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LINEAR ANALYSIS OF MICROMORPHIC
THERMOELASTIC MATERIALS WITH
MICROTEMPERATURES AND TRIPLE POROSITY

Tarun Kansal

ABsTtracT. This paper seeks to establish the fundamental equations govern-
ing anisotropic micromorphic thermoelastic media with triple porosity and
microtemperatures. The proposed model takes into account the influences of
porosity and microtemperatures, both of which play significant roles in accu-
rately capturing the behavior of specific materials. Additionally, the objective
of the paper is to develop a fundamental solution for the system of equations
under steady, pseudo-static, quasi-static oscillations, and equilibrium condi-
tions.

1. Introduction

Triple porosity refers to a concept in porous media mechanics where a material
or medium contains three distinct levels or types of porosity. Porosity refers to
the presence of voids or empty spaces within a material. In the context of triple
porosity, there are three different levels of voids or pores, each corresponding to a
specific length scale.

The three levels of porosity in triple porosity can be categorized based on
their size or connectivity. For example, the primary porosity refers to the macro-
scopic or larger-scale voids within the material, such as large pores or fractures.
The secondary porosity corresponds to intermediate-scale voids, which may include
smaller fractures or microfractures. The tertiary porosity represents the smallest-
scale voids, often at the microscale, such as pores within the grains or microcracks.

Each level of porosity contributes to the overall permeability and fluid flow
characteristics of the material. The presence of multiple porosity levels can signif-
icantly affect the behavior of porous media, including their mechanical, thermal,
and transport properties. Triple porosity models are commonly employed in vari-
ous fields, such as geomechanics, hydrogeology, petroleum engineering, and material
science, where the accurate characterization of porous materials is essential for un-
derstanding their performance and behavior.
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The papers of Svanadze [1], Straughan [2], and Kansal [3] have indeed made
notable contributions to the field of elasticity and thermoelasticity, including the
study of triple porosity. They provided theoretical insights, practical applications,
and mathematical frameworks for studying and understanding the behavior of ma-
terials with multiple porosity levels, contributing to the broader field of porous
media mechanics. Svanadze [4-9] conducted extensive research on boundary value
problems related to elastic solids and thermoelastic solids with triple porosity. His
investigations focused on analyzing the behavior of materials with multiple poros-
ity levels and their responses to mechanical and thermal loads. Svanadze’s work
involved the development of mathematical models, numerical methods, and solu-
tion techniques to study the complexities arising from triple porosity in elastic and
thermoelastic materials.

Straughan [10], discussed various applications of multiple porosity in his book
and shed light on the practical significance of these theories across different disci-
plines. The book explores how the concept of triple porosity can be applied in fields
such as geomechanics, hydrogeology, and porous media engineering. Straughan’s
work provides insights into the real-world implications and applications of multi-
ple porosity theories, including their relevance in solving practical problems and
addressing challenges in various industries.

Grot [11] introduced modifications to the Clausius-Duhem inequality to ac-
count for microtemperatures and introduced first-order moment of energy equations
to the basic balance laws. Iesan [12] derived a linear theory for microstretch elas-
tic solids with microtemperatures, where each microelement of the continuum had
mechanical degrees of freedom for rigid rotations and microdilatation, in addition
to the classical translation degrees of freedom.

The construction of fundamental solutions using elementary functions allows
for the development of analytical and numerical methods to solve boundary value
problems in elasticity and thermoelasticity. These methods can provide accurate
and efficient solutions for a wide range of engineering and scientific applications.
By utilizing fundamental solutions, researchers can explore the behavior of complex
systems and investigate the effects of various parameters, boundary conditions, and
material properties on the response of the system. In the context of elasticity and
thermoelasticity with triple porosity or microtemperatures, several authors [13-18]
have made significant contributions by constructing fundamental solutions using
elementary functions.

The current paper is divided into several sections. The constitutive relations
and field equations for anisotropic micromorphic thermoelastic bodies with triple
porosity and microtemperatures are derived in Section 2. The system of linearized
equations for steady, pseudo-, quasi-static oscillations, and equilibrium in the theory
of micromorphic thermoelastic solids with triple porosity and microtemperatures
are obtained in Section 3. In Sections 4 and 5, the fundamental solutions of the
basic governing equations are constructed using elementary functions. Finally, in
Section 6, some basic properties of the fundamental matrix in the case of steady
oscillations are discussed. These properties provide information about the behavior
of the solutions and can be used to analyze and interpret the results obtained from
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the fundamental solutions. These sections provide a comprehensive framework for
studying and solving boundary value problems in this field and contribute to a
deeper understanding of the underlying phenomena.

2. Basic Equations

We assume that the body occupies at time ¢y the bounded regular region B of
three-dimensional space. We confine our attention to the linear theory of elastic
bodies. The balance of linear momentum can be written in the form

(2.1) tiig + pfi = pi,

where t;; are the components of stress tensor, u; are the components of displacement
vector u, p is the reference mass density, f; is the body force.
The balance of first stress moments is given by

(2:2) Mpijp +tji = 8ji + plij = poij,
where my;; are the components of first stress moment tensor, s;; are the components
of microstress tensor, o;; are the components of inertial spin tensor, l;; is the first
body moment density.

Let €,e; denote the internal energy density and the first moment of energy

vector respectively. Then, the balances for energy and first moment of energy are
respectively given by

(23) e = tigig + (505 — tig)bji + Myijdijp + dii + pn+ Qiging — Tits,

(2.4) PEi = Qji,j + @i — S + pM;.
where Y;, i = 1,2, 3 satisfy the relations
(25) Qljﬂj + 7T + pA1 = pklﬁl, QQjA’j +Ts + pAQ = pkgﬁg, Q3j7j + T3+ pA3 = pkgi)g.

Here g;; are the first moment of heat flux, g; are the components of heat flux
vector, n is the heat supply, ¢; is the microheat flux average, M; is the first heat
source moment vector, ¢;; are the components of microdeformation tensor, v; are
the volume fraction fields corresponding to macro-, meso-, micro-pores respectively,
(;; are the components of equilibrated stress vectors corresponding to v;, k; are
coeflicients of equilibrated inertia, A; are extrinsic equilibrated body forces per unit
mass associated to macro-, meso-, micro-pores respectively.

The local form of the principle of entropy can be expressed as

. 1 1

(2.6) pS — (qu + TjSTi)J - P
where S is the entropy density, T is the absolute temperature, T; is the microtem-
perature vector.

The spin inertia is given by

(2.7) Oij = ﬁgjéip‘i’pga

where 7i4; is the microinertia tensor.



140 KANSAL

Eringen[19]introduced a special kind of micromorphic solids called microstretch
solids. In this case, for all motions, we have

1- . 1 1-~
(2.8) bij = Pij,  Mijg = ghiéjgv nij = 57/51‘3‘, lij = §L5ij,

where ¢ is the dilatation function, h; is the microstress vector, L is the generalized
external body load, 7’ is a given constant, J;; is Kronecker’s delta.

With the help of equations (2.7) and (2.8), equations (2.2) and (2.3) become
(2.9) hii — s+ pL = pr' ¢,
where s = s;; —t;; is the intrinsic body load, e;; = %(u” +u; ;) are the components
of strain tensor.

From equations (2.4), (2.10) and inequality (2.6), we get

(211) p[ST — € — ElTZ] + tijéij + ;Lz¢,z + SQB + (Qi - 51)E

1 . .
7 1iqi — qjiTi; + Qijriy — Tivy 2 0.

1
+ 76T+ 5

T
If we introduce the function ¢ by
’(/} =€+ Egi - TS)
then, the relation (2.11) becomes
(2.12) —p[’(/} + TS — TZ'EZ‘] + tijéij + iLqu)’i + S(b + (qi — fi)Ti
1 1 . .
+ TszT i1 + TTqu qjiT5 + Q055 — Ty 2 0.

The function % can be expressed in terms of independent variables e;;, v;, v; j, ¢, @,
T,T;,T; and T; ;. Therefore, we have

_ W oy . 31/} oY O
(2.13) ) = ”%4—8—%%4— v, Ui+ ¢¢+8¢1¢
+ X5y WT + ¢T+ Oy T; ;.

or or, " oT; oT; ;
Inequality (2.12) with the help of (2.13) becomes

[tij - pg:i}éij + [Qij - p(’fui}l}” - [Ti er%}l)i +p[€i a gj’sz
[ paﬂwr [h _pgfj(j) [S+ %}T—pgﬁi L
o

. 1
- p@T”T” + Tzqz (g — )T + TjST,jTi —q;: 15 = 0.
The inequality should be convinced for all rates é;;, s, s 5, gi), qSZ, T, TZ, T; and T”
Hence the coefficients of above variables must vanish; that is,
oY oY oY oY _ o

ti': ) QZ: ) Tiz_ ) P = ’ — P
J p@eij J p&Vm» pal/i © 6T,» 5 p6¢
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8¢,i’ oT’ orT; ’ oT; ; ’
Tiqi +T(q — <i)Ti + @5 T 5T; — TqiTy 5 > 0.

Let us introduce the notations

¢=v-vy 0=T-T,

where ¢ = (41, P2, ¢3), Tp is the reference temperature of the body chosen such
that |T%| < 1, vy are the volume fraction fields in reference configuration.
In the linear theory of materials possessing a centre of symmetry, we can take
1 in the form
2p1/} = Cijpl€ij€pl T 2(1,']‘6”'9 + 2bijeij¢1 + 2Cij6ij¢2 + 2d¢j6ij(]§3 + injeiqu — 252(;519
ab?
T 21501, Ty — 2pij b2, T — 203503 T + ;97 + 20:d1d2 + 2050203
+2060301 + Aij¢1,i01,; + Bijdaidaj + Cijds,ids,j + 2Dijd1,idaj + 2Eijd2id3
+2F;j¢3,ip1,5 + Hijdi¢j + ad® — 206 — 2gi;0,iT; — higTiTj — 2yi¢ip.

From equation (2.14), it follows that

(2.14) hi=p

(2.15) tij = Cijpipl + bijd1 + cijda + dijps + f”¢ + aijﬁ,
My = Aijori + Dijdoi + Fijdsi — i Ty,
(2.16) Qo = D15 + Bijdai + Eijds i — pijdy,

Q35 = Fij01,5 + Eijda; + Cijpsi — vis Ty,

T = —bijeij —a1¢1 — agp — a3 + Y10 + 4,0,
(2.17) Ty = —cijeij — a1 — Qoo — azdz + Y20 + Lo,
Tg = —dijeij — Olﬁ(i)l - 0[5¢)2 - a3¢3 + ’73¢ + 639a

(2.18) hi = Hijé5 — 9iT),
(2.19) 5= fijei; — Vit + agp — cb,

af
(2.20) pS = —aijeij +lidi +ch + o,

0

(2.21) pe; = —TijP15 — Dijbaj — VijP3,5 — 9ij .5 — hijT}.
The linear expressions for ¢;, ¢;; and ¢; are
(2.22) ¢ = kijb j + rig T,
(2.23) qij = _mijplTlma
(2.24) Gi = (kij = Kij)0j + (rij — Liz) T}

The linearized form of inequality (2.6) is

(2.25) pT()S = Qi;-
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Using equations (2.15) in (2.1), (2.16) and (2.17) in (2.5), (2.18) and (2.19) in (2.9),
(2.20) and (2.22) in (2.25), (2.21)—(2.24) in (2.4) respectively, we obtain

Cijplepl,j T bijP1,5 + cija,; + dijds,; + fid.5 + a0, + pfi = pils,
—bijeij+AijP1,ii+Dijp2,ij+Fijpsij—arp1—aspe—aeds+y190+010—1:;T; j+pAi = pk1d1,
—cijeij+Dijé1.ij+Bijb2.i;+Fijbs.i—qad1—azpa—asds+r20+la0—pi; Tj j+pAa = pkads,
—dijeij+Fijp1,i5+Eijpa,i;+Cijb3,i5—aedr—as P2 —asps+y3¢+30—v:;T; j+pAs = pksds,

—fijeij +vidi + Hij?,ij - .Oé<l5 + .69 — 9i;Tji + pL = p',
To[—aijéi; + liths + cP| + ab = ki;0 55 + ki Ty,
(2:26) —7ijd1 j—PijP2,j—vij b3, —9i; @ j+mjiptTi pj—hisTj—pMi = Kij0 j+Li; T;.
In the case of an isotropic and homogeneous material, the constitutive equations
become

tij = Neppdij + 2puei; + Rpdpdij + bpds; — B00;;,
Wi = A1¢1: + Aadai + Aepzi — T
Qoi = Aydri + Azga i + Asgz i — 2T
Q3i = Agpr,i + Asp2i + A3z — 3T
Ty = —Riepp — a1d1 — asps — gz + 716 + 410,
Ty = —Faepp — asdr — aas — 53 + 720 + L0,
T3 = —N3ep, — agp1 — asda — azps + 139 + £30,
hi =vé; —nT; s = bepp — i + g — b,
pS = Bepp + lid; + cd + %ﬁ, pei = —1j¢ji —nd; — T,
¢ =k0;+riTi, &= (k—r3)0;+ (k1 — k)13,
(2.27) Gij = —[kaTp pdij + ksT; j + k6T i),
where
Cijpl = A0ijOpl + pulipdji + ubidjp,  ai; = —B0iz, biy = M1dij,  cij = Nadiy,
dij = 8%3513'7 fij = b5ij, Tij = 7”151']'7 Dij = 7"25ij, Vij = 7’351']', Aij = A15ij7
Bij = A3bi5, Ciyj = Asdij, Dij = Audij, Eij = Asdiy, Fij = Agdij,
Hij = Uéija gij = n5z‘j, hij = '751'3'7 Mijpl = 545¢j5pl + 565@5;'1 + 555il5jp,

kij = kéij, kij = K10ij, Lij = K205, Kij = K305

Here A\, i1, 8,7v,b,n,v, k1, ..., kg, A1, ..., Ag, R1, Ro, N3, k, 1, 72, 73 are material con-
stants.

Therefore, from equation (2.26) with the help of (2.27), we obtain the basic
governing equations for homogeneous isotropic micromorphic thermoelastic solid
with triple porosity and microtemperatures in the absence of body forces and heat
sources as

(LA + (A + p)V divlu + R; Vg, + bV — BV = pit,
—Ry divu+ (A1 A —a1)dr + (AsA — aa)po + (A6 A — o) b3+ 710+ 10 — 11 divw = pki i,
—Rodivu+ (A4A — 054)(131 + (AQA — a2)¢2 + (AsA — 055)¢3 +’)/2¢+£20 —rodivw = pkz(jgg,
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—Rzdivu+ (AsA—a6)¢1 + (A5A—O¢5)¢2 + (AgA—Oé3)(Z)3 +”)/3¢+£39—T3 divw = pk’3(]§3,
—bdivu+7i¢i + (VA — )¢ + ¢ — ndivw = pr' ¢,
To[B divia + i + cd] + ad = kAO + ky divw,

(2.28) —r,»Vqéi —nVe¢+ [K6A + (K4 + k5) V divlw — yW = k3V0 + K2 W,

where w = (T1, Ty, T5) is microrotation vector and A,V are respectively, Laplacian
and Del operators.

3. Steady Oscillations

Let x = (w1, 22, 23) be the point of the Euclidean three-dimensional space E3,

1
x| = (22 + 23+ 23)%, D = (52, 52 52).

Let us assume the displacement vector, volume fraction fields, microstretch,
temperature change and microtemperature vector functions as:

(3.1) [u(x, t), p(x,t), d(x,1),0(x,t), w(x, t)] = Re[(u*,d)*,qﬁ*,@*,w*)e_“"t],
where w is oscillation frequency.

Using equation (3.1) in the system of equations (2.28) and omitting asterisk (*)
for simplicity, we obtain the system of linearized equations of steady oscillations as:

A + (A + p)V div +pw?Ju+ R; Vo, + bVe — fVE = 0,
=Ry diva+ (A1A—=B1) 1+ (AsA —ay) o+ (A A —ag)ds +y10+ 10 —ry divw = 0,
—Rodivu+ (A4A —ay)d1 + (A2 A = B2)pa + (As A —as) 3 +720+ Lol —ro divw = 0,
—Rg divu+ (A A —ag)p1+ (AsA—as)p2+ (AsA = B3)ps+v3p+L£30 —rz divw = 0,
—bdivu + v;¢; + (VA — X))o+ ¢ — ndivw = 0,
wTo[Bdiva+ 4;¢; + cg] + [kA + walf + k1 divw = 0,
(3.2)  wr;Veo; + twnVeo — k3VO + [kaﬁA + (ka4 + k5)Vdiv—ko + Lw’y]w =0.

where x = a — pw?7r’, B = a; — pw?k;, i =1,2,3.

If we replace w by —u7, where 7 is a complex number and Re(7) > 0 in the
system of equations (3.2), then the system of equations of pseudo-oscillations may
be obtained as:

(A 4+ (A + p)V div —pr?Ju+ R;Ve; +bVé — VO = 0,
—§R1 div u—l—(AlA—Bl)(;Sl +(A4A—C¥4)¢2+(A6A—O[6)¢3 +71¢+€19—7"1 divw = 0,
—Ro div u+ (AsA — ) p1 + (AsA — Ba) o+ (A5 A — a5) p3 + 729+ L20 — 2 divw = 0,
7?}%3 div u+(A6A7046)¢1 +(A5A7045)¢2+(A3A753)¢3 +’}/3¢+€39*7‘3 divw = 0,
—bdiva+ v;¢; + (VA — X))o + ¢ — ndivw = 0,
TholBdiva+ £;p; + cd] + [kA + Ta]d + k1 divw = 0,

(3.3) 71V + TV — K3Vl + [k A + (k4 + k5)V div —ko + 77w = 0.
where ¥ = a + pr27, B = a; + pr2k;, i = 1,2, 3.
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On taking p = 0 i.e. quasi-static case, we obtain the system of equations of
quasi-static oscillations as:

LA + (A4 p)Vdivlu+ R;Ve; + bVe — fVE = 0,
—Rydiva+ (A1A—a1)d1 + (AgA—ay)pa+ (A A —ag)ps+y10+ 10— divw = 0,
—Ry divut(A4A —ay)pr + (A2 A —az) o+ (As A —a5) g3 +7204-£20 —ro divw = 0,
—Rzdivu+ (AgA—ag)d1+ (AsA—as)da+ (AsA—ag)ps+vy30+L30 —rs divw = 0,
—bdivu + v;¢; + (VA — )¢+ cf — ndivw = 0,
wTo[fdiva+ 4;¢; + cg] + [kA + walf + k1 divw = 0,

(34)  wriVe; +wnVeé — k3VO + [HGA + (kg + £5)V div —ka + va]w =0.

If we put w = 0 in the equations (3.2), the system of equations of equilibrium theory
of micromorphic thermoelasticity with triple porosity and microtemperatures are
obtained as:

WA + (A + p)Vdivlu+ R; Ve, +bVe — fVE = 0,
—Rydiva+ (A1A—aq)d1 + (AgA—ay)pa+ (A A —ag)ps+y10+ 10— divw = 0,
—Ro divu+ (A4A —ay)d1+ (AsA —az)do + (As A —as5) 3 +720+ a0 —ro divw = 0,
—Rzdivu+ (A A—ap)p1+(AsA —as5)pa+(A3A—az)p3+y3¢+L30 —r3 divw = 0,
—bdivu + v;¢; + (VA — )¢ + cf — ndivw = 0,
kAO + k1 divw =0,

(3.5) —k3VO + [HGA + (kg + k5)V div —HQ]W =0.

We introduce the second order matrix differential operators with constant coeffi-

cients 4 '
FO(Dy) = (Fy;) (D))

11x11°
where
2
) — 2
Pq (DX) [MA + pw ]5pq + (A + M) &Epaxq’
1 1 0 1 1 0
Fyes(Dx) = = Fy sy (D) = Ry F7 (D) = ~Ff) (D) = b

0
FIE;)(DX) - _ﬁGT’ FIE-I&-)3;p+3(DX) = ApA - ﬁp;
P

F3(Dy) = B (D) = AuA — o, F(g)(Dy) = F}) (Dx) = AsA — ag,
1 1 1 1 a
F;E+)3;7(DX) = F7(;p)+3(Dx) = Tp> Fz§+)3;8(Dx) = gp’ FzE—O—)B;q+8(DX) = _Tp%7
q
Fl(Dy) = Fi)(Dy) = AsA — a5, B (D) =vA—x, Fy(Dy) =c,
0

1 1 0 1
F7(;q)+8(Dx) = Fg(q)(Dx) = LwﬂToa, Fé;q)%(Dx) = w, Ty,
a a

0
FY(Dy) = weTy, FY (D) = kA + wa, Fi ¢(Dy) = Fig—
q
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) _ 1) _ 9 (1) 9
Fp+8;q(Dx) = O, Fp+8;q+3(Dx) = Lquaixp, Fp+8;7(D ) Lwna—xp
1 0 1 9?2
F1§+)8;8(Dx) = —hk3 83:1,’ FIE+)8;q+8(DX) = (K6A + kg )dpg + (K1 + “5)78%8%7

Flglq)JrS(D )y=0p, ¢=1,2,3, Ks=—kKa+ wy.
Here ¢ = 1,2, 3,4 corresponds to static, pseudo-, quasi-static oscillations and equi-
librium theory of micromorphic thermoelasticity with triple porosity and microtem-
peratures respectively. The matrices F() (Dx), i = 2,3,4 can be obtained from
matrix F()(D,) by taking w = —u7, p = 0 and w = 0 respectively and
F(Dx) = (th(Dx))nxu’

where

32
dxp0zy’

Fpisprs(Dx) = A, Fi5(Dy) = Fru(Dy) = A4A,
Fy6(Dx) = Fga(Dx) = AgA, Fy6(Dx) = Fgs5(Dx) = AsA,

Fypr31(Dx) = Fipa(Dx) =0, Frr(Dx) = vA,

qu(DX) = ﬂA(Spq + (A +p) Fpi(DX) = Fip(DX) =0,

2
0z,01,’
F7j (DX) = Fﬂ(DX) =0, FS;quS(DX) = Fqu&S(DX) =0

i=4,...,11 1=7,...,11 j=8,9,10,11.

Fgg(Dx) = kA, Fp+8;q+8(Dx) = mgA(qu + (:‘€4 + H5)

The system of equations (3.2)-(3.5) can be represented as
F(Z)(DX)U(X) = 07 i= 1723354
where U = (u, ¢, 9,0, w) is a eleven-component vector function on E2. The matrix

F(D,) is called the principal part of operator F() (D).

DEFINITION 3.1. The operator F(V(Dy), i = 1,2,3,4 is said to be elliptic if
|F(m)| # 0, where m = (my, ma, m3).

Since [F(m)| = p2hovkrdrz|m|?2, X = X+ 24, k7 = ka + ks + K6, 0 =
Ay Ay Ag

As Az A5 ‘, therefore the operator F() (D) is an elliptic differential operator iff
6 5 3

(3.6) purovkrgrr # 0.

DEFINITION 3.2. The fundamental solutions of the system of equations
(3.2)~(3.5) (fundamental matrices of operators F()) are the matrices G (x) =

(G;Z,z (X)), 1, Satisfying conditions.

(3.7) FO(D,)GY(x) = 0(x)I(x), i=1,2,3,4

where §(x) is the Dirac delta, I = (04n)11x11 is the unit matrix and x € ES.
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4. Construction of G()(x) in terms of Elementary Functions
Let us consider the system of non-homogeneous equations:

(4.1) A + (A + p)V div +pw?Ju — R; Vo, — bV + wBTyVE = H,

(4.2) Ridivu+ (A1A = B1)d1 + (AsA — o) ds
+ (AgA — ag) o3 + 110 + wTplr0 + wry divw = Ly,

(4.3) Ry divu + (A4A — a4)¢1 + (AQA - ﬁ2)¢)2
+ (A5A — a5)d3 + Y20 + twToleb + wre divw = Lo,

(44) §R3 divu + (A(;A — 016)(,251 + (A5A — 045)¢)2
—+ (AgA — ﬁg)gf)g + ’}/3¢ =+ LwT0€39 + Lwrs leW = Lg,

(4.5) bdivu+ v;¢; + (VA — x)é + wcTpd + wndivw =Y,
(4.6) —pdivu+ 4;¢; + cp + (kA 4+ wa)d — kg divw = Z,
(47) —r; Vo, —nVo + k1 VO + [HgA + (/€4 + KZ5)V div —I—RS]W =X,

where H, X are three-component vector functions on E3; L;, Y and Z are scalar
functions on E3.
The system of equations (4.1)—(4.7) may also be written in the form

(4.8) FO"(D,)U(x) = Q(x),

where F(D™ is the transpose of matrix F(), Q = (H,L;,Y,Z,X) and x € E3.
Applying operator div to the equations (4.1) and (4.7), we obtain

(4.9) AA + pw?]divu — R;A¢; — bAG + wpBTHA0 = divH,
(4.10) —1iA¢; — nAG + k1A + [K7A + kg] divw = divX.
The equations (4.2)—(4.6), (4.9) and (4.10) may be expressed in the form
NP (a)s=Q,
where S = (divu, ¢, ¢, 6, divw), Q= (wi,...,wy) = (divH, L;,Y, Z,div X) and
X4pw? —RIA  —RyA —R3A  —bA wBTHA 0

R A1A—B1 AgA—ay AgA—ag 71 w1 To Lwry

1 1 Ro AgA—ay AsA—By AsA—as 2 wwlaTo Lwry
N( )(A) = (Nggh) (A)) = R3 AgA—ag AsA—as5 Az3A—B3 73 w3 Ty Lwrs3
X7 b Y1 Y2 Y3 vA—x wwcTy Lwn
—-B £ o l3 c kEA+iwa —K3

0 —r1A —roA —r3A  —nA k1A  k7A+4kg/ TXT

The equations (4.2)—(4.6), (4.9) and (4.10) may also be written in the determinant
form

(4.11) rYAa)s =w,
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where

U= (Ty,..., ;) ZN“ w;,

1 - -
r<1>(A)=ﬁ|N<1>(A)|, M = kkro p=1,...,7

and NZ-(;) is the cofactor of the element NZ—(;) of the matrix N,
On expanding T (A), we see that

7
@) =JJ@a+x),

i=1

where )\?, 1=1,...,7 are the roots of the equation F(l)(—m) = 0 (with respect to
m).

Applying operator T'()(A) to the equations (4.1) and (4.7), respectively, we
obtain

(4.12) DAY A +A)u =¥,
(4.13) TWA)A +A2)w =",
where \2 = "W L A2 = 2—2 and

1
v = ;{F(l)(A)H —VIA+ )W — RV — b¥s5 + wfhTo Vel },

v = %G{F(l)(A)X — V[(k1 + £5)T7 — ;W01 — nUs + k1 gl }.
From equations (4.11)—(4.13), we obtain
(4.14) 0(A)U(x) = ¥(x)
where & = (¥’ Uy, U3, Uy, U5 U6, ¥”) and

8
OW(A) = ()(A)) 1 OW(A) =TD(A)(A +22) = [[(a +22),
=1
7
1
61(1423;q+3(A) = F(l)(A) = H(A + )\?)»
=1
9
O s (8) =TOAY A+ = [[ (Aa+22),
1=1,i#8

0l (A)=0, p=1,23, ¢=1,....5, gh=1,...11, g#h

The expressions for ¥/, " and ¥;,i = 2,...,6 can be rewritten in the form

- EF“)(A)J +uld(A)WV dw] H+ Z w (A)Vw; + wi (A)V div X,

1=2
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O = wi? (A)VdivH + Z wid (A)Vw; + [%F(l) (A)3 + ) (A)V div] X
=2 6

(4.15) \I/l—wll (A)dlvH—l—Zw w1—|—w7l (A)dle [=2,...,6

1=2

where, we have used the following notations:

1 - - -
0 (8) = = 3 [ N (B) = Rl (8) = bN2)(A) o+ BTNy (A)].

1 ~ - -
W (A) = —— . (ks + w5) NS (A) — NI (A) = nNG (A) + w1 NS (A)],
6
(1)
1()}1)(A) = Np(;\';A)’ p: 1? '?77 q:2? 76

and J = (6;5)3x3 is the unit matrix.
From equations (4.15), we obtain

(4.16) ¥ (x) = RO (Do)Q(x),
where
_ (pM
R(l)(D )= (R h (Dx))11><117
2
MW ) 9
R} (Dy) = —TW(A)5;; +wiy (A) :
J al'lal'j
B o
R »(Dy) = w“)(A)af R (D) = wl) (&) 5
2 2
(1) (1) 9 (1) o) )
R, ,g+8( x) = Wiz (A)ax-ax-’R”&j(D ) =wn (A)axiaxj’
1 1 0 1 1 0
Rifspia(Dx) = w0t (A) 5 Byl (Ds) = w () -,
62
R uy1s(Da) = = TO(Q)53 + 0 (8) 55—
? J
Ry a(Dx) =w(A), i,j=1,2,3, pl=2,..6
From equations (4.8), (4.14) and (4.16), we obtain
(4.17) F (D, )RM (Dy) = @1 (A).

We assume that
2 2 _
)\p#)\q7£03 paq*]-v"wgv p#q
Let

1 1
Y(l)(x) = (ng )(X))llxll’ Y(l ngg)gg
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Yq(i)3 qra(X Z 7”29 So(x Yp(i)s,ms Z 7”39 So(x
g=1,9#8
YY) =0, p=1,23, q¢=1,....5, ij=1...,11, i#j
where
eLAp‘x‘ 8

7
(418) 00 =~ i) = T 2= = T 2-a,

Am|x| i=1,i#g i=1,i#h

9
r= I 2= p=1,...9, g=1,....8 h=1,...,7, I=1,...,7,9.

i=1,i#8,1

LEMMA 4.1. The matrizc YV defined above is the fundamental matriz of op-
erator @M (A), i.e.

(4.19) O (A)Y M (x) = 6(x)I(x).
PROOF. To prove the lemma, it is sufficient to prove that

(4:20) rm(A)(Aw D (x) = 3(x),

(4.21) PO (A)Y,P (x > 5(x).

(4.22) PO (A)(A + A Yo (x) = 3(x).

Consider

8 .
1 Zj:1<_1)JZj
i 29

b

-
I Mm
—

<

—

8

A2)H(/\2 AQ)H (A = A2 = 2D,
z=T

zm H'Eoo
:1

8 8 8
o= [0 9 T[08 0 TT0E - TT0d - 208 9,
=3 Jj=4 =5 p=6 z=7
8 8 8 8 8
=[] P2 T[S -2 [T - [T H - ),
1=2,1#£3 j=4 =5 p=6 z=T
8 8 8 8 8
2= [ OF=21 T Q3= ]J3=AD) T2 =) [T = 20X =23,
i=2,i7#4 j=3,j#4 =5 p=6 z=7
8 8 8 8 8
=[] 0= [ M3=2) [T Q3= )03 =2) JJO& =202 = A,
i=2,i#5 j=3,j#5 1=4,1#5 p=6 2=T7
8 8 8 8
w= [ 0i-x) [T ;3= I & H (A =20 TTOZ =297 = 29),
i=2,i#6 j=3,j#6 1=4,1#6 p=>5,p#6 2=T7
8 8 8 8 8
ar= II i=x) [T 0= [T -0 T i-x) I 05-2H08 -2,
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7 7 7 7 7
=[O\ H MDTTOZ =2 T =2 TTO2 = A8 - A3),
=2 Jj=3 =4 p=> 2=6
8 8 8 8 8
29 = [TO% =2 T3 - 23 [N HA4 M) T2 =22 H - A3)-
=2 Jj=3 =4 p=5 q=6 2=7

On simplifying the right hand side of above relation, we obtain

(4.23) Z r{) =

Similarly, we find that

(120 Z Zr [H )=
N 8 N 4
Zr [H Aﬂ =0, D%?[H(A? A?)} =0,
) j=1 i=5 j=1
S [T0s 0] =0 S0 [TT0e ) =0, TTA002 -3 =1
= = =7 j=1 j=1
Also,
(41.25) (A + X)gg(x) = 6(x) + (A2 = A))sg(x) pg=1,...,9.

Now consider

D) A + )Y (x)

AZ)%(X)]

I

Nam Eoo 1 ’:]oo
™
<
Pﬁ

s
||
N

(A+/\2){ Z 1>+Z 2 - A2)q, (x )]

g=1

Using equations (4.23)—(4.25) in the above relation, we obtain

8

8
DAY+ 22 (x) = [(A+2) [DS}(A% - A?,)cg(x)}

=2 g=2

H A+ 22 [Zr“) X = A [3(x) + (A3 — )\z)Cg(x)ﬂ

- E(A +22) {Zr(l) {ﬁ(ﬁ - Aﬁ)]cg(X)}

=3 j=1
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I
==
g

+

>
S ]
~—

| —

(]~
N
—
ez

Il
—
=
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>
=N
S~—"
—
(-
=
——~
g 5 Q= & g
— 1 — 1 — 1 —

-
—
>
SN
|

>
QN
S~—
-
—
(o9}
~—

>
N~—
+
—
>
SN

|

>~
QN
~—
&L
—

>
S~—
—
-

7,:78 69:7 7j=1
@+ [ 1108 - 3] 1960 + 0 - ]
g=7 j=1

= (A + 2\)ss(x) = 3(x).

Equations (4.21) and (4.22) can be proved in the similar way.
We introduce the matrix

(4.26) GW(x) = RM (D) YV (x).
From equations (4.17), (4.19) and (4.26), we obtain

FO (D, )GW (x) = FO(DO)RM (D) YV (x) = @M (A) YD (x) = §(x) I(x).
Hence, G(Y)(x) is a solution to equation (3.7) for i = 1. O

THEOREM 4.1. If the condition (3.6) is satisfied, then the matriz GM(x) de-
fined by the equation (4.26) is the fundamental solution of the system of equations
(3.2) and the matriz GM(x) is represented in the following form:

1
G (x) = (G ()
1 1 1 1
GHx) = ROMOY (%), G, =R}, (DY (x),
Gl s(x) =R\ ((Do)Yg (x) p=1...,11, I=1...5 q¢=1,23

11x11°
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5. Construction of matrices G (x), i = 2,3,4

5.1. Pseudo-oscillations. We introduce the matrix
(5.1) GP(x) =R (D,)Y® (x),

where, the matrices R(?) (D) and Y ®)(x) can be obtained from matrices R(\) (D)
and Y(l)(x) respectively by taking w = —:7 and repeating the above procedure
after equation (3.7).

THEOREM 5.1. If the condition (3.6) is satisfied, then the matriz G®)(x) de-
fined by the equation (5.1) is the fundamental solution of the system of equations
(3.3).

5.2. Quasi-static oscillations. In this case, the matrix N®)(A), operator
I'®)(A) and matrix operators @ ®)(A), R®)(Dy), Y (x) and G (x) are obtained
as:

) NOQ) = (X)) N® (@A) = (N2(A)), . = AN (A),

TXT? TXT

5\ 7§R1 7%2 7§R3 —b LwﬂTo 0
§R1 AlAfozl A4A70¢4 AQAfag Y1 Lw@lTo Lwry
N Ry AsA—ay AsA—as AsA—as 72 twlaTy Lwre

N(S) (A) = N3 AsA—ag AsA—as AsA—az 73 wwls Ty Lwrs
b Y1 Ya Y3 vA—a weTy twn
-B £y Lo £3 ¢ kAdwa —k3
0 —r A —ro A —r3A  —nA k1A  k7A+kKg
X7
6
is 3 2
(if) r&@A) =A@+,
=1

where p2, i = 1,...,6 are the roots of the equation |[N®)(—m)| = 0 (with respect

(iii) CRIVNESCIHIEN) F

6
Of(A) =)A= A2 T[(a+ ),

i=1

6
01 15(8) =T (A) = AT(A +42),
=1
7

O pes(A) = TO(A) (A + u2) = AT[(A +422),

=1
oAy =0, =X p=1,23 g=1,..,5 gh=1..11, g#h

. 1 ~ -
(iv) w2 (8) = = [k 1) NP () = R

1 - N
w@(A) = — 7 (ks + r5)NSD(A) — NI,

(A) — legg)(A) + LwﬁToN,Eg)(A)],

(&) = NG (A) + r NP (A)]
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N(S)(A)
B)(A) = Lra (B) —1,....7, ¢=2,....6
w = ) b ) ) )
pg (D) i q
where ]\Nfi(j’) 1,7 =1,...,7 is the cofactor of the element Ni(;’) of the matrix N®).
3 _ (p®)
(V) R( )(Dx) - (Rgh (Dx)>11><117
RO (Dy) = LT (A)5,; + ¥ (A) >
1] I J 11 axiaxj?
3 3 0 3 3 0
R{ya(Ds) = wi) (A) 5 Ry, (D) = w ) (A) 5
0? 0?
R (D) = w (A)————, R (D) =wiP(A
z+8,]( ) 71 ( )Bmiaxj7 z,J+8( ) =wi7 ( )Bmiaxj7
RO, (Dy) = “1®(A)s; + 0w (A) 0
848\ 0] = ij 77 B0,
3 3 0 3 3 0
Ry a(Ds) = wi) (A) 5 Ryli(Ds) = w (A) 7,
RY)yoDx) =w(A)  ij=1,2,3, pg=2,....6.
6
s 3 3) % 3) x 3 ~
() YO = (VP 00) 0 Y0 =60 + e 0 + D0 rih) a6 (%),
g=1
6
3 3) «
Yq(+)3 g3(X) = 7’51)% (x) + Z Ty 27+1§g(x)7
g=1

7
3 3) % 3 ~
Y thprs () =m0 + D 1y 16 (3),
g=1

V%) =0 p=1,23 g=1,...,5, i,j=1,...,11, i #j

where
1 x| et x|
* = — * = —— S = — = 1 “ e 7
§1 (X) 47T|X| ) §2 (X) 87T ) gg (X) 47T‘X| g 9 )
6 6 6 6
3 _ 3 3 _
=3I )Tt o =) =TT
p=1 “j=1j#p i=1 i=1
6 6
3 —4 _ 3 2 —
7"5;1)+2 =My H (N? - MQ) h Té;l)+1 =T H (Ng - MZQ) h
i=1,i7#l i=1,i#l
7 7
3 _ 3 _ _
T§1):HN12a T§;3+1:_Nq2 H (u?—uﬁ) ! I=1,...,6 ¢=1,...,7.
i=1 i=1,i#q

On introducing the matrix

(5.2) G (x) = RO (DY) (x),
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we obtain
F® (D,)G®(x) = F® (D) R (Dy) YO (x) = 03 (A) Y P (x) = 6(x) I(x).
Hence, G®)(x) is a fundamental solution to equation (3.7) for i = 3.
THEOREM 5.2. If the condition (3.6) is satisfied, then the matriz G®)(x)

defined by the equation (5.2) is the fundamental solution of the system of equa-
tions (3.4).

5.3. Equilibrium Theory. In this case, the matrix N*)(A), operator T4)(A)
and matrix operators @ (A), R™® (D), Y®(x) and G® (x) are obtained as:
) NO@) = (N (A);,5 NO@Q) = (N (), = AND(A),

A R —Ry —Rs —b
§R1 AlA — Q1 A4A — Q4 A6A — QO 71
N(4)(A) = §R2 A4A — Q4 AQA — Q9 A5A — Q5 Y2
%3 AGA — Qg A5A — Q5 AgA — Q3 Y3

b 8l Yo Y3 WA-af, .
! K1k Kok K
1 1~3 — R2 2
(ii) r4(A) = Ai|:|1(A+wf),w§ = T’wg =2,

where w?, i = 1,2,3,4 are the roots of the equation |[N®)(—m)| = 0 (with respect
to m).

(i) OM(A) = (O41)(A)), 11
4

O (A) =T (A)A = A?[](A +w)),

.
—

(A +w}),

=

92?3;q+3(A) = F(4)(A) =A

=1

5
O (A) = TW(A)A(A +w?) = A2 T](A +wd),
=1
6
4
Op s (8) = TO(A)A(A +w2)(A +?) = A2 [T (A + ),
=1

0(A) =0 p=1,23 ¢=1,234, gh=1..,11, g#h

. 1 - - -
iv) o) = “Tos [N+ )N () = RN (A) —bNG (A)],
1 . N
wie( — [r3A [N (A) +nNG (A)]

B kr7 vo
+ (k72 — Ro) [BNSD(A) — N, (A) — eN D (A)]],
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ot
wt

(@) (A+uj) (4) ()
Wy (A) = k/<;7>\vg [kA[ Np H_1(A) +nNpy5 (A)]
— k1 [BN(A) = NS, 1 (A) = eNS ()],
v (4)
N, "(A) (k7A — kg)TW(A)
@A) = P w®(A) = WAy = 7 2
wpl( ) 5\’()@ ’ qp( ) 07 w66( ) klﬁ7 ’
@ ny . FTW(A) (A + i) W (A) = T (A)
wey (A) = Tt ;W (A) = 7]{1%7 )
r@(A A
wip(a) = OB LA )]y s g=67 =205
ReR7

where N 1,7 =1,...,5 is the cofactor of the element NZ-(;L) of the matrix N4,

(v) R (D) = (R;?(Dx))nxn?
RY(Dy) = 11D (A5, + wl >(A)7a2 RY (Dy) = w®(2) 2
ij x L ij 11 axiaxjﬁ i;q+2 x 1q axi’
2
(4) L@ 9 (4) @ 9
Ri;j+8(DX) = Wiy (A)M’ Rp+2;j (Dx) = Wp1 (A)(?ch’
4 4 4
Ry ia(Dy) = wf(A), R{Ye (Dx) =0, RYYg, . ,(Dy) =0,
4 4 a 4 4
Ryllyes(Dx) =07 (M) B (D) = wig! (),
(@) @Ay 9 @ I @) o
(1) (Dy) = A)—, D,) = —TW(A)s;: A ,
RH—S;S( ) Wrg ( )8562 Rz+8,]+8( ) K6 ( ) J + Wy ( )amlaxj

i7j:172a37 pal:273;4,57 q:27,6
: 4
(vi) YW (x) = (Y‘(' )(X))llxll’
4
Yp(é)( )—7‘51)%( )"‘7"12 S (x —|—ZT1g+2§g
4 4) 4) .
Y:1(+)3,q+3( )= 7”51)<1 (x) + Zré;g)ﬂgg(x)

4 4
Ys(s)( )= T§,1)§1( )+ 7“32 S5 (%) + 27“3 g+259 (X

6
4 4
Y[J(+)8;P+8(x) = 7‘4(11)% (x) + 7’42 S (x) + Z Ty, g+2§g

YPx) =0 p=123 ¢=1234, ij=1...11, i#j
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4

4 4 4
~ 4 — 4 4 —
R M 1 )| RN R |
= j =1

=1 “j=1,j7#q =1
4 4
(4 —4 2\—1 (4 -2 2y—1
42 = W H (w; —wp)™ s Toi41 = ~W H (wi —wy)™,
i=1,1#1 i=1,i#l
5 5 5 5
(4) 2 —4 (4) _ 2
"31 __Z H Wi sz v T'32 —HW )
qg=1 “j=1,5#q i=1 i=1
5 6 6 6
(€ — 2 2y—1 (4) _ 2 —4
T3.p12 = Wp H (wl—wp) y Tip ——E H w; sz ,
i=1,i%p q=1 *j=1,j#q i=1
6 6
(4) -2 4 _ -4 -1
Taz = le v Tag42 = Wy H (Wi — w.q) )
i=1 i=1,i#g

If we introduce the matrix
(5.3) GW(x) = RW (D) YW (x).
then, we obtain
FO(D,)GW (x) = FO(D, )R (D) Y? (x) = @ (A) YH (x) = 6(x) I(x).
Hence, G® (x) is a solution to equation (3.7) for i = 4.

THEOREM 5.3. If the condition (3.6) is satisfied, then the matriz G™ (x)
defined by the equation (5.3) is the fundamental solution of the system of equa-
tions (3.5).

6. Basic Properties of G(V)(x)

THEOREM 6.1. Each column of the matriz G(l)(x) s a solution of the system
of equations (3.2) at every point x € E® except the origin.

THEOREM 6.2. If the condition (3.6) is satisfied, then the fundamental solution
of the system of equations F(Dyx)U(x) = 0 is the matriz

W(x) = (Wgh (X))

11x11°
W0 = [ g — 2 R]500 Wasnyoa0 = [ 50 = L),
Waal0) = G 00, Wip(0) = Waa() = A ARG
Wao() = Wia() = H22 A0 0 o = 2148 = A
_ AyAg — A145 _ A1 Ay — AZ

W56(X) = W65(X) = f(l (X)7 WGG(X) = TC{ (X)7
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Wi = T i = S Wi 00 = W) = W) = 0,

)
Whiirs(x) = Wa(x) = Wiz(x) = We,iys(x) = Witgs(x) =0,
~ 52
A 89[:1-63:]»

LEMMA 6.1. If the condition (3.6) is satisfied, then

— Ay ij=1,2,3, ¢g=4,...,11, p=7,...,11, 1=38,9,10,11.

1
61  duld(a) = - (A + RN () = T B)3,,

M
Ly AIND () — ir<1>(A)5p77 p=1,...,7.

0
(6.2) AwD(A) = -

= \

Proor. Consider
1 - - -
0 (8) = = A+ N (8) = RNy L (8) = N (8) + waBToN (8)).

Now

1

IW(A)§, = $|N(1)(A)|5p1 = ﬁ{m +p?) NP (A) - RANY, (D)

pyi+1

—bAND (A) + wBT AN (A)}.
Therefore,

1 - - N
Aw(A) = _m{(A + AN (A) =RAND, (A) = bANSD (A) + wBToAN (A)}

= [ITO ()5 — (ud + p?) NP (A)]

Mpy
1 ~ 1
= AN Q) — TV (A)
Similarly, we can prove equation (6.2). O

THEOREM 6.3. If the condition (3.6) is satisfied and x € E3 — {0}, then

7
1 0? -
G;h) (X) = a;[;gaxh z_: Cpllgp(X) + Rgh6811§8 (X)7 G(g l+2 Z Cpllgp
1 1
Gl(+)2,g Zcpllgp ) Gl(+)2,q+2 (x) = Zcplqu(x)

7
(1) _ 1) 02
Gy;h+8(x) = m Z cp175p (%), Gyis: (%) = m Z cpr15p(X),

(1) a®
Gl+2,g+8 Z cprsp(x g+8 12 (x Z cpmsp(x

2
(1) 9 Z ; _ _
Gg+8 h+8( ) 8x98xh e Cp77<p(x) + Rgh0977§9(x), g, h= 1; 2, 37 la q= 27 cee ,6
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where
(1) (1)
(6.3) - T2p N(l)(_AQ) o= EN(D(_)\%
. pgh MA% gh p/s pgl M gl )
1 1 1 1
= 2= = = T2 3 :17"‘777 h:1777 l:2,76
C811 2 H>\§7 Co77 re Kﬁ)\g q,p

PrOOF. From equation (4.25),
Agi(x) = —Ng(x) j=1,...,9.

Thus, we have

1 0? -
- - R ; = 0gnSi 0
)\? (3x93xh gh)gj (x) ghSi(X), X #
Consider
8
6.4) GWx) =R (DY (x) = [lrm(A)cs +w“>(A)L2} re;(x)
. gh gh x/+11 U gh 11 axqaxh — 15 >J
‘ iz

: 2
N, py e W, y2y] 0 1o s L
= ;TU {|: u/\JQF ( )\]) + wqy ( )\]):| a%gath + /L/\?P ( )‘j)Rgh}gg(X).

From equation (6.1), we have

(65)  wi(-A) = -

(1 1
0 (=22 22N (—A2) + WF<1)(—A§).
J J
Using equation (6.5) in equation (6.4), we get

8 2
(1) _ (1) 1 2 2y ar(1) 2 9 Ly y2y5 )
(6.6) Ggh(x>—§jnj{[—MA#—MAS)NH (X)) g * ™ ADon

j=1

Now,
rO2r) =0 j=1,....,7
rOa2r =1 j=8
and
(A2 =) =17
(6.7) (X222 =0 j=8

By virtue of equation (6.7), equation (6.6) becomes

2 7
W,y 0 L oxpme 2], o1
G 09 = G g 2 |~ a7 N (569 R )
7

02 ~
¢j1155 (%) + Rgnes116s(x).
=1

- Bxg{?mh

The remaining formulae of above theorem can be proved in the similar way.

0
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LEMMA 6.2. If the condition (3.6) is satisfied, then
7

7 7
1 1 1 1 1)
>l = 3= - A - g - S -
p=1 p=1 p=1 p=1
7 W 7 (1) 7 M M
09 Yol YR N —2hs -
p=1 p=1 i=1 Pw2N1(1)(0) “8N7(7)(0)

and

p=1 p=1
7 7
A Az — A AjAz — A
zwﬂ=m7zm—23 Zw=12°
_ p=1

PRroor. Consider
(6.10) N1 (=A%) = korroAl2 4 My AL 4+ MyAS + M0+ MyXE+ M2+ N (0),

where M7, p = 1,...,5 are coefficients, independent of A, and skipped due to
lengthy calculations.

It is easier to prove the relations (6.8) using equation (4.18).

From equations (6.8) and (6.10), we obtain

7 (1)
T
> %Nﬁ)(, Zrép) [kvkroAll + MyAS + M3AS + M3 + MiA2 + Mz + NP (0)A, 2]
p=1 P p=1
7D -
N(l)( ) T2p M
- N p M
2N
and

7
Z rs) N (=22) = S0 [kowroAl + MyAL + MEAS + MZAS + ML+ M2 + N{Y(0)] = kvero
p=1

Therefore, from equation (6.3), we have

7 70
2 1 _
Zlcpll = —Z M§2N( (=A== ()
p:
ic 11)\2 = fi él))]\7(1)( /\2) = fLUI?Q = )1
p=1 o p=1 M ’ M

Similarly, we can prove remaining results of equation (6.9).
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THEOREM 6.4. The relations
(6.11) G;lq) (x) — Wpe(x) = constant + O(|x|) p,¢=1,...,11.
hold in the neighborhood of the origin.

Proor. For p,q = 1,2, 3, consider

2 ~ —
(6.12) GZ()? (x) = Wpe(x) = WYH(X) + Ryq Ya2(x),
pO%q
where
_esx) _ 53 (x)
(6.13) Yii(x ZCJ11<3 3 Yoo(x) = cs1168(x%) + u

From equation (6.13), we have

(6.14) Yii(x Z CJ”Z ”J| x|~ |x|~

7 oo Iyl
1 LA e x|
:—§|:220j1lzTJ‘ ‘ - 5\
j=1 =0
12 & Lo _
=& {m anu = [x| (chu/\ + )\)] I chll)\j + Ya3(x),
j=1 j=1
Similarly,
_ 172 , 1 . _
(615) YQQ(X) = —g {H6811 — |X|(0811)‘8 — ;)] — 56811)\8 + Y44(X),
where
1 < NI\ Y.
(6.16) Yaz(x Zz_;cjn; T V() = _708112 Rl
Clearly
Tin(x) = O(x[2),  ~oFin(x) = O(|x])
) 8$e )
2 —
(6.17) 97,00, Yin(x) = constant + O(|x|) e, i =1,2,3, h=3,4.
Consider
i(i) _ T ﬁ(i) _ [Lfv? _ L]
Ay \|x|/ — xP7ax\|x[/ x> |x[
Hence,
3
1 0% /1
x ~ 2 57 ]
i=1 z
Therefore,

02 -\ 1 1
(6.18) (%paxq ~ Fipa) o = dmAng =0
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Equation (6.12) with the aid of equations (6.9), (6.14)—(6.18) becomes

0% L
Gz(iz) (x) = Wpe(x) = 87Y33(x) + R, Ya4(x) = constant + O(|x|).
2,024
Similarly, other formulae of equation (6.11) can be proved. O

Therefore, matrix W(x) is the singular part of the fundamental matrix G (x)
in the neighborhood of the origin.

7. Conclusions

The paper contributes to the field of micromorphic thermoelasticity by deriving
a linear theory that incorporates triple porosity and microtemperatures. Addition-
ally, it analyzes the fundamental matrix of the resulting system of equations under
different oscillatory and equilibrium scenarios. These contributions enhance our un-
derstanding of thermoelastic behavior in complex materials and provide valuable
insights for practical applications.
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JINMHEAPHA AHAJIN3A MUKPOMOP®HUX
TEPMOEJIACTUNYHUX MATEPUNJAJIA CA
MUKPOTEMIIEPATYPAMA 1 TPOJHA ITIOPO3HOCT

PE3uUME. OBaj paji HACTOjU Ja YyCIOCTABU OCHOBHE jeJIHAYMHE KOj€ PEryJInily aHu-
30TPOITHE MUKPOMOpP(HE TepMOEJACTHIHE MeJIje Ca TPOCTPYKOM ITOPO3HOIINY u
MHUKpoTeMIiepaTypama. [IpeioxkeHn Moea y3uma y o03up yTHUIlaje MOPO3HOCTH
U MUKPOTEMIEpPAaTypa, O/l KOjux 00a Urpajy 3HadajHy yJIOry y MPEln3HOM XBaTa-
by TOHaIama crenuduinnx Marepujaia. Ilopea Tora, musb pajga je 1a ce pa3Buje
byHIAMEHTAHO Pelllerbe 3a CHCTEM je/[HAYMHA Y CTAIMOHAPHUM, IICEYI0CTATHY-
KHUM, KBa3UCTATUIKUM OCIIHJIAIMjaMa U yCJIOBUMA PABHOTEKE.
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