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STABILIZATION OF A NONLINEAR
EULER-BERNOULLI VISCOELASTIC
BEAM SUBJECTED TO A NEUTRAL DELAY

Ibrahim Lakehal, Djamila Benterki, and Khaled Zennir

ABSTRACT. An approach is implemented in this article to analyze the de-
cay rate of nonlinear beams according to the Euler-Bernoulli equation in the
context of rheological viscoelastic damping deformations taking into account
the neutral type delay. The interaction between viscoelastic and neutral type
delays is discussed as our main aim to support a rapidly developing litera-
ture. Using the energy method and constructing an appropriate Lyapunov
functional, under certain conditions on the kernel and neutral delay terms, we
show that despite the destructive nature of delays in general, a very general
decaying energy for the problem was obtained.

1. Introduction

It is well known in the literature that delays often occur between an input
into a system and the output from that system. Many practical dynamic systems
have delays, but they are often neglected for simplicity. However, the presence
of time delays in dynamic systems can lead to poor performance and instabilities
in control systems and reduce the information that dynamic systems should use
to respond to the requirements. Therefore, it is important to take delays into
account together with other damping mechanisms in order to improve the coping
capacity of the system. The modeling of several physical systems includes delay
phenomena (mechanical, economic, biological, ecological and telecommunications
systems) [12]. More and more researchers have focused on the stability of delay-
differential neutral systems in the last two decades due to its widespread application

[1,13-15,18,23,27,30]. However, time delay is typically time-varying in many real-
world neutral systems, which can significantly alter the neutral system’s dynamics
in some cases [5,22,24]. Before presenting our findings, we will first refer to some of

the previous results in the literature related to the topic of our research. Regarding
the impact of viscoelastic term for such systems, we mention the work in [20],
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where Park considered a weak viscoelastic beam equation subject to time-varying
delay of the form

(@, t) + A2u(z, t) — M(||Veu(t)||?)Azu(z, t) + of fo T)Ayu(z, 7)dT
bout(z,t) + brue(x,t —s(t)) =0, z €, teRy,
u(z,t) = 8“(%:;” =0, zel, teRy,

u(z,t =0) =up(x), w(z,t=0)=ui(z), x €,

ug(x,t) = ho(x, t), x€eQ, te[-s(0),0),.
where 2 C R" is a bounded domain, 7 is the unit outward normal to boundary T"
of €1, by is a positive constant, by is a real number, and g, o, and M are functions.
A general decay rate under conditions on o and the kernel g was showed. Feng [11]
studied the strong time-dependent delay in the viscoelastic wave equation

yre — Dy + [ gt — T)yu(1)dT — 1 Axye — p2laye(t — 7(t)) = 0, (z,) € Q x Ry,

y(z,t) =0, (z,t) € T x Ry,

y(z,t =0) =yo(x),z € Q,

ye(x,t) = ho(z, t), (z,t) € Q x [-7(0),0),

where p1, po are constants and s(¢) > 0 denotes the time dependent delay. He

obtained general decay of energy for the problem. In [25] Tatar examined the
following wave equation with neutral delay
Ytt — Yz = fo t i ytt )d (ZL',t) € (07 1) X Rv
y(x:07t>_y(x_1at)_07 tERJm

y(.]?,t = O) = yO(x)’ yt(xvt = 0) = yl(J?), (S (07 1)7

and the exponential decay of the solution was shown. For more detail, the reader
can consult [4,6-8,26,28].

The neutrally retarded viscoelastic Timoshenko system was studied by Kerbal
and Tatar [16], where the authors proved an exponential decay result of energy
under some conditions on the kernel. In the absence of time delay [9], the authors
studied the vibrating flexible beam system

pAU (2, 1) + ElUgppe(2,1) — Potigs(2,t) — 3 EAug,(z, t)ul(z,t) =0,
n (0, L) x [0, 00),
Uge (2 = 0,t) = Ugp(x = L,t) =u(x =0,t) =0, VOt
—Elugee(z = L,t) + Poug(z = L,t) + 3EAu (z = L, t)
= —mous(x = L,t), Y0 <t,mg>0.
At the boundary, the authors applied a linear control force and obtained an expo-
nential decay of energy. Regarding the related abstract Volterra integro-differential
equation and integral equations, we mention the works by [17,21], where a concise
introduction to the theory of ill-posed abstract Volterra integro-differential equa-
tions is introduced in an easy and comprehensive way.
Inspired by this work [9], in the present paper we consider the Euler—Bernoulli

viscoelastic equation with a neutral type delay
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9 t EA O, 4
(1.1) pAa (ut +/O k(t — T)ut(r)d7'> = —FEluggps + 7%(%)

t
+ B (u“ - / v(t— T)um(r)dT) in (0,L) x R
0
under the boundary conditions
Upe(x = 0,t) = Uy (x = L, t) = u(x =0,t) = 0,V0 < ¢,
Eluge,(z = L,t) = Pyuy(x = L, t) + 1 EAud(z = L, 1)
—Py [y v(t — T)ug(L,7)dr
+yur(x = L,t), V0<ty>0.

(1.2)

The initial conditions are
(1.3) u(z,t =0) =wup(x), wu(x,t=0)=u(x), z € (0,L).

The system parameters are as follows: L is the beam’s length, ET is its uniform
flexural rigidity, pA is the mass per unit length, E'A is the axial stiffness, u(z,t)
denotes the beam transversal displacement and Py is the tension force. Here we
suppose that the variation in length due to axial force is small and that just the
elongation of the beam due to bending is taken into account. Euler—Bernoulli
beams are an integral element of physical and biological systems. Construction of
buildings, bridges, laying railway tracks - beam structures are used everywhere. In
real life, the range of their applications continues to expand. It is used in many
branches of mechanical engineering to create, for example, structures such as long
horizontal tanks, apparatus shafts, drum apparatus, elements of chemical or oil and
gas engineering, as well as in other areas. This caused intensive development of the
theory of damped beams, the main purpose of which is to describe their behavior
under the influence of viscoelastic and neutral delay. We prove general decaying
energy for the problem (1.1)—(1.3) using weaker assumptions on the relaxation
function v and some conditions on the kernel k. The next section is devoted to some
important concepts and Lemmas in our work. Section 3 relates to the declaration
and proof of our results.

2. Notation and main results

In this section we introduce some notations and Lemmas needed throughout
this work. First we present our assumptions on the kernels k& and v.

(A1) The kernel k: Ry — Ry is of class C! and summable function satisfying
+oo
K <0, 0<Fk= / k(r)dr < 1.
0

(A2) The relaxation function v € C'(Ry,Ry) is a differentiable function
satisfying

+o0 t
0<l= / v(r)dr <1 and for t*>0, / v(tT)dr = v, > 0.
0 0

(A3) V/(t) <0 for almost all 0 < ¢.
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(A4) There exists a non-negative increasing function £(t) such that 55/( tt)) = ¢(¢)

is a decreasing function and [,"* v(7)&(7)dr < +oo.
The following notation is used

L t

(o f) = /O /O vt — 1) f(2,t) — f(o,7)2dr do
L t

(V*f):/o /0 v(t—71)f(x,7)drdx, 0<t.

We denote

V ={ue H*(0,L) | u(0) = 0},

H={ueVNH0,L)| tps(0) = uz (L) = 0},
where H?(0, L), is H-square with square norm. It is a subspace of L?(0, L) space,
and we utilize the Hilbert space L?(0,L) with its usual inner product and norm.

The existence result for our problem (1.1)—(1.3) can be proved by Faedo-Galerkin
method, the reader may consult [19].

THEOREM 2.1. Suppose that (A1)—(A3) are satisfied. If (ug,u1) € Hx L?(0, L),
then there exists a unique solution u of problem (1.1)—~(1.3), in the sense that for
T> O; u € Loo([OaT)aH)aut € LOO([(),T)a V)autt € LQ([07T>’L2(07 L))

Moreover, we have u € C([0,T),V),u; € C([0,T), L*(0,L)).

Multiplying equation (1.1) by the test function wu;, integrating over (0, L) with
respect to the spatial variable x and using integration by parts. Taking into account
the initial and boundary conditions (1.2), then the (modified) energy of our problem
(1.1)—(1.3) is defined by

1 EA K
1) &0 = g (pAkull + Blusal? + ZA0 2+ 2 (1= [ v(rrar ) sl

+ Po(voug)(t) + pA‘/O k(t — T)||ut(7')||2d7'>.

PROPOSITION 2.1. The energy E(t) is non-increasing and uniformly bounded.
More precisely, we have

@2 &0=L2wou) - PO 2 Do)
Fo 2 2/ _
- ?I/(t)HUIH —ui(x =L, t) <0, 0<Ht.
The following relevant Lemmas are required to establish the proposition.
LEMMA 2.1. [19] For a functionu € C*([0, +00); L?(0, L)) and v on C*[0, +00)
/Ot (b = 7)ot (7), e () = — 5 (v 0 ) + 5 0 e )(1)

1 ||2/tv< Jir) = L@l £ 0
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LEMMA 2.2. [16] For all uy € C*([0,00); L?(0, L)) and k € C*[0,0), we have

1d

L t t
/0 ut(t)/o k(t — T)ug(7)dr doe = f%(k’ ou)(t) + 5%/0 k(t — T)”’U,t(T)H2dT

a0l = ko) [ wouo)s

PROOF OF PROPOSITION 2.1. Multiplying equation (1.1) by wu;, integrating
the result by parts over (0, L), and utilizing the boundary conditions, we find

1d

EA L
Sq {pfll\utll2 + Eltas || + Pollua|” + T\IuiIIQ] + pAk’(t)/ u (t)ue(0)dz
0

L t ¢
+ pA/ Ut / k(t — T)uw(7)drdx — Po / v(t — 1) (uz(7), ugt (t))dT
0 0 0
EA 5 ¢
= | — Elugzz(x = L,t) + Poug(x = L,t) + TUJC(I' =L, t)— Py | v(t—T7)uz(L,7)dr
0
X ut(x = L, t).

Hence, Lemma 2.1 and Lemma 2.2 conclude the proof. O

Next, we carefully select the following functional

u?(x = L,t)
2 )

L t
Q:1(t) = pA/O u<ut +/0 k(t — T)ut(T)dT) dr +
L t t
Q2(t) = —pA/O (ut + ; k(t — T)ut(T)dT> /0 v(t —7)(u(t) — u(r))dr dz,
Q) = Py | Kelt = )us()]ar,
Qu(t) = B1 | Kelt = m)lne()Pdr+ 55 [ Kelt =Dl ()P

Qs(t) = 5 [ Relt =) lu(r) P

+o0 +oo
Ke(t) = €7(1) / y(r)E(r)dr Re(t) = €7(1) / K(r)E(r)dr,

and ¢ is defined above. We introduce the following modified function

5
(2.3) L) =EB)+ ) NQit), 0<t,
i=1
where A\; > 0, i = 1,...,5 which will be specified later. The next proposition is
helpful.
PROPOSITION 2.2. There exist n; > 0,i =1, 2 such that
(24) mi(E(t)+Qs(t)+Qa(t)+Qs(t)) < L) <m2(E(t)+Qa(t)+Qua(H) +Qs(t), 0<t.
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PROOF. A simple computation gives us

L L ¢ 5 B
@)= pA [ wdo 9 [ [ ko= )i+ 0SS ED

pA

< (L?ux||2+||ut||2+L2||ux|2+k/ kit = 7))l )+ o

Py (2pAL + v pAk
P2 e + O(T())Llluz\|2+7 [ e = e

pA

pA 2 2
< L
( 2 el + 22 4 22

— 7)||we (7)||?dT ),
Oka Y <>||d)

where ¢; = max(1, WL k) and

(2.5)

QQ()pA/L (utJr/tk(tT)ut( )m)(/t vt — ) (u(t) — u(r ))dT)dx
(2.6) :_pA/ ut/ (t = 7)(u(t) — u(r) dex_pA// (t = P)us(r)dr

(2.7) ></O v(t —7)(u(t) — u(r))dr dz

A Ak [?
(2.8) <%HutHQ—FpAlL(uouz)(t)+L/ k(t — 7)||us (7)||2dr

29) <o Gl + Riwouno+ 2 [ k- lhutr)ar).

where ¢, = max (1, %, k). Moreover

A El EA P
£(t) < (14 Arer+aea) 2l P4+ a2+ 022 (14 Daca) 22 (voue) (1

N (1 -/ t V<T)d7+xlcl)1;0uxn2 F4hen 4 doen)2 / k(- )l P
+ A3Q3(t) + AaQa(t) + AsQs(1),
and
2L(t) = (1 — 1Ay — cada)pAlluel|® + (1 = 1 = Aye) Pollug]®

EA
+ (1= Age2) Po(v 0 ug) (t) + Bl fJuga ||* + TIIU?CH2

(1= Met — Ases)pA / K(t — 7)lluc(r)|dr
0
+2X3Q3(8) + 20Qua(t) + 205Q5(1), 0 < t.
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Therefore, ny (E(t)+Q3(t)+Qa(t)+Qs5(t)) < L(t) < na2(E(t)+Q3(t)+Qa(t)+Q5(t))

for some constant n; > 0 and Ay, Ay such that
l 1-1

1—
Al < ——, A < .
! 2(}1 2 262

To show our asymptotic behavior result, the following Lemma will be utilized.

O

LEMMA 2.3. For all functions v € C[0,00) and u € H*(0, L)

/OL Uy /Ot v(t — 7)ug(7)dr do = ;(/Ot V(T)dT) l[ug||® + ;/Otl/(t — 7)||ux(7)||dT

1
- §(V oug)(t), 0<t.

3. Asymptotic behavior
The following theorem is our main result.

THEOREM 3.1. Assume that v and £ satisfy the assumptions (Aq)-(As). Then,
there exist positive constants C and o such that

Et)y<Cer)™@, 0<t.
PRrOOF. Using (1.1)—(1.3), the functional Q;(t) satisfies

L L t
Q1 (t) = pA/ uldr + pA/ ug (ut + / k(t — T)ut(T)dT> dx
0 o Ot 0

L ¢
+ pA/ ut/ k(t — T)ug(7)drdx + yu(xz = L, t)u(z = L, t).
0 0

For the second term we use equation (1.1), the boundary conditions and Lemma
2.3, we obtain

(3.1) pA/ (ut—F/ k(t — (T )dT)dJ;

= e = L tu(e = L,1) — Elfuge ? ~ “2 (0 us)(1)

1 [t P ot EA
A(1-3 [ v )il + 2 [ ot Duaoipar - Sy
0 0

Applying Young’s inequality to the third term, we find
L t
(3.2) pA/ ut/ E(t — T)ug(T)drdr < pAdy|jug||?
0 0

Ak
L /k‘t—r)”ut( JI2dr, 81 >0,

By substituting the relations (3.1)—(3.2) in Q’l( ) we obtain

B3 Q0 < -Ellunl? - Loou)o - (15 [ vioar)lul?
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Py [t EA
+7° ; V(lfff)lluac(T)HQdT*TIIUZHQ+/JA(1+51)||uf,ll2

t
pAK B 2
+ 15, /0 k(t — 7)||us ()] *dr.

After simple computations, the derivative of Q2(t) yields

Qy(t) = —pA /OL (ut + /Ot h(t — T)ut(r)df)t /Ot ot — 7)(u(t) — u(r))dr dz

J1

,pA/OL (ut +/Otk(t77)ut(7)d7> (/Ot V(= ) (u(t) — u(r))dr + ug /Ot V(T)d7>dx,

J2

Integrating J; by parts and using the boundary conditions, we get
L t t
J = —pA/ (ut —|—/ k(t — T)ut(T)dT> / v(t —7)(u(t) — u(r))drdz
0 0 tJ0
EA , k
= | Eluggs(L,t) — Poug (L, t) — 7u$(L,t) + Py | v(t—T7)ug(L,s)ds
0
t
X / v(t—71)(u(z = L,t) —u(L,7))dr
0
L EA t
0

0

v ( /0 ot — ) (ua(6) uw(r))d7> dz

= —yu(z = L,t)/o v(t —7)(u(x = L,t) —u(L,7))dr

_ /OL FElug,, ( /Ot v(t — 1) (ug(t) — um(T)dT) dr

+ ETA ’ uf’c(/ot v(t —7)(ug(t) — ux(T))dT)dl‘

0
2

+ PO/OL (/Ot vt — 7)(ug(t) — uz(T)dT> dz
+ Py <1 - /0 t V(T)d7> /0 ’ s (t) ( /0 t vt — 7)(us(t) — ux(T)dT> do

t
— e = L,t) [ vt~ r)fule = L0
0
—’U,(Lﬂ'))dT—‘rJn+J12+J13+J14, 0<t.

Again utilizing Young’s inequality, we get
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t t

(34) yw(zr= L,t)/ v(t —7)(u(z = L,t) —u(L,7))dr = yu(xz = L, t)u(z = L,t)/ v(T)dr
0 0

t
— yus(x = L, t)/ v(t — 7)u(L,7)dr
0
16 So( [ :
< l(l + Dul(x = L,t) + uuQ(:c =L,t)+ M(/ v(t— T)u(L,T)dT) , 0<t.
200 2 2 \J,
For the second and the third term in (3.4), we have

(
(@ = L,t) < Ll|ug |,

</oty(t_T ) ( t—T)/OLum(x,T)d:ch>
(/oty(t_T ) v(t —7)|us(1)|?dr,  0<t.

(3.5) ug(x = L,1) /0 vt — ) = L, 1) — u(L, 7))dr

2

and

Hence,

15 ) ¢
D+ = L1) + O L] + Du/ Ut — 7 |ua(7)|2dr-

For §; > 0, we can write

Ji = /OL Elum(/ot v(t — 7)(uge (t) — uxm(T))dT> da

¢ El t ¢
< EI</ v(r)dr + 52) ||uf,mH2 + (/ I/(T)d7‘> / v(t— T)||um(T)H2dT,
0 402 \ Jo 0
and

Jp = A / e[| - EA/ / (t — 7Y () (t)dr da
/ v(r)dr||u?|? - EA/ / V2t — m)ug ()02 (t — 7)ug (t)dr da:

e N R e e e
< Bz + Bz + EA// (t - 7)u dT/Ot (t — ) (t)dr de
< 2+ Zpaie+ 22 (52 [ oluterar + Lrp
\EA(1+—+ 5 )l ||2+16(53l2/0t1/(t—T)||ui(7)||2dr.
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Now, we proceed to estimate Ji3 and Ji4. We obtain for §4 > 0

na< (1= [ vir) (8wl + g-0ou),

Jia < Pol(voug)(t), 0<t
We decompose the second integral (J3) into

Js :pr/ v(r druutntpA/ ut/ (t — 7)(ult) — u(r))dr da
—pA/OL (/ k(t — 7)ug(r )dT) </ (= 1) (u(t) — u(T))dT)dx
—pA/ TdT/ ut/ (t — T)ug(7)drdz

:—pA/ V()drul® + Jor + Jos + Jas.
0

and

For dg > 0, we have

L ¢
Jo1 = pr/O ut/o V't —7)(u(t) — u(r))dr de

ALv(0
< ol ~ PO 6 ) 1),
6

Joy = —pA /OL (/Ot k(t — T)ut(T)dT) (/Ot V(¢ —7)(u(t) — u(T))dT) dz

< pAssk [ it = n)ur)Par — P2 0 0w 1)

For §7 > 0, we have

Jaz = —pA(/Ot V(T)dT) /OL Ut /Ot k(t — T)us(7)dT d

pA_ [ 2
< pAbellual + L2E [ k(e = 1) () P
0

and

Taking into account (3.4)—(3.6) and the above estimations of Ji1, J12, J13, J14, J21,
Jog, Jog, we obtain

(3.6)  Qa(t) < pA(d6 — va + 670) uel* + EI(L + 82) | uza ||

’YLZ(SO . 2
+ (T Pol1 = v)d ) |

EA ! vLéo, [*
+ 5 (14 g+ )R+ 520 [ we =) P

2
EA(53

+ 280 [ - rlrar
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_ pALv(0)
286

e
260

IEI [*
+ 55 [ vl Dl ()l
452 0

+ (14 Vui(z = L,t) (V' o ug)(t)

_ l ¢ 2
+pak(50-+ 1) [ k=Dl P

1—v,
464

Further, a simple differentiation of Q3(t) yields

+Pol(1+ )(voux)(t),t* <t

(3.7) Q4(t) = PoKe(0)Jua (6)]* + Po/o K¢(t = 7)llua (1) *dr
< PoKe(0)[Jua ()] — Po<(t)/0 Ke(t = 7)llua (7)[|*dr

t
—Po/ V(t — 1)l|ua(7)|[2dr, 0 <t
0

Direct computations of Q(t) yield

t
QU(t) = EIKe(0)|ugal? + ET / KL(t — 7)|ttas ()| Pdr

EA EA [
+ RO+ T [ K= P
that is
EA ¢
38) Qut) < PIKeO) e | + 5 KO = BT [ ot =)o) P

t EA [1
- 160 [ Kelt = Pllusalr)Par = 5 [ute =l P
-2 [ K-l o<t

Moreover, we estimate Q%(t) by
pA ~ pA to
B9 Q)= RONOP + 5 [ Ryt ruPar
pA -~ pA b
< BEROult)]? = Gt [ Ret = )lutr) Par
pA [*
2 Jo
Putting together the estimates (2.4), (3.3), (3.6)—(3.9), we obtain for ¢, < ¢

20 < (2 - 2L 0w + L2 0w 0)

k(t — T)||ut(7')||2d7', 0<t
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Ke(0 k(t
+ pA()\Q 6 — Vi +07l) + /\5% + A (1+61) — %) (g |?
~Lldg v(t) 9
(=xn(1- 7) + o sp t (- v.)os) + AaKe(0) = 77 ) |
+ EI(=A1 + Xa(l 4 85) + AaKe (0)) [tz |

z f )
+BI( g0 - )\4)/0 U(t = )|t (7)

BA (1% '
+ o (e = n) [ vt = Dl olar
0

+ P

2
Ll !
()\1* + )\QL - )\3P0) / v(t = 7)||ue ()| *dr
0

+Po(z(1+1454 )e - 2)(you1)()+7(A2l§01 Vudw = L)
BA

l 1 212
o (=l 5+ 5)  MEeO) 4]

pA RN / _ >
5 (= 2+ 200k + g) +50) [ b= ()] Par

— A35(1)Q3(t) — Aas(t)Qa(t) — Ass()Q5(1).

At this step, we select Ay < 2/)%% to satisfy — A M%ffm > % and Ag < %

so that Ay < mln{m7 l+1} and dy = 2, 63 = @, 61 =1%,00 =Py, Ay = %
to get

) < %k’ o u)(t)

(Ag 86 — Ve + 070) + s (0)+A1(1+61) k(;))ll (P
“h(- )\1(1—7)—#)\2(751 LY Ke(0) )
( At 3l+K5( )))Ilumll2

+po(%+ ;ﬁf ) [t = Dluato) P

+P0( )\ —%)(Vouw)()—&—’y()\ggpl 1)uf(m=L,t)
ETA( )\1+)\2( l8 ; ())>|| [

%( A5+2A2k(56+4i§7)+%)

+
/ Kt — 1) e () [2d7 — Aso()Qa(t) — Aas(D)Qa(t) — Ass(H)Qs (2).
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Further, we need

Ao (U +152) + X3 (0) < M (1— §) + 42,
A2
2

(3.10) (B81+ Ke(0)) < A,
Ao (86 — Vi + 070) + A5 B8 L X (14 6y) < BB
(3 - V*)l)\Q < )\1,
3
(3.11) (l—|—%+%+K§2(O))>\2<)\1’

20k (06 + 75-) + B3 < X,
% + )\Q’YTLZ < A3.
We will focus on the first set of inequalities
/\2(W§l + %) + )\3K5(0) < A (1 — é) + @7
(3.12) A5 ELO L (14 61) < Aa(ve — 0 — 671) + £
(3 — l/*)l)\g < Aq,

let Ny = (3+1) and A2 = ]’:,—11 Take v = ;- and we select 0g, 67 so small and ¢ large
so that the second condition in (3.12) is satisfied. In order to achieve (3.11) (the
second set of inequalities), it is sufficient to choose A3, A5 large enough. As a result
of these choices, we conclude

(3.13) ,C/(t) g —Ngg(t)—)\3§(t)Q3(t)—)\4§<t)Q4(t)—)\5§(t)Q5(t), N2 2 0, t 2 t*.
Since ¢(t) < ¢(0), then

L'(t) < g](v(;f(t)f(t) — A36(t)@3(t) — Aas(t)Qa(t) — Ass(H)Q5(t), t=1"
According to (2.4), we obtain
(3.14) L'(t) < —Nss(t)L(t), N3 > 0.

Integrating (3.14) over [t*,t], we obtain

£(t) < e NS sOTL () s
Using again the equivalence (2.4), we get

E(t) < e Nollsdrp) >,

Since £(t) is continuous over [0,¢*], we conclude that

C
E(t) < w,o <t

for some positive constants C' and pu. O
REMARK 3.1. Our studies in the present paper are an extension of the results

obtained in [15]. Without vescoelastic term in (1.1), the same author in [15]
considered a nonlinear Euler-Bernoulli beam with a neutral type delay. By using
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the Lyapunov method, the energy decay rates under free vibration conditions are
obtained as

(3.15) E(t)<Cgt)™°, C,o>0,

where the functional g represents the rate of decreasing of the function k& in neutral
delay.

The purpose in this article is to analyze the asymptotic behavior of energy
associated with (1.1) to complete the study of [15]. Using an appropriate Lya-
punov functional, under certain conditions on the kernel v and neutral delay, we
established a very general decay rate of energy as follows

(3.16) E(t) < CEW)™,C p > 0,

where the functional £(t) represents the rate of decreasing of the relaxation function
v in viscoelastic term defined in (A2)—(A4).

4. Conclusion and discussion

In the present article, nonlinear beams according to the Euler—Bernoulli equa-
tion in the context of viscoelastic damping deformations, taking into account the
neutral type delay, are considered. The analysis of the qualitative study was carried
out and the behavior of the solution was obtained in an explicit form for sufficient
conditions of the relaxation function v. Using the Lyapunov functional, we ana-
lyzed the influence of rheological factors of viscoelastic term. This latest result is
considered, as far as we know, the first similar result in the literature for such a
system, where we succeed to improve the earlier works. Since the original system is
a dynamic system, it is natural to add a viscoelastic term to obtain a more dissipa-
tive system and see which kind of damping dominates and makes a greater impact
on the behavior of the solution. This represents the primary novelty of this work.

(1) We found that the memory term fot v(t — T)Uze(T)dT is strong enough

to ascertain stability despite the presence of neutral type delay fot k(t —
Tu(T)dT .

(2) To our knowledge, there are no results in the literature dealing with such
system of Euler—Bernoulli with different damping terms.

(3) We found our general decay with minimal assumptions on the memory
term.

(4) As shown in the Theorem 3.1, the decay rate of the energy function £(t)
associated with the system (1.1)—(1.3) follows the rate of relaxation func-
tion v.

(5) The boundary conditions are taken with relation to the memory term
which act as balances in the behavior of solution for the system.

Namely, we mention here that the viscoelasticity in our system makes a good in-
teraction with a neutral delay in the system (1.1)—(1.3). This type of damping
gives more information and qualitative properties on the solution and its impact on
the behavior is very important as it is shown in the requirement of Theorem 3.1,
see [2,3,29].
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Open problem. Equations of this type can be used in control; numerical

estimates and other problem formulations are necessary. This can improve the
value of the main result, see [10].
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CTABUJIN3AIINJA HEJIMHEAPHE OJJIEP-BEPHYJINJEBE
BUNCKOEJIACTUYHE I'PEJIE ITPV1 HEYTPAJIHOM KAIIMIBLEKBY

PE3UME. VY oBOM WIaHKy je IPpUMEIbeH MPUCTYN 3a aHAJIU3Y Op3UHE TUCHUIIAITI]e
eHepruje HejmHeapHux rpeja npema Ojsrep-BepHoyiujeBoj jeHAaYHHE y KOHTEK-
CTy PEOJIONIKUX BUCKOEJACTHYHUX JedopMalyja Ipuryiiema y3uMajyin y ob3up
KaIlllbelhe HeyTpaaHor Tuna. Kao miaBHU musb pajia, IUCKYyTOBAHA jeé MHTEPAKIIU-
ja m3mely BHCKOEJIACTUYIHOr W HEyTPAJIHOI THIIA KAIllibemba, 00/1acTu Koja ce 6p30
passuja. Kopucrehu eneprercky meromy m koucrpyuinyhu omrosapajyhu Jbarry-
HOBJbEB (QYHKIMOHAJ, TOJ ofpeDeHnM ycjaoBHMa JaTUM Ha je3rpo U HEYTPAJHO
Kallliberbe, I0Ka3yjeMo JIa je YIPKOC JEeCTPYKTUBHO] IIPUPO/IN KAIIberha, J00njeHa
BeOMa, OIIIIITa eHepruja Jucuialmje mpodiema.
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