξ∞ relating to stretchable sheets’ far end. It is equation (3.3) above
that helps to change the unboundedness of the problem. Substituting equations
(3.1)–(3.2) into (2.4) and (2.10) gives residual values, so that an and bn are obtained
while minimizing the residuals throughout the region.

4. Discussion of Results

After implementation of the method using Mathematica, flow parameters are
changed to determine their effect on the temperature as well as speed of flow while
leaving other variables constant. The method’s validation was performed by com-
paring the results with the ones from Zeeshan and Majeed [1] as well as Abel et
al. [32].

Table 1 shows the comparison of the result for the Nusselt number obtained us-
ing the method of Chebyshev Spectral Collocation (CSCM) and those from Zeeshan
and Majeed [1] as well as Abel et al. [32]. With the current result approximated
to 8 decimal places, we see an excellent correlation to the results of the previous
research.

Table 1. Nusselt number −θ′1(0) comparison when β = λ = λ2 =
γ1 = S = Gr = r0 = 0

Pr Abel et al. [32] Zesshan and Majeed [1] Current result

0.72 1.0885 1.088527 1.08852523
1 1.3333 1.333333 1.33333333
3 - 2.509725 2.5097266

10 4.7968 4.796873 4.7956998
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Table 2. Skin friction coefficient −f ′′(0), Nusselt number −θ′1(0)
with temperature θ1(0) for various β, λ, λ2, γ1, S, and Pr values
when Gr = 0, r0 = 90◦.

Pr β λ2 γ1 S λ GA and NM solution of Solution based on CSCM
Zeeshan and Majeed [1]
−f ′′(0) PST PHF −f ′(0) PST PHF

−θ′1(0) θ1(0) −θ′1(0) θ1(0)

1.0 0.2 0.1 0.2 0.1 0.01 1.0470 1.3958 0.7138 1.0523 1.3954 0.7142
2.0 1.0399 2.1184 0.4697 1.0000 2.0000 0.5000
3.0 1.0357 2.6848 0.3705 1.0000 2.5097 0.3985
3.0 2.0 0.1 0.2 0.1 0.01 1.3986 2.6458 0.3706 1.4411 2.6406 0.3710

3.0 1.6042 2.6223 0.3705 2.3730 0.0908 2.3629
4.0 1.8131 2.5973 0.3708 2.8094 0.1762 1.9841

3.0 0.2 0.1 0.2 0.1 0.01 1.0355 2.6848 0.3704 1.0397 2.6845 0.3707
0.2 1.0814 2.6728 0.3722 1.0954 0.0526 18.9465
0.3 1.1255 2.6613 0.3739 1.1402 0.0526 18.9963

3.0 0.2 0.1 0.1 0.1 0.01 1.0914 2.6710 0.3724 1.0962 2.6705 0.3726
0.2 1.0354 2.6849 0.3705 0.9129 0.0527 18.9274
0.3 0.9875 2.6967 0.3689 0.8771 0.0527 18.9930

3.0 0.2 0.1 0.2 0.1 0.01 1.0355 2.6848 0.3704 1.0397 2.6845 0.3707
0.4 1.1377 3.2293 0.3079 1.2198 0.0527 18.9527
0.6 1.2060 3.6325 0.2736 1.3110 0.0526 18.9974

3.0 0.2 0.1 0.2 0.1 0.04 1.0335 2.9106 0.2848 1.0376 2.9103 0.2849
0.06 1.0325 3.0269 0.2405 1.0000 0.6369 7.5325
0.08 1.0316 3.1432 0.1961 1.0000 0.8316 4.0208

Table 2 presents a comparison between results obtained via the method of
Chebyshev Spectral Collocation (CSCM) and those from Zeeshan and Majeed [1]
for the Nusselt number and skin friction coefficient when Grashof number equals
zero. This shows that there is a very good agreement and establishes Chebyshev
Spectral Collocation Method (CSCM) as efficient.

The graphical representation of the angle of inclination effect on velocity and
temperature for the PST case is shown in Figures 2 and 3 respectively. For Fig. 2, a
decrement in fluid velocity occurs as the angle of inclination increases for each case.
The case where r0 = 0, represents a vertically inclined sheet and the velocity is the
highest here because of a greater gravitational acceleration. The least velocity is
recorded when r0 = pi/2, that is, when the stretching sheet is horizontal. The
temperature profile, as shown in Fig. 3, indicates an increase in temperature with
an increase in the angle of inclination r0. This is because the fluid particles become
more packed together leading to less movement over the plate when the inclination
angle increases to r0 = π

2 . Influence of the angle of inclination on velocity and
temperature for the PHF case is presented in Figs. 4 and 5 accordingly. While
increment in inclination results in a decrease in velocity, it causes fluid temperature



JEFFREY FLUID FLOW PAST INCLINED STRETCHABLE SHEET... 101

r0 0

r0 6

r0 4

r0 2

PST  Case

 Gr 1.0 , 2 0.2, 0.2, Pr 1.0,

0.01, 1 0.2, S 0.1

0 2 4 6 8

0.0

0.2

0.4

0.6

0.8

1.0

f
'

Figure 2. Effect of Angle of Inclination r0 on the Velocity (PST Case)
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Figure 3. Effect of Angle of Inclination r0 on the Temperature
(PST Case)
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Figure 4. Effect of Angle of Inclination r0 on the Velocity (PHF Case)
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Figure 5. Effect of Angle of Inclination r0 on the Temperature
(PHF Case)
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Figure 6. Effect of Suction/Injection parameter S influence on
the Velocity (PHF Case)

to rise; due to the increased kinetic energy between particles of the fluid when
velocity is reduced.

In Fig. 6 it is shown that the velocity of the fluid reduces throughout the
profile as the value of the suction/injection parameter becomes more positive (that
is, when S > 0; corresponding to suction), but when there is injection (S < 0) the
velocity of the fluid increases. This is clearly due to the fact that the fluid is being
forced out of stretching plate, when suction happens, thereby hindering the flow of
the fluid over the plate.

For Fig. 7, the temperature drops as there is an increase in values of the suc-
tion/injection parameter (both S > 0 and S < 0). This can be attributed to
the fact that particles of the fluid, which come in and out of the plate during
suction/injection, have differences in temperature that lead to a general fall in
the temperature of the fluid flowing past the stretching plate. The effect of suc-
tion/injection parameter on the velocity for the prescribed surface temperature case
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is depicted by Fig. 8. The velocity is seen to reduce throughout the profile with
increasing values of the suction parameter (S > 0), but for injection parameter
(S < 0), there is an increase in velocity because, as fluid particles sink into the
plate, the force acting against the flow over the plate is increased, and when fluid
is injected, there is an increase in the kinetic energy of the fluid particles.

Fig. 9 shows a drop in temperature when suction increases (S > 0), because
the heat energy of the fluid is reduced when some particles sink out of the plate.
But, the temperature rises as the injection parameter (S < 0) increases. Because
more fluid particles that possess some heat energy enter the plate. Velocity tends
to increase with increment in Grashof number as noticed in Fig. 10. This is because
the viscous forces are very low as compared to the buoyancy forces. Fig. 11 depicts
that there is a fall in temperature as Grashof number increases, because the fluid
experiences temperature differences leading to the creation of strong convective
currents that increase the fluid velocity as highlighted in Fig. 10.

Just as it is in the case of PHF, Figure 12 reveals that the increase in Grashof
number leads to advancement of the fluid flow while in Figure 13 temperature drops
with the increase in Grashof number for the PST case. The ratio of relaxation
and retardation reduces velocity of the fluid and increases the temperature for the
PHF case, as presented in Figures 14 and 15. Figures 16 and 17 show that as ratio
of relaxation and retardation increase the velocity diminishes and the temperature
rises for the PST case.

As the ferromagnetic interaction parameter increases, the fluid decelerates as
shown in Figures 18 and 20. This is owing to the fact that magnetic force limits
velocity, since the ferromagnetic interaction parameter is a representation of the
effect of the magnetic dipole. The Lorentz force, which is an enabling force in the
fluid, is adversely affected with the increase in magnetic field, thereby making the
flow of the fluid to be slower. There is a very clear variation in the velocity profile for
the inclined plate as compared to the case of a vertical stretching plate. Figures 19
and 21 reveal that the temperature of fluid rises with the increase in ferromagnetic
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Figure 7. Effect of Suction/Injection parameter S on the Tem-
perature (PHF Case)
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Figure 8. Effect of Suction/Injection parameter S on the Velocity
(PST Case)
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Figure 9. Effect of Angle of Inclination r0 on the Velocity (PHF Case)
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Figure 10. Effect of Grashof number Gr on the Velocity (PHF Case)
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Figure 11. Effect of Grashof number Gr on the Temperature
(PHF Case)
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Figure 12. Effect of Grashof number Gr on the Velocity (PST Case)
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Figure 13. Effect of Grashof number Gr on the Temperature
(PST Case)
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Figure 14. Effect of ratio of relaxation and retardation time λ2
on the Velocity (PHF Case)
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Figure 15. Effect of ratio of relaxation and retardation time λ2
on the Temperature (PHF Case)
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Figure 16. Effect of ratio of relaxation and retardation time λ2
on the Temperature (PST Case)
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Figure 17. Effect of ratio of relaxation and retardation time λ2
on the Temperature (PST Case)
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Figure 18. Effect of Ferromagnetic interaction parameter β on
the Velocity (PHF Case)
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Figure 19. Effect of Ferromagnetic interaction parameter β on
the Temperature (PHF Case)
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interaction parameter β. Since the fluid velocity is low the particles of the fluid are
more compact resulting in rapid exchange of energy between them and ultimately
bringing about a commiserate rise in fluid temperature. In Fig. 22, which shows
the effect of the Prandtl number on the fluid velocity for the PHF case, the fluid
velocity tends to reduce with increasing Prandtl number although the difference
in the profiles is not very visible. This is due to the fact that as Prandtl number
increases there is more effect on the fluid temperature as compared to the velocity.
Figure 24 shows the effect of the Prandtl number on the fluid velocity for the PST

case, and just like the PHF case in Figure 22, there is a reduction in velocity as
Prandtl number increases; with very little difference between the profiles. Because
Prandtl number is more concerned about fluid temperature, there seem to be no
significant effect on velocity. The temperature profiles on the other hand (Figs. 23
and 25) clearly depict a fall in temperature with growing Prandtl number. Larger
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Figure 20. Effect of Ferromagnetic interaction parameter β on
the Velocity (PST Case)
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Figure 21. Effect of Ferromagnetic interaction parameter β on
the Temperature (PST Case)
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Figure 22. Effect of Prandtl number Pr on the Velocity (PHF Case)
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Figure 23. Effect of Prandtl number Pr on the Temperature
(PHF Case)
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Figure 24. Effect of Prandtl number Pr on the Velocity (PST Case)
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values of Prandtl number imply lower thermal conductivity thereby reducing fluid
temperature.

Figures 26 and 28 show that the rate at which the fluid flows for both PHF
and PST processes is increased as the Deborah number rises. This happens be-
cause Deborah number is directly related to retardation time; hence its increment
implies corresponding increase in the fluid’s retardation time and viscosity; there-
fore, velocity is enhanced. In Figures 27 and 29, there is a fall in temperature with
enhancement of Deborah number.

Nusselt number is evaluated at θ′
1(0)

θ′
1(0)|r0=0◦ and values of the angle of inclination

are varied to determine its effect on the Nusselt number as well as the Skin friction
coefficient for different Prandtl and Suction/injection parameter values.

When inclination angle increases, the Nusselt number falls until r0 = 30◦; after
which it rises, but begins to fall again when inclination angle is about 45 degrees
(r0 = 45◦). This fall in the Nusselt number is experienced up till r0 = 60◦, but
beyond this angle there is an increase in the Nusselt number value. Nusselt number
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Figure 25. Effect of Prandtl number Pr on the Temperature
(PST Case)
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Figure 26. Effect of Deborah number γ1 on the Velocity (PHF Case)
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Figure 27. Effect of Deborah number γ1 on the Temperature
(PHF Case)
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Figure 28. Effect of Deborah number γ1 on the Velocity (PST Case)
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Figure 29. Effect of Deborah number γ1 on the Temperature
(PST Case)
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represents a ratio of convection to conduction heat transfer, hence Fig. 30 suggests
that when the plate is tilted between zero and thirty degree (r0 = 0◦ to 30◦) and
between forty-five to sixty degrees (r0 = 45◦ to 60◦), the transfer of heat due to
conduction is higher than the transfer of heat due to convection. It is also noticed
that the Prandtl number tends to increase the Nusselt number profiles as it rises.

Figure 31 shows that as the inclination angle of the plate increases from zero
to thirty degrees (r0 = 0◦ to 30◦), the skin friction coefficient increases and falls
between thirty and forty-five degrees (r0 = 30◦ and 45◦). It then increases up till
r0 = 60◦ and falls afterwards. The skin friction profiles increase with the increase
in the Prandtl number for the angle of inclination between zero and fifty degrees
(r0 = 0◦ to 50◦) and then falls with increasing Prandtl number afterwards.

Figure 32 reveals that, for inclination angle between zero and 30 degrees as well
as between 45 and 60 degrees, there is a fall in the Nusselt number; although for
the later the fall in the Nusselt number is steeper. After the angle of inclination
r0 = 60◦ there seems to be a rise in the Nusselt number for lower values of the
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Figure 30. Nusselt number Nu when Angle of inclination r0 and
Prandtl number Pr is varied

Pr 1.0

Pr 2.0

Pr 3.0

Pr 4.0

S 0.1 , Gr 1.0, 0.2, 2 0.2,

0.01,

0 20 40 60 80
0.0

0.5

1.0

1.5

r0

C
f

R
e

x0
.5

Figure 31. Skin friction coefficient Cfx when Angle of inclination
r0 and Prandtl number Pr is varied
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suction/injection parameter; while for the higher values of S, Nusselt number Nu
tends to be constant. Generally, as suction/injection parameter rises the profiles of
the Nusselt number versus angle of inclination increase.

In Fig. 33, the lowest values of skin friction coefficient are experienced where
inclination angle equals zero; that is, when the stretchable plate is vertical and the
gravitational force acting on the fluid is the greatest thereby allowing the fluid to
flow faster. The skin friction coefficient reaches its peak at r0 = 60◦, after which
it diminishes. As values of suction/injection parameter increase, there is a rise
in the profiles of the skin-friction coefficient. Table 3 shows that as the value of
the magnetic parameter increases from zero to two for each angle of inclination,
the skin friction coefficient also increases in both the PST and PHF procedures at
fixed value of the Prandtl number. Likewise, for constant angle of inclination and
varying Prandtl number skin friction increase when magnetic parameter becomes
larger. As noticed in Table 4, for each angle of inclination and constant Prandtl
number (Pr = 2) there is a fall in the Nusselt number as the magnetic effect due
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Figure 32. Nusselt number Nu when Angle of inclination r0 and
Suction/injection parameter S is varied
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Figure 33. Skin friction coefficient Cfx when Angle of inclination
r0 and Suction/injection parameter S is varied
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Table 3. Skin friction coefficient −f ′′(0), for various Pr and r0
with β = 0.2, λ = 0.001, λ2 = 0.2, γ1 = 0.2, S = 0.1,Gr = 0

−f ′′(0)
Γ0 Pr PST PHF

β = 0 β = 2 β = 0 β = 2

0◦ 2 0.754643 1.604410 0.905413 1.152260
30◦ 2 0.995969 1.532180 1.020160 1.272050
45◦ 2 0.888210 1.416930 0.969065 1.218590
60◦ 2 1.344270 1.995210 1.181340 1.152260
90◦ 2 1.179150 1.732100 1.106050 1.362460
30◦ 1 0.977355 1.597530 0.995613 1.447350
30◦ 2 0.995969 1.532180 1.020160 1.272050
30◦ 3 1.004430 1.487460 1.027910 1.205800
30◦ 4 1.004430 1.454160 1.031670 1.008900
30◦ 5 1.013130 1.427870 1.033880 0.996900

Table 4. Nusselt number −θ′(0), for various Pr and r0 with β =
0.2, λ = 0.001, λ2 = 0.2, γ1 = 0.2, S = 0.1,Gr = 1.0

−θ′(0)
Γ0 Pr PST PHF

β = 0 β = 2 β = 0 β = 2

0◦ 2 2.162483 2.098390 1.000000 1.000000
30◦ 2 2.119480 2.062300 1.000000 1.000000
45◦ 2 2.139330 2.085930 1.000000 1.000000
60◦ 2 2.044860 1.900860 1.000000 1.000000
90◦ 2 2.082710 2.016380 1.000000 1.000000
30◦ 1 1.403480 1.342580 1.000000 1.000000
30◦ 2 2.119480 2.062300 1.000000 1.000000
30◦ 3 2.683730 2.630800 1.000000 1.000000
30◦ 4 3.168720 3.11922 1.000000 1.000000
30◦ 5 3.603000 3.556390 1.000000 1.000000

to the dipole becomes higher in value. This happens for the prescribed surface
temperature, but for the prescribed heat flux there is no significant fall in the
Nusselt number with increasing magnetic parameter. Large values of the magnetic
parameter usually increase the rate of heat transfer due to conduction. This means
that the Nusselt number reduces, because it is defined as the amount of heat transfer
due to convection divided by the amount of heat transfer due to conduction. Worthy
of note is the fact that surface heat transfer is captured by the Nusselt number,
hence, it can be said that the rate of transfer of heat at the surface of the stretchable
plate is lower as thermal expansion due to conduction and magnetic force increases.
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5. Conclusion

After considering ferromagnetic Jeffrey fluid flow over an inclined stretchable plate,
the findings that ensued include:

a. Increasing angle of inclination reduces fluid velocity and buffers its tem-
perature. This happens in the case of prescribed surface temperature
(PST) as well as prescribed heat flux (PHF).

b. For PST and PHF procedures, the suction/injection parameter increases
the velocity and the temperature reduces.

c. Grashof number (Gr) tends to increase velocity and bring about a drop
in temperature for PST as well as PHF procedures.

d. Ratio of relaxation to retardation time parameter (λ2) causes velocity to
reduce and makes temperature rise for both heating processes.

e. During PST as well as PHF procedures, ferromagnetic interaction param-
eter (β) representing influence of magnetic dipole slows the fluid flow and
leads to rise in temperature.

f. Velocity and temperature of Jeffery fluid reduce as the Prandtl number
(Pr) value become larger for PST as well as PHF cases.

g. Deborah number (γ1) enhances velocity and reduces temperature for PHF
and PST heating procedures.

h. Nusselt number reduces with increasing angle of inclination, but the Prandtl
number increase allows Nusselt number profile to rise. Increasing Suction
parameter (S > 0) increases Nusselt number until inclination angle equals
60 degrees (r0 = 60◦). Nusselt number drops with increasing magnetic
force due to the dipole.

i. Skin friction coefficient increases for rising Prandtl number when the angle
of inclination is below 45 degrees, while it decreases when inclination angle
is above 45 degrees. But, as suction (S > 0) increases, the skin friction
increases for all inclination angles.
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ТОК ЏЕФРИJЕВОГ ФЛУИДА КРОЗ ЗАКОШЕН
РАСТЕГЉИВ СЛОJ СА МАГНЕТНИМ ДИПОЛОМ

И УСИСАВАЊЕМ/УБРИЗГАЦАЊЕМ

Резиме. Испитиван jе ток Џефриjевог флуида кроз закошен растегљив слоj
на коjи утиче магнетни дипол и усисавање/убризгавање. Jедначине система су
доведене у облик нелинеарних обичних диференциjалних jедначина трансфор-
мациjама сличности. Чебишевљевим приступом, добиjена су решења за брзину
и температуру флуида. Узимаjући у обзир прописану температуру површине
(PST) и прописани топлотни ток (PHF) топлотних процеса, утицаj угла наги-
ба, Грасхофовог броjа и других параметара на брзину и температуру флуида
документован jе графиконима и табелама. У случаjу када немамо закошење,
утврђено jе да се решења из овог рада слажу са решењима Генеричког ал-
горитма и методе Нелдера Мида. Течност jе спориjа када jе плоча нагнута
под већим углом и то омогућава вишу температуру флуида. Параметар феро-
магнетне интеракциjе и однос релаксациjе и времена успоравања имаjу исти
утицаj на брзину и температуру флуида као и угао нагиба. Параметар усиса-
вања и Прандтлов броj поjачаваjу Нуселтов броj, док површинско трење расте
за све углове нагиба при повећању усисавања. Са овим резултатима, инжењери
у хемиjскоj/полимерноj индустриjи могу направити одговараjуће промене коjе
могу довести до квалитетниjе производње.
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