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STABILIZATION OF A NONLINEAR
EULER–BERNOULLI VISCOELASTIC

BEAM SUBJECTED TO A NEUTRAL DELAY

Ibrahim Lakehal, Djamila Benterki, and Khaled Zennir

Abstract. An approach is implemented in this article to analyze the de-
cay rate of nonlinear beams according to the Euler–Bernoulli equation in the
context of rheological viscoelastic damping deformations taking into account
the neutral type delay. The interaction between viscoelastic and neutral type
delays is discussed as our main aim to support a rapidly developing litera-
ture. Using the energy method and constructing an appropriate Lyapunov
functional, under certain conditions on the kernel and neutral delay terms, we
show that despite the destructive nature of delays in general, a very general
decaying energy for the problem was obtained.

1. Introduction

It is well known in the literature that delays often occur between an input
into a system and the output from that system. Many practical dynamic systems
have delays, but they are often neglected for simplicity. However, the presence
of time delays in dynamic systems can lead to poor performance and instabilities
in control systems and reduce the information that dynamic systems should use
to respond to the requirements. Therefore, it is important to take delays into
account together with other damping mechanisms in order to improve the coping
capacity of the system. The modeling of several physical systems includes delay
phenomena (mechanical, economic, biological, ecological and telecommunications
systems) [12]. More and more researchers have focused on the stability of delay-
differential neutral systems in the last two decades due to its widespread application
[1,13–15,18,23,27,30]. However, time delay is typically time-varying in many real-
world neutral systems, which can significantly alter the neutral system’s dynamics
in some cases [5,22,24]. Before presenting our findings, we will first refer to some of
the previous results in the literature related to the topic of our research. Regarding
the impact of viscoelastic term for such systems, we mention the work in [20],
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where Park considered a weak viscoelastic beam equation subject to time-varying
delay of the form

utt(x, t) + ∆2
xu(x, t)−M(∥∇xu(t)∥2)∆xu(x, t) + σ(t)

∫ t

0
g(t− τ)∆xu(x, τ)dτ

b0ut(x, t) + b1ut(x, t− s(t)) = 0, x ∈ Ω, t ∈ R+,

u(x, t) = ∂u(x,t)
∂η = 0, x ∈ Γ, t ∈ R+,

u(x, t = 0) = u0(x), ut(x, t = 0) = u1(x), x ∈ Ω,

ut(x, t) = h0(x, t), x ∈ Ω, t ∈ [−s(0), 0), .

where Ω ⊂ Rn is a bounded domain, η is the unit outward normal to boundary Γ
of Ω, b0 is a positive constant, b1 is a real number, and g, σ, and M are functions.
A general decay rate under conditions on σ and the kernel g was showed. Feng [11]
studied the strong time-dependent delay in the viscoelastic wave equation

ytt −∆xy +
∫ t

0
g(t− τ)ytt(τ)dτ − µ1∆Xyt − µ2∆xyt(t− τ(t)) = 0, (x, t) ∈ Ω× R+,

y(x, t) = 0, (x, t) ∈ Γ× R+,

y(x, t = 0) = y0(x), x ∈ Ω,

yt(x, t) = h0(x, t), (x, t) ∈ Ω× [−τ(0), 0),

where µ1, µ2 are constants and s(t) > 0 denotes the time dependent delay. He
obtained general decay of energy for the problem. In [25] Tatar examined the
following wave equation with neutral delay

ytt − yxx = −yt −
∫ t

0
g(t− τ)ytt(τ)dτ, (x, t) ∈ (0, 1)× R,

y(x = 0, t) = y(x = 1, t) = 0, t ∈ R+,

y(x, t = 0) = y0(x), yt(x, t = 0) = y1(x), x ∈ (0, 1),

and the exponential decay of the solution was shown. For more detail, the reader
can consult [4,6–8,26,28].

The neutrally retarded viscoelastic Timoshenko system was studied by Kerbal
and Tatar [16], where the authors proved an exponential decay result of energy
under some conditions on the kernel. In the absence of time delay [9], the authors
studied the vibrating flexible beam system

ρAutt(x, t) + EIuxxxx(x, t)− P0uxx(x, t)− 3
2EAuxx(x, t)u

2
x(x, t) = 0,

in (0, L)× [0,∞),

uxx(x = 0, t) = uxx(x = L, t) = u(x = 0, t) = 0, ∀0 ⩽ t,

−EIuxxx(x = L, t) + P0ux(x = L, t) + 1
2EAu3

x(x = L, t)

= −m0ut(x = L, t), ∀0 ⩽ t,m0 > 0.

At the boundary, the authors applied a linear control force and obtained an expo-
nential decay of energy. Regarding the related abstract Volterra integro-differential
equation and integral equations, we mention the works by [17,21], where a concise
introduction to the theory of ill-posed abstract Volterra integro-differential equa-
tions is introduced in an easy and comprehensive way.

Inspired by this work [9], in the present paper we consider the Euler–Bernoulli
viscoelastic equation with a neutral type delay
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(1.1) ρA
∂

∂t

(
ut +

∫ t

0

k(t− τ)ut(τ)dτ

)
= −EIuxxxx +

EA

2

∂

∂x
(u3

x)

+ P0

(
uxx −

∫ t

0

ν(t− τ)uxx(τ)dτ

)
in (0, L)× R+

under the boundary conditions

(1.2)


uxx(x = 0, t) = uxx(x = L, t) = u(x = 0, t) = 0,∀0 ⩽ t,

EIuxxx(x = L, t) = P0ux(x = L, t) + 1
2EAu3

x(x = L, t)

−P0

∫ t

0
ν(t− τ)ux(L, τ)dτ

+γut(x = L, t), ∀0 ⩽ t, γ > 0.

The initial conditions are

(1.3) u(x, t = 0) = u0(x), ut(x, t = 0) = u1(x), x ∈ (0, L).

The system parameters are as follows: L is the beam’s length, EI is its uniform
flexural rigidity, ρA is the mass per unit length, EA is the axial stiffness, u(x, t)
denotes the beam transversal displacement and P0 is the tension force. Here we
suppose that the variation in length due to axial force is small and that just the
elongation of the beam due to bending is taken into account. Euler–Bernoulli
beams are an integral element of physical and biological systems. Construction of
buildings, bridges, laying railway tracks - beam structures are used everywhere. In
real life, the range of their applications continues to expand. It is used in many
branches of mechanical engineering to create, for example, structures such as long
horizontal tanks, apparatus shafts, drum apparatus, elements of chemical or oil and
gas engineering, as well as in other areas. This caused intensive development of the
theory of damped beams, the main purpose of which is to describe their behavior
under the influence of viscoelastic and neutral delay. We prove general decaying
energy for the problem (1.1)–(1.3) using weaker assumptions on the relaxation
function ν and some conditions on the kernel k. The next section is devoted to some
important concepts and Lemmas in our work. Section 3 relates to the declaration
and proof of our results.

2. Notation and main results

In this section we introduce some notations and Lemmas needed throughout
this work. First we present our assumptions on the kernels k and ν.

(A1) The kernel k : R+ → R+ is of class C1 and summable function satisfying

k′(t) ⩽ 0, 0 < k̄ =

∫ +∞

0

k(τ)dτ < 1.

(A2) The relaxation function ν ∈ C1(R+,R+) is a differentiable function
satisfying

0 < l =

∫ +∞

0

ν(τ)dτ < 1 and for t∗ > 0,

∫ t∗

0

ν(τ)dτ = ν∗ > 0.

(A3) ν′(t) ⩽ 0 for almost all 0 ⩽ t.
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(A4) There exists a non-negative increasing function ξ(t) such that ξ′(t)
ξ(t) = ς(t)

is a decreasing function and
∫ +∞
0

ν(τ)ξ(τ)dτ < +∞.
The following notation is used

(ν ◦ f) =
∫ L

0

∫ t

0

ν(t− τ)[f(x, t)− f(x, τ)]2dτ dx

(ν⋆f) =

∫ L

0

∫ t

0

ν(t− τ)f(x, τ)dτ dx, 0 ⩽ t.

We denote

V = {u ∈ H2(0, L) | u(0) = 0},
H = {u ∈ V ∩H4(0, L) | uxx(0) = uxx(L) = 0},

where H2(0, L), is H-square with square norm. It is a subspace of L2(0, L) space,
and we utilize the Hilbert space L2(0, L) with its usual inner product and norm.
The existence result for our problem (1.1)–(1.3) can be proved by Faedo-Galerkin
method, the reader may consult [19].

Theorem 2.1. Suppose that (A1)–(A3) are satisfied. If (u0, u1) ∈ H×L2(0, L),
then there exists a unique solution u of problem (1.1)–(1.3), in the sense that for
T > 0, u ∈ L∞([0, T ),H), ut ∈ L∞([0, T ),V), utt ∈ L2([0, T ), L2(0, L)).

Moreover, we have u ∈ C([0, T ),V), ut ∈ C([0, T ), L2(0, L)).

Multiplying equation (1.1) by the test function ut, integrating over (0, L) with
respect to the spatial variable x and using integration by parts. Taking into account
the initial and boundary conditions (1.2), then the (modified) energy of our problem
(1.1)–(1.3) is defined by

(2.1) E(t) = 1

2

(
ρA∥ut∥2 + EI∥uxx∥2 +

EA

4
∥u2

xx∥2 + P0

(
1−

∫ t

0

ν(τ)dτ

)
∥ux∥2

+ P0(ν ◦ ux)(t) + ρA

∫ t

0

k(t− τ)∥ut(τ)∥2dτ
)
.

Proposition 2.1. The energy E(t) is non-increasing and uniformly bounded.
More precisely, we have

E ′(t) =
ρA

2
(k′ ◦ ut)−

ρAk(t)

2
∥ut∥2 +

P0

2
(ν′ ◦ ux)(2.2)

− P0

2
ν(t)∥ux∥2 − γu2

t (x = L, t) ⩽ 0, 0 ⩽ t.

The following relevant Lemmas are required to establish the proposition.

Lemma 2.1. [19] For a function u ∈ C1([0,+∞);L2(0, L)) and ν on C1[0,+∞)∫ t

0

ν(t− τ)(ux(τ), uxt(t))ds = −1

2
(ν ◦ ux)

′ +
1

2
(ν′ ◦ ux)(t)

+
1

2

d

dt

(
∥ux∥2

∫ t

0

ν(τ)dτ

)
− 1

2
ν(t)∥ux∥2, t ⩾ 0.
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Lemma 2.2. [16] For all ut ∈ C1([0,∞);L2(0, L)) and k ∈ C1[0,∞), we have∫ L

0

ut(t)

∫ t

0

k(t− τ)utt(τ)dτ dx = −1

2
(k′ ◦ ut)(t) +

1

2

d

dt

∫ t

0

k(t− τ)∥ut(τ)∥2dτ

+
k(t)

2
∥ut(t)∥2 − k(t)

∫ L

0

ut(t)ut(0)dx.

Proof of Proposition 2.1. Multiplying equation (1.1) by ut, integrating
the result by parts over (0, L), and utilizing the boundary conditions, we find

1

2

d

dt

[
ρA∥ut∥2 + EI∥uxx∥2 + P0∥ux∥2 +

EA

4
∥u2

x∥2
]
+ ρAk(t)

∫ L

0

ut(t)ut(0)dx

+ ρA

∫ L

0

ut

∫ t

0

k(t− τ)utt(τ)dτdx− P0

∫ t

0

ν(t− τ)(ux(τ), uxt(t))dτ

=

[
−EIuxxx(x = L, t) + P0ux(x = L, t) +

EA

2
u3
x(x = L, t)− P0

∫ t

0

ν(t− τ)ux(L, τ)dτ

]
× ut(x = L, t).

Hence, Lemma 2.1 and Lemma 2.2 conclude the proof. □

Next, we carefully select the following functional

Q1(t) = ρA

∫ L

0

u

(
ut +

∫ t

0

k(t− τ)ut(τ)dτ

)
dx+ γ

u2(x = L, t)

2
,

Q2(t) = −ρA

∫ L

0

(
ut +

∫ t

0

k(t− τ)ut(τ)dτ

)∫ t

0

ν(t− τ)(u(t)− u(τ))dτ dx,

Q3(t) = P0

∫ t

0

Kξ(t− τ)∥ux(τ)∥2dτ,

Q4(t) = EI

∫ t

0

Kξ(t− τ)∥uxx(τ)∥2dτ +
EA

2

∫ t

0

Kξ(t− τ)∥u2
x(τ)∥2dτ,

Q5(t) =
ρA

2

∫ t

0

K̃ξ(t− τ)∥ut(τ)∥2dτ,

Kξ(t) = ξ−1(t)

∫ +∞

t

ν(τ)ξ(τ)dτ K̃ξ(t) = ξ−1(t)

∫ +∞

t

k(τ)ξ(τ)dτ,

and ξ is defined above. We introduce the following modified function

(2.3) L(t) = E(t) +
5∑

i=1

λiQi(t), 0 ⩽ t,

where λi > 0, i = 1, . . . , 5 which will be specified later. The next proposition is
helpful.

Proposition 2.2. There exist ni > 0, i = 1, 2 such that

(2.4) n1(E(t)+Q3(t)+Q4(t)+Q5(t)) ⩽ L(t) ⩽ n2(E(t)+Q3(t)+Q4(t)+Q5(t)), 0 ⩽ t.
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Proof. A simple computation gives us

Q1(t) = ρA

∫ L

0

uutdx+ ρA

∫ L

0

u

∫ t

0

k(t− τ)ut(τ)dτ dx+ γ
u2(x = L, t)

2

⩽
ρA

2

(
L2∥ux∥2 + ∥ut∥2 + L2∥ux∥2 + k̄

∫ t

0

k(t− τ)∥ut(τ)∥2dτ
)
+ γ

L

2
∥ux∥2

⩽
ρA

2
∥ut∥2 +

P0

2

(2ρAL+ γ)

P0
L∥ux∥2 +

ρAk̄

2

∫ t

0

k(t− τ)∥ut(τ)∥2dτ

⩽ c1

(
ρA

2
∥ut∥2 +

P0

2
∥ux∥2 +

ρA

2

∫ t

0

k(t− τ)∥ut(τ)∥2dτ
)
,

where c1 = max(1, (2ρAL+γ)
P0

L, k̄) and

Q2(t) = −ρA

∫ L

0

(
ut +

∫ t

0

k(t− τ)ut(τ)dτ

)(∫ t

0

ν(t− τ)(u(t)− u(τ))dτ

)
dx

(2.5)

= −ρA

∫ L

0

ut

∫ t

0

ν(t− τ)(u(t)− u(τ))dτ dx− ρA

∫ L

0

∫ t

0

k(t− τ)ut(τ)dτ(2.6)

×
∫ t

0

ν(t− τ)(u(t)− u(τ))dτ dx(2.7)

⩽
ρA

2
∥ut∥2 + ρAlL(ν ◦ ux)(t) +

ρAk̄

2

∫ t

0

k(t− τ)∥ut(τ)∥2dτ(2.8)

⩽ c2

(
ρA

2
∥ut∥2 +

P0

2
(ν ◦ ux)(t) +

ρA

2

∫ t

0

k(t− τ)∥ut(τ)∥2dτ
)
,(2.9)

where c2 = max
(
1, ρAlL

P0
, k̄
)
. Moreover

L(t) ⩽ (1+λ1c1+λ2c2)
ρA

2
∥ut∥2+

EI

2
∥uxx∥2+

EA

8
∥u2

x∥2+(1+λ2c2)
P0

2
(ν◦ux)(t)

+

(
1−

∫ t

0

ν(τ)dτ + λ1c1

)
P0

2
∥ux∥2 + (1 + λ1c1 + λ2c2)

ρA

2

∫ t

0

k(t− τ)∥ut(τ)∥2dτ

+ λ3Q3(t) + λ4Q4(t) + λ5Q5(t),

and

2L(t) ⩾ (1− c1λ1 − c2λ2)ρA∥ut∥2 + (1− l − λ1c1)P0∥ux∥2

+ (1− λ2c2)P0(ν ◦ ux)(t) + EI∥uxx∥2 +
EA

4
∥u2

x∥2

+ (1− λ1c1 − λ2c2)ρA

∫ t

0

k(t− τ)∥ut(τ)∥2dτ

+ 2λ3Q3(t) + 2λ4Q4(t) + 2λ5Q5(t), 0 ⩽ t.
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Therefore, n1(E(t)+Q3(t)+Q4(t)+Q5(t)) ⩽ L(t) ⩽ n2(E(t)+Q3(t)+Q4(t)+Q5(t))
for some constant ni > 0 and λ1, λ2 such that

λ1 <
1− l

2c1
, λ2 <

1− l

2c2
. □

To show our asymptotic behavior result, the following Lemma will be utilized.

Lemma 2.3. For all functions ν ∈ C[0,∞) and u ∈ H1(0, L)∫ L

0

ux

∫ t

0

ν(t− τ)ux(τ)dτ dx =
1

2

(∫ t

0

ν(τ)dτ

)
∥ux∥2 +

1

2

∫ t

0

ν(t− τ)∥ux(τ)∥2dτ

− 1

2
(ν ◦ ux)(t), 0 ⩽ t.

3. Asymptotic behavior

The following theorem is our main result.

Theorem 3.1. Assume that ν and ξ satisfy the assumptions (A1)-(A4). Then,
there exist positive constants C and σ such that

E(t) ⩽ Cξ(t)−σ, 0 ⩽ t.

Proof. Using (1.1)–(1.3), the functional Q1(t) satisfies

Q′
1(t) = ρA

∫ L

0

u2
tdx+ ρA

∫ L

0

u
∂

∂t

(
ut +

∫ t

0

k(t− τ)ut(τ)dτ

)
dx

+ ρA

∫ L

0

ut

∫ t

0

k(t− τ)ut(τ)dτdx+ γut(x = L, t)u(x = L, t).

For the second term we use equation (1.1), the boundary conditions and Lemma
2.3, we obtain

(3.1) ρA

∫ L

0

u
∂

∂t

(
ut +

∫ t

0

k(t− τ)ut(τ)dτ

)
dx

= −γut(x = L, t)u(x = L, t)− EI∥uxx∥2 −
P0

2
(ν ◦ ux)(t)

− P0

(
1− 1

2

∫ t

0

ν(τ)dτ

)
∥ux∥2 +

P0

2

∫ t

0

ν(t− τ)∥ux(τ)∥2dτ − EA

2
∥u2

x∥2.

Applying Young’s inequality to the third term, we find

(3.2) ρA

∫ L

0

ut

∫ t

0

k(t− τ)ut(τ)dτdx ⩽ ρAδ1∥ut∥2

+
ρAk̄

4δ1

∫ t

0

k(t− τ)∥ut(τ)∥2dτ, δ1 > 0.

By substituting the relations (3.1)–(3.2) in Q′
1(t) we obtain

Q′
1(t) ⩽ −EI∥uxx∥2 −

P0

2
(ν ◦ ux)(t)− P0

(
1− 1

2

∫ t

0

ν(τ)dτ

)
∥ux∥2(3.3)
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+
P0

2

∫ t

0

ν(t− τ)∥ux(τ)∥2dτ − EA

2
∥u2

x∥2 + ρA(1 + δ1)∥ut∥2

+
ρAk̄

4δ1

∫ t

0

k(t− τ)∥ut(τ)∥2dτ.

After simple computations, the derivative of Q2(t) yields

Q′
2(t) = −ρA

∫ L

0

(
ut +

∫ t

0

k(t− τ)ut(τ)dτ

)
t

∫ t

0

ν(t− τ)(u(t)− u(τ))dτ dx︸ ︷︷ ︸
J1

−ρA

∫ L

0

(
ut +

∫ t

0

k(t− τ)ut(τ)dτ

)(∫ t

0

ν′(t− τ)(u(t)− u(τ))dτ + ut

∫ t

0

ν(τ)dτ

)
dx︸ ︷︷ ︸

J2

.

Integrating J1 by parts and using the boundary conditions, we get

J1 = −ρA

∫ L

0

(
ut +

∫ t

0

k(t− τ)ut(τ)dτ

)
t

∫ t

0

ν(t− τ)(u(t)− u(τ))dτdx

=

(
EIuxxx(L, t)− P0ux(L, t)−

EA

2
u3
x(L, t) + P0

∫ t

0

ν(t− τ)ux(L, s)ds

)
×
∫ t

0

ν(t− τ)(u(x = L, t)− u(L, τ))dτ

+

∫ L

0

(
− EIuxxx +

EA

2
u3
x + P0ux − P0

∫ t

0

ν(t− τ)ux(τ))dτ

)
×
(∫ t

0

ν(t− τ)(ux(t)− ux(τ))dτ

)
dx

= −γut(x = L, t)

∫ t

0

ν(t− τ)(u(x = L, t)− u(L, τ))dτ

−
∫ L

0

EIuxxx

(∫ t

0

ν(t− τ)(ux(t)− ux(τ)dτ

)
dx

+
EA

2

∫ L

0

u3
x

(∫ t

0

ν(t− τ)(ux(t)− ux(τ))dτ

)
dx

+ P0

∫ L

0

(∫ t

0

ν(t− τ)(ux(t)− ux(τ)dτ

)2

dx

+ P0

(
1−

∫ t

0

ν(τ)dτ

)∫ L

0

ux(t)

(∫ t

0

ν(t− τ)(ux(t)− ux(τ)dτ

)
dx

= γut(x = L, t)

∫ t

0

ν(t− τ)(u(x = L, t)

− u(L, τ))dτ + J11 + J12 + J13 + J14, 0 ⩽ t.

Again utilizing Young’s inequality, we get
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(3.4) γut(x = L, t)

∫ t

0

ν(t− τ)(u(x = L, t)− u(L, τ))dτ = γut(x = L, t)u(x = L, t)

∫ t

0

ν(τ)dτ

− γut(x = L, t)

∫ t

0

ν(t− τ)u(L, τ)dτ

⩽
γ

2δ0
(l + 1)u2

t (x = L, t) +
γlδ0
2

u2(x = L, t) +
γδ0
2

(∫ t

0

ν(t− τ)u(L, τ)dτ

)2

, 0 ⩽ t.

For the second and the third term in (3.4), we have

u2(x = L, t) ⩽ L∥ux∥2,(∫ t

0

ν(t− τ)u(L, τ)dτ

)2

=

(∫ t

0

ν(t− τ)

∫ L

0

ux(x, τ)dx dτ

)2

and (∫ t

0

ν(t− τ)u(L, τ)dτ

)2

⩽ lL

∫ t

0

ν(t− τ)∥ux(τ)∥2dτ, 0 ⩽ t.

Hence,

(3.5) γut(x = L, t)

∫ t

0

ν(t− τ)(u(x = L, t)− u(L, τ))dτ

⩽
γ

2δ0
(l + 1)u2

t (x = L, t) +
γlδ0
2

L∥ux∥2 +
γδ0
2

Ll

∫ t

0

ν(t− τ)∥ux(τ)∥2dτ.

For δ2 > 0, we can write

J11 =

∫ L

0

EIuxx

(∫ t

0

ν(t− τ)(uxx(t)− uxx(τ))dτ

)
dx

⩽ EI

(∫ t

0

ν(τ)dτ + δ2

)
∥uxx∥2 +

EI

4δ2

(∫ t

0

ν(τ)dτ

)∫ t

0

ν(t− τ)∥uxx(τ)∥2dτ,

and

J12 =
EA

2

∫ t

0

ν(τ)dτ∥u2
x∥2 −

EA

2

∫ L

0

u2
x

∫ t

0

ν(t− τ)ux(τ)ux(t)dτ dx

=
EA

2

∫ t

0

ν(τ)dτ∥u2
x∥2 −

EA

2

∫ L

0

u2
x

∫ t

0

ν1/2(t− τ)ux(τ)ν
1/2(t− τ)ux(t)dτ dx

⩽
EA

2
l∥u2

x∥2 +
EA

4
∥u2

x∥2 +
EA

4

∫ L

0

(∫ t

0

ν1/2(t− τ)ux(τ)ν
1/2(t− τ)ux(t)dτ

)2

dx

⩽
EA

2
l∥u2

x∥2 +
EA

4
∥u2

x∥2 +
EA

4

∫ L

0

∫ t

0

ν(t− τ)u2
x(τ)dτ

∫ t

0

ν(t− τ)u2
x(t)dτ dx

⩽
EA

2
l∥u2

x∥2 +
EA

4
∥u2

x∥2 +
EA

4

(
l2δ3
4

∫ t

0

ν(t− τ)

∥∥∥∥u2
x(τ)∥2dτ +

l

δ3
∥u2

x∥2)

⩽
EA

2

(
l +

l

2δ3
+

1

2

)
∥u2

x∥2 +
EA

16
δ3l

2

∫ t

0

ν(t− τ)∥u2
x(τ)∥2dτ.
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Now, we proceed to estimate J13 and J14. We obtain for δ4 > 0

J13 ⩽ P0

(
1−

∫ t

0

ν(τ)dτ

)(
δ4∥ux∥2 +

l

4δ4
(ν ◦ ux)(t)

)
,

and
J14 ⩽ P0l(ν ◦ ux)(t), 0 ⩽ t.

We decompose the second integral (J2) into

J2 = −ρA

∫ t

0

ν(τ)dτ∥ut∥2 − ρA

∫ L

0

ut

∫ t

0

ν′(t− τ)(u(t)− u(τ))dτ dx

− ρA

∫ L

0

(∫ t

0

k(t− τ)ut(τ)dτ

)(∫ t

0

ν′(t− τ)(u(t)− u(τ))dτ

)
dx

− ρA

∫ t

0

ν(τ)dτ

∫ L

0

ut

∫ t

0

k(t− τ)ut(τ)dτdx

= −ρA

∫ t

0

ν(τ)dτ∥ut∥2 + J21 + J22 + J23.

For δ6 > 0, we have

J21 = −ρA

∫ L

0

ut

∫ t

0

ν′(t− τ)(u(t)− u(τ))dτ dx

⩽ ρAδ6∥ut∥2 −
ρALν(0)

4δ6
(ν′ ◦ ux)(t),

and

J22 = −ρA

∫ L

0

(∫ t

0

k(t− τ)ut(τ)dτ

)(∫ t

0

ν′(t− τ)(u(t)− u(τ))dτ

)
dx

⩽ ρAδ6k̄

∫ t

0

k(t− τ)∥ut(τ)∥2dτ − ρALν(0)

4δ6
(ν′ ◦ ux)(t).

For δ7 > 0, we have

J23 = −ρA

(∫ t

0

ν(τ)dτ

)∫ L

0

ut

∫ t

0

k(t− τ)ut(τ)dτ dx

⩽ ρAδ7l∥ut∥2 + l
ρA

4δ7
k̄

∫ t

0

k(t− τ)∥ut(τ)∥2dτ.

Taking into account (3.4)–(3.6) and the above estimations of J11, J12, J13, J14, J21,
J22, J23, we obtain

Q′
2(t) ⩽ ρA(δ6 − ν∗ + δ7l)∥ut∥2 + EI(l + δ2)∥uxx∥2(3.6)

+
(γLlδ0

2
+ P0(1− ν∗)δ4

)
∥ux∥2

+
EA

2

(
l +

l

2δ3
+

1

2

)
∥u2

x∥2 +
γLδ0
2

l

∫ t

0

ν(t− τ)∥ux(τ)∥2dτ

+
EAδ3
16

l2
∫ t

0

ν(t− τ)∥u2
x(τ)∥2dτ
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+
γ

2δ0
(l + 1)u2

t (x = L, t)− ρALν(0)

2δ6
(ν′ ◦ ux)(t)

+
lEI

4δ2

∫ t

0

ν(t− τ)∥uxx(τ)∥2dτ

+ ρAk̄
(
δ6 +

l

4δ7

)∫ t

0

k(t− τ)∥ut(τ)∥2dτ

+ P0l
(
1 +

1− ν∗
4δ4

)
(ν ◦ ux)(t), t∗ ⩽ t.

Further, a simple differentiation of Q3(t) yields

Q′
3(t) = P0Kξ(0)∥ux(t)∥2 + P0

∫ t

0

K ′
ξ(t− τ)∥ux(τ)∥2dτ(3.7)

⩽ P0Kξ(0)∥ux(t)∥2 − P0ς(t)

∫ t

0

Kξ(t− τ)∥ux(τ)∥2dτ

− P0

∫ t

0

ν(t− τ)∥ux(τ)∥2dτ, 0 ⩽ t.

Direct computations of Q′
4(t) yield

Q′
4(t) = EIKξ(0)∥uxx∥2 + EI

∫ t

0

K ′
ξ(t− τ)∥uxx(τ)∥2dτ

+
EA

2
Kξ(0)∥u2

x∥2 +
EA

2

∫ t

0

K ′
ξ(t− τ)∥u2

x(τ)∥2dτ,

that is

Q′
4(t) ⩽ EIKξ(0)∥uxx∥2 +

EA

2
Kξ(0)∥u2

x∥2 − EI

∫ t

0

ν(t− τ)∥uxx(τ)∥2dτ(3.8)

− EIς(t)

∫ t

0

Kξ(t− τ)∥uxx(τ)∥2dτ − EA

2

∫ t

0

ν(t− τ)∥u2
x(τ)∥2dτ

− EA

2
ς(t)

∫ t

0

Kξ(t− τ)∥u2
x(τ)∥2dτ, 0 ⩽ t.

Moreover, we estimate Q′
5(t) by

Q′
5(t) =

ρA

2
K̃ξ(0)∥ut(t)∥2 +

ρA

2

∫ t

0

K̃ ′
ξ(t− τ)∥ut(τ)∥2dτ(3.9)

⩽
ρA

2
K̃ξ(0)∥ut(t)∥2 −

ρA

2
ς(t)

∫ t

0

K̃ξ(t− τ)∥ut(τ)∥2dτ

− ρA

2

∫ t

0

k(t− τ)∥ut(τ)∥2dτ, 0 ⩽ t.

Putting together the estimates (2.4), (3.3), (3.6)–(3.9), we obtain for t∗ ⩽ t

L′(t) ⩽
(P0

2
− λ2

ρALν(0)

2δ6

)
(ν′ ◦ ux)(t) +

ρA

2
(k′ ◦ ut)(t)
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+ ρA
(
λ2(δ6 − ν∗ + δ7l) + λ5

K̃ξ(0)

2
+ λ1(1 + δ1)−

k(t)

2

)
∥ut∥2

+ P0

(
− λ1

(
1− l

2

)
+ λ2

(γLlδ0
2P0

+ (1− ν∗)δ4

)
+ λ3Kξ(0)−

ν(t)

2

)
∥ux∥2

+ EI(−λ1 + λ2(l + δ2) + λ4Kξ(0))∥uxx∥2

+ EI
( l

4δ2
λ2 − λ4

)∫ t

0

ν(t− τ)∥uxx(τ)∥2dτ

+
EA

2

( l2δ3
8

λ2 − λ4

)∫ t

0

ν(t− τ)∥u2
x(τ)∥2dτ

+
(
λ1

P0

2
+ λ2

γLl

2
− λ3P0

)∫ t

0

ν(t− τ)∥ux(τ)∥2dτ

+ P0

(
l
(
1 +

1− ν∗
4δ4

)
λ2 −

λ1

2

)
(ν ◦ ux)(t) + γ

(
λ2

l + 1

2δ0
− 1

)
u2
t (x = L, t)

+
EA

2

(
− λ1 + λ2(l +

l

2δ3
+

1

2
) + λ4Kξ(0)

)
∥u2

x∥2

+
ρA

2

(
− λ5 + 2λ2k̄(δ6 +

l

4δ7
) +

k̄λ1

4δ1

)∫ t

0

k(t− τ)∥ut(τ)∥2dτ

− λ3ς(t)Q3(t)− λ4ς(t)Q4(t)− λ5ς(t)Q5(t).

At this step, we select λ2 ⩽ δ6P0

2ρALν(0) , to satisfy P0

2 − λ2
ρALν(0)

2δ6
⩾ P0

4 and λ2 ⩽ δ0
l+1

so that λ2 ⩽ min
{

δ6P0

2ρALν(0) ,
δ0
l+1

}
and δ2 = l

2 , δ3 = 2
lδ2

, δ4 = 1
2 , δ0 = P0, λ4 = λ2

2

to get

L′(t) ⩽
ρA

2
(k′ ◦ ut)(t)

+ ρA
(
λ2(δ6 − ν∗ + δ7l) + λ5

K̃ξ(0)

2
+ λ1(1 + δ1)−

k(t)

2

)
∥ut∥2

+ P0

(
− λ1

(
1− l

2

)
+ λ2

(γLl
2

+
1− ν∗

2

)
+ λ3Kξ(0)−

ν(t)

2

)
∥ux∥2

+ EI
(
− λ1 +

λ2

2
(3l +Kξ(0))

)
∥uxx∥2

+ P0

(λ1

2
+ λ2

γLl

2P0
− λ3

)∫ t

0

ν(t− τ)∥ux(τ)∥2dτ

+ P0

( (3− ν∗)l

2
λ2 −

λ1

2

)
(ν ◦ ux)(t) + γ

(
λ2

l + 1

2P0
− 1

)
u2
t (x = L, t)

+
EA

2

(
− λ1 + λ2

(
l +

l3

8
+

1

2
+

Kξ(0)

2

))
∥u2

x∥2

+
ρA

2

(
− λ5 + 2λ2k̄(δ6 +

l

4δ7
) +

k̄λ1

4δ1

)
×
∫ t

0

k(t− τ)∥ut(τ)∥2dτ − λ3ς(t)Q3(t)− λ4ς(t)Q4(t)− λ5ς(t)Q5(t).
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Further, we need

(3.10)


λ2

(
γLl
2 + 1−ν∗

2

)
+ λ3Kξ(0) < λ1

(
1− l

2

)
+ ν(t)

2 ,
λ2

2 (3l +Kξ(0)) < λ1,

λ2(δ6 − ν∗ + δ7l) + λ5
K̃ξ(0)

2 + λ1(1 + δ1) <
k(t)
2 ,

(3.11)


(3− ν∗)lλ2 < λ1,(
l + l3

8 + 1
2 +

Kξ(0)
2

)
λ2 < λ1,

2λ2k̄
(
δ6 +

l
4δ7

)
+ k̄λ1

4δ1
< λ5,

λ1

2 + λ2
γLl
2 < λ3.

We will focus on the first set of inequalities

(3.12)


λ2

(
γLl
2 + 1−ν∗

2

)
+ λ3Kξ(0) < λ1

(
1− l

2

)
+ ν(t)

2 ,

λ5
K̃ξ(0)

2 + λ1(1 + δ1) < λ2(ν∗ − δ6 − δ7l) +
k(t)
2 ,

(3− ν∗)lλ2 < λ1,

let N1 = (3+ l) and λ2 = λ1

N1
. Take γ = 1

lL and we select δ6, δ7 so small and t large
so that the second condition in (3.12) is satisfied. In order to achieve (3.11) (the
second set of inequalities), it is sufficient to choose λ3, λ5 large enough. As a result
of these choices, we conclude

(3.13) L′(t) ⩽ −N2E(t)−λ3ς(t)Q3(t)−λ4ς(t)Q4(t)−λ5ς(t)Q5(t), N2 ⩾ 0, t ⩾ t∗.

Since ς(t) ⩽ ς(0), then

L′(t) ⩽ − N2

ς(0)
ς(t)E(t)− λ3ς(t)Q3(t)− λ4ς(t)Q4(t)− λ5ς(t)Q5(t), t ⩾ t∗.

According to (2.4), we obtain

(3.14) L′(t) ⩽ −N3ς(t)L(t), N3 ⩾ 0.

Integrating (3.14) over [t∗, t], we obtain

L(t) ⩽ e−N3

∫ t
t∗ ς(τ)dτL(t∗), t ⩾ t∗.

Using again the equivalence (2.4), we get

E(t) ⩽ e−N3

∫ t
t∗ ς(τ)dτL(t∗), t ⩾ t∗.

Since E(t) is continuous over [0, t∗], we conclude that

E(t) ⩽ C

ξ(t)µ
, 0 ⩽ t,

for some positive constants C and µ. □

Remark 3.1. Our studies in the present paper are an extension of the results
obtained in [15]. Without vescoelastic term in (1.1), the same author in [15]
considered a nonlinear Euler–Bernoulli beam with a neutral type delay. By using
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the Lyapunov method, the energy decay rates under free vibration conditions are
obtained as

(3.15) E(t) ⩽ Cg(t)−σ, C, σ > 0,

where the functional g represents the rate of decreasing of the function k in neutral
delay.

The purpose in this article is to analyze the asymptotic behavior of energy
associated with (1.1) to complete the study of [15]. Using an appropriate Lya-
punov functional, under certain conditions on the kernel ν and neutral delay, we
established a very general decay rate of energy as follows

(3.16) E(t) ⩽ Cξ(t)−µ, C, µ > 0,

where the functional ξ(t) represents the rate of decreasing of the relaxation function
ν in viscoelastic term defined in (A2)–(A4).

4. Conclusion and discussion

In the present article, nonlinear beams according to the Euler–Bernoulli equa-
tion in the context of viscoelastic damping deformations, taking into account the
neutral type delay, are considered. The analysis of the qualitative study was carried
out and the behavior of the solution was obtained in an explicit form for sufficient
conditions of the relaxation function ν. Using the Lyapunov functional, we ana-
lyzed the influence of rheological factors of viscoelastic term. This latest result is
considered, as far as we know, the first similar result in the literature for such a
system, where we succeed to improve the earlier works. Since the original system is
a dynamic system, it is natural to add a viscoelastic term to obtain a more dissipa-
tive system and see which kind of damping dominates and makes a greater impact
on the behavior of the solution. This represents the primary novelty of this work.

(1) We found that the memory term
∫ t

0
ν(t − τ)uxx(τ)dτ is strong enough

to ascertain stability despite the presence of neutral type delay
∫ t

0
k(t −

τ)ut(τ)dτ .
(2) To our knowledge, there are no results in the literature dealing with such

system of Euler–Bernoulli with different damping terms.
(3) We found our general decay with minimal assumptions on the memory

term.
(4) As shown in the Theorem 3.1, the decay rate of the energy function E(t)

associated with the system (1.1)–(1.3) follows the rate of relaxation func-
tion ν.

(5) The boundary conditions are taken with relation to the memory term
which act as balances in the behavior of solution for the system.

Namely, we mention here that the viscoelasticity in our system makes a good in-
teraction with a neutral delay in the system (1.1)–(1.3). This type of damping
gives more information and qualitative properties on the solution and its impact on
the behavior is very important as it is shown in the requirement of Theorem 3.1,
see [2,3,29].
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Open problem. Equations of this type can be used in control; numerical
estimates and other problem formulations are necessary. This can improve the
value of the main result, see [10].

Acknowledgments. The authors would like to express their gratitude to
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СТАБИЛИЗАЦИJА НЕЛИНЕАРНЕ ОJЛЕР-БЕРНУЛИJЕВЕ
ВИСКОЕЛАСТИЧНЕ ГРЕДЕ ПРИ НЕУТРАЛНОМ КАШЊЕЊУ

Резиме. У овом чланку jе примењен приступ за анализу брзине дисипациjе
енергиjе нелинеарних греда према Оjлер-Берноулиjевоj jедначини у контек-
сту реолошких вискоеластичних деформациjа пригушења узимаjући у обзир
кашњење неутралног типа. Као главни циљ рада, дискутована jе интеракци-
jа између вискоеластичног и неутралног типа кашњења, области коjа се брзо
развиjа. Користећи енергетску методу и конструишући одговараjући Љапу-
новљев функционал, под одређеним условима датим на jезгро и неутрално
кашњење, показуjемо да jе упркос деструктивноj природи кашњења, добиjена
веома општа енергиjа дисипациjе проблема.
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