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LINEAR ANALYSIS OF MICROMORPHIC
THERMOELASTIC MATERIALS WITH

MICROTEMPERATURES AND TRIPLE POROSITY

Tarun Kansal

Abstract. This paper seeks to establish the fundamental equations govern-
ing anisotropic micromorphic thermoelastic media with triple porosity and
microtemperatures. The proposed model takes into account the influences of
porosity and microtemperatures, both of which play significant roles in accu-
rately capturing the behavior of specific materials. Additionally, the objective
of the paper is to develop a fundamental solution for the system of equations
under steady, pseudo-static, quasi-static oscillations, and equilibrium condi-
tions.

1. Introduction

Triple porosity refers to a concept in porous media mechanics where a material
or medium contains three distinct levels or types of porosity. Porosity refers to
the presence of voids or empty spaces within a material. In the context of triple
porosity, there are three different levels of voids or pores, each corresponding to a
specific length scale.

The three levels of porosity in triple porosity can be categorized based on
their size or connectivity. For example, the primary porosity refers to the macro-
scopic or larger-scale voids within the material, such as large pores or fractures.
The secondary porosity corresponds to intermediate-scale voids, which may include
smaller fractures or microfractures. The tertiary porosity represents the smallest-
scale voids, often at the microscale, such as pores within the grains or microcracks.

Each level of porosity contributes to the overall permeability and fluid flow
characteristics of the material. The presence of multiple porosity levels can signif-
icantly affect the behavior of porous media, including their mechanical, thermal,
and transport properties. Triple porosity models are commonly employed in vari-
ous fields, such as geomechanics, hydrogeology, petroleum engineering, and material
science, where the accurate characterization of porous materials is essential for un-
derstanding their performance and behavior.
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The papers of Svanadze [1], Straughan [2], and Kansal [3] have indeed made
notable contributions to the field of elasticity and thermoelasticity, including the
study of triple porosity. They provided theoretical insights, practical applications,
and mathematical frameworks for studying and understanding the behavior of ma-
terials with multiple porosity levels, contributing to the broader field of porous
media mechanics. Svanadze [4–9] conducted extensive research on boundary value
problems related to elastic solids and thermoelastic solids with triple porosity. His
investigations focused on analyzing the behavior of materials with multiple poros-
ity levels and their responses to mechanical and thermal loads. Svanadze’s work
involved the development of mathematical models, numerical methods, and solu-
tion techniques to study the complexities arising from triple porosity in elastic and
thermoelastic materials.

Straughan [10], discussed various applications of multiple porosity in his book
and shed light on the practical significance of these theories across different disci-
plines. The book explores how the concept of triple porosity can be applied in fields
such as geomechanics, hydrogeology, and porous media engineering. Straughan’s
work provides insights into the real-world implications and applications of multi-
ple porosity theories, including their relevance in solving practical problems and
addressing challenges in various industries.

Grot [11] introduced modifications to the Clausius-Duhem inequality to ac-
count for microtemperatures and introduced first-order moment of energy equations
to the basic balance laws. Iesan [12] derived a linear theory for microstretch elas-
tic solids with microtemperatures, where each microelement of the continuum had
mechanical degrees of freedom for rigid rotations and microdilatation, in addition
to the classical translation degrees of freedom.

The construction of fundamental solutions using elementary functions allows
for the development of analytical and numerical methods to solve boundary value
problems in elasticity and thermoelasticity. These methods can provide accurate
and efficient solutions for a wide range of engineering and scientific applications.
By utilizing fundamental solutions, researchers can explore the behavior of complex
systems and investigate the effects of various parameters, boundary conditions, and
material properties on the response of the system. In the context of elasticity and
thermoelasticity with triple porosity or microtemperatures, several authors [13–18]
have made significant contributions by constructing fundamental solutions using
elementary functions.

The current paper is divided into several sections. The constitutive relations
and field equations for anisotropic micromorphic thermoelastic bodies with triple
porosity and microtemperatures are derived in Section 2. The system of linearized
equations for steady, pseudo-, quasi-static oscillations, and equilibrium in the theory
of micromorphic thermoelastic solids with triple porosity and microtemperatures
are obtained in Section 3. In Sections 4 and 5, the fundamental solutions of the
basic governing equations are constructed using elementary functions. Finally, in
Section 6, some basic properties of the fundamental matrix in the case of steady
oscillations are discussed. These properties provide information about the behavior
of the solutions and can be used to analyze and interpret the results obtained from
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the fundamental solutions. These sections provide a comprehensive framework for
studying and solving boundary value problems in this field and contribute to a
deeper understanding of the underlying phenomena.

2. Basic Equations

We assume that the body occupies at time t0 the bounded regular region B of
three-dimensional space. We confine our attention to the linear theory of elastic
bodies. The balance of linear momentum can be written in the form

(2.1) tji,j + ρfi = ρüi,

where tij are the components of stress tensor, ui are the components of displacement
vector u, ρ is the reference mass density, fi is the body force.

The balance of first stress moments is given by

(2.2) mpij,p + tji − sji + ρlij = ρσ̇ij ,

wherempij are the components of first stress moment tensor, sij are the components
of microstress tensor, σij are the components of inertial spin tensor, lij is the first
body moment density.

Let ϵ, εi denote the internal energy density and the first moment of energy
vector respectively. Then, the balances for energy and first moment of energy are
respectively given by

(2.3) ρϵ̇ = tij u̇j,i + (sij − tij)ϕ̇ji +mpij ϕ̇ij,p + qi,i + ρη +Ωij ν̇i,j −Υiν̇i,

(2.4) ρε̇i = qji,j + qi − ς̃i + ρMi.

where Υi, i = 1, 2, 3 satisfy the relations

(2.5) Ω1j,j +Υ1 + ρΛ1 = ρk1ν̈1, Ω2j,j +Υ2 + ρΛ2 = ρk2ν̈2, Ω3j,j +Υ3 + ρΛ3 = ρk3ν̈3.

Here qij are the first moment of heat flux, qi are the components of heat flux
vector, η is the heat supply, ς̃i is the microheat flux average, Mi is the first heat
source moment vector, ϕij are the components of microdeformation tensor, νi are
the volume fraction fields corresponding to macro-, meso-, micro-pores respectively,
Ωij are the components of equilibrated stress vectors corresponding to νi, ki are
coefficients of equilibrated inertia, Λi are extrinsic equilibrated body forces per unit
mass associated to macro-, meso-, micro-pores respectively.

The local form of the principle of entropy can be expressed as

(2.6) ρṠ −
( 1

T
qj +

1

T
qjiTi

)
,j
− 1

T
ρ(η +MiTi) ⩾ 0,

where S is the entropy density, T is the absolute temperature, Ti is the microtem-
perature vector.

The spin inertia is given by

(2.7) σij = ˙̃ngj ϕ̇ipϕ̇pg,

where ˙̃ngj is the microinertia tensor.
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Eringen[19] introduced a special kind of micromorphic solids called microstretch
solids. In this case, for all motions, we have

(2.8) ϕij = ϕδij , mijg =
1

3
h̃iδjg, ˙̃nij =

1

3
τ ′δij , lij =

1

3
L̃δij ,

where ϕ is the dilatation function, h̃i is the microstress vector, L̃ is the generalized
external body load, τ ′ is a given constant, δij is Kronecker’s delta.

With the help of equations (2.7) and (2.8), equations (2.2) and (2.3) become

h̃i,i − s+ ρL̃ = ρτ ′ ϕ̈,(2.9)

ρϵ̇ = tij ėij + h̃iϕ̇,i + sϕ̇+ qi,i + ρη +Ωij ν̇i,j −Υiν̇i,(2.10)

where s = sii− tii is the intrinsic body load, eij = 1
2 (ui,j+uj,i) are the components

of strain tensor.
From equations (2.4), (2.10) and inequality (2.6), we get

ρ[ṠT − ϵ̇− ε̇iTi] + tij ėij + h̃iϕ̇,i + sϕ̇+ (qi − ς̃i)Ti(2.11)

+
1

T
qjiT,jTi +

1

T
T,iqi − qjiTi,j +Ωij ν̇i,j −Υiν̇i ⩾ 0.

If we introduce the function ψ by

ψ = ϵ+ Tiεi − TS,

then, the relation (2.11) becomes

−ρ[ψ̇ + Ṫ S − Ṫiεi] + tij ėij + h̃iϕ̇,i + sϕ̇+ (qi − ς̃i)Ti(2.12)

+
1

T
qjiT,jTi +

1

T
T,iqi − qjiTi,j +Ωij ν̇i,j −Υiν̇i ⩾ 0.

The function ψ can be expressed in terms of independent variables eij , νi, νi,j , ϕ, ϕ,i,
T, T,i, Ti and Ti,j . Therefore, we have

ψ̇ =
∂ψ

∂eij
ėij +

∂ψ

∂νi
ν̇i +

∂ψ

∂νi,j
ν̇i,j +

∂ψ

∂ϕ
ϕ̇+

∂ψ

∂ϕ,i
ϕ̇,i(2.13)

+
∂ψ

∂T
Ṫ +

∂ψ

∂T,i
Ṫ,i +

∂ψ

∂Ti
Ṫi +

∂ψ

∂Ti,j
Ṫi,j .

Inequality (2.12) with the help of (2.13) becomes[
tij − ρ

∂ψ

∂eij

]
ėij +

[
Ωij − ρ

∂ψ

∂νi,j

]
ν̇i,j −

[
Υi + ρ

∂ψ

∂νi

]
ν̇i + ρ

[
εi −

∂ψ

∂Ti

]
Ṫi

+
[
s− ρ

∂ψ

∂ϕ

]
ϕ̇+

[
h̃i − ρ

∂ψ

∂ϕ,i

]
ϕ̇,i − ρ

[
S +

∂ψ

∂T

]
Ṫ − ρ

∂ψ

∂T,i
Ṫ,i

− ρ
∂ψ

∂Ti,j
Ṫi,j +

1

T
T,iqi + (qi − ς̃i)Ti +

1

T
qjiT,jTi − qjiTi,j ⩾ 0.

The inequality should be convinced for all rates ėij , ν̇i, ν̇i,j , ϕ̇, ϕ̇,i, Ṫ , Ṫ,i, Ṫi and Ṫi,j .
Hence the coefficients of above variables must vanish; that is,

tij = ρ
∂ψ

∂eij
, Ωij = ρ

∂ψ

∂νi,j
, Υi = −ρ ∂ψ

∂νi
, εi =

∂ψ

∂Ti
, s = ρ

∂ψ

∂ϕ
,
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h̃i = ρ
∂ψ

∂ϕ,i
, S = −∂ψ

∂T
,

∂ψ

∂T,i
= 0,

∂ψ

∂Ti,j
= 0,(2.14)

T,iqi + T (qi − ς̃i)Ti + qjiT,jTi − TqjiTi,j ⩾ 0.

Let us introduce the notations

ϕ = ν − ν0, θ = T − T0,

where ϕ = (ϕ1, ϕ2, ϕ3), T0 is the reference temperature of the body chosen such
that | θ

T0
| ≪ 1, ν0 are the volume fraction fields in reference configuration.

In the linear theory of materials possessing a centre of symmetry, we can take
ψ in the form

2ρψ = cijpleijepl + 2aijeijθ + 2bijeijϕ1 + 2cijeijϕ2 + 2dijeijϕ3 + 2fijeijϕ− 2ℓiϕiθ

−aθ
2

T0
− 2rijϕ1,iTj − 2pijϕ2,iTj − 2vijϕ3,iTj + αiϕ

2
i + 2α4ϕ1ϕ2 + 2α5ϕ2ϕ3

+2α6ϕ3ϕ1 +Aijϕ1,iϕ1,j +Bijϕ2,iϕ2,j + Cijϕ3,iϕ3,j + 2Dijϕ1,iϕ2,j + 2Eijϕ2,iϕ3,j

+2Fijϕ3,iϕ1,j +Hijϕ,iϕ,j + αϕ2 − 2cθϕ− 2gijϕ,iTj − hijTiTj − 2γiϕiϕ.

From equation (2.14), it follows that

(2.15) tij = cijplepl + bijϕ1 + cijϕ2 + dijϕ3 + fijϕ+ aijθ,

Ω1j = Aijϕ1,i +Dijϕ2,i + Fijϕ3,i − rijTj ,

Ω2j = Dijϕ1,i +Bijϕ2,i + Eijϕ3,i − pijTj ,(2.16)
Ω3j = Fijϕ1,i + Eijϕ2,i + Cijϕ3,i − vijTj ,

Υ1 = −bijeij − α1ϕ1 − α4ϕ2 − α6ϕ3 + γ1ϕ+ ℓ1θ,

Υ2 = −cijeij − α4ϕ1 − α2ϕ2 − α5ϕ3 + γ2ϕ+ ℓ2θ,(2.17)
Υ3 = −dijeij − α6ϕ1 − α5ϕ2 − α3ϕ3 + γ3ϕ+ ℓ3θ,

(2.18) h̃i = Hijϕ,j − gijTj ,

(2.19) s = fijeij − γiϕi + αϕ− cθ,

(2.20) ρS = −aijeij + ℓiϕi + cϕ+
aθ

T0
,

(2.21) ρεi = −rijϕ1,j − pijϕ2,j − vijϕ3,j − gijϕ,j − hijTj .

The linear expressions for qi, qij and ς̃i are

(2.22) qi = kijθ,j + κijTj ,

(2.23) qij = −mijplTl,p,

(2.24) ς̃i = (kij −Kij)θ,j + (κij − Lij)Tj .

The linearized form of inequality (2.6) is

(2.25) ρT0Ṡ = qi,i.
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Using equations (2.15) in (2.1), (2.16) and (2.17) in (2.5), (2.18) and (2.19) in (2.9),
(2.20) and (2.22) in (2.25), (2.21)–(2.24) in (2.4) respectively, we obtain

cijplepl,j + bijϕ1,j + cijϕ2,j + dijϕ3,j + fijϕ,j + aijθ,j + ρfi = ρüi,

−bijeij+Aijϕ1,ij+Dijϕ2,ij+Fijϕ3,ij−α1ϕ1−α4ϕ2−α6ϕ3+γ1ϕ+ℓ1θ−rijTj,j+ρΛ1 = ρk1ϕ̈1,

−cijeij+Dijϕ1,ij+Bijϕ2,ij+Eijϕ3,ij−α4ϕ1−α2ϕ2−α5ϕ3+γ2ϕ+ℓ2θ−pijTj,j+ρΛ2=ρk2ϕ̈2,

−dijeij+Fijϕ1,ij+Eijϕ2,ij+Cijϕ3,ij−α6ϕ1−α5ϕ2−α3ϕ3+γ3ϕ+ℓ3θ−vijTj,j+ρΛ3 = ρk3ϕ̈3,

−fijeij + γiϕi +Hijϕ,ij − αϕ+ cθ − gijTj,i + ρL̃ = ρτ ′ϕ̈,

T0[−aij ėij + ℓiϕ̇i + cϕ̇] + aθ̇ = kijθ,ij + κijTj,i,

(2.26) −rij ϕ̇1,j−pij ϕ̇2,j−vij ϕ̇3,j−gij ϕ̇,j+mjiplTl,pj−hij Ṫj−ρMi = Kijθ,j+LijTj .

In the case of an isotropic and homogeneous material, the constitutive equations
become

tij = λeppδij + 2µeij + ℜpϕpδij + bϕδij − βθδij ,

Ω1i = A1ϕ1,i +A4ϕ2,i +A6ϕ3,i − r1Ti,

Ω2i = A4ϕ1,i +A2ϕ2,i +A5ϕ3,i − r2Ti,

Ω3i = A6ϕ1,i +A5ϕ2,i +A3ϕ3,i − r3Ti,

Υ1 = −ℜ1epp − α1ϕ1 − α4ϕ2 − α6ϕ3 + γ1ϕ+ ℓ1θ,

Υ2 = −ℜ2epp − α4ϕ1 − α2ϕ2 − α5ϕ3 + γ2ϕ+ ℓ2θ,

Υ3 = −ℜ3epp − α6ϕ1 − α5ϕ2 − α3ϕ3 + γ3ϕ+ ℓ3θ,

h̃i = vϕ,i − nTi, s = bepp − γiϕi + αϕ− cθ,

ρS = βepp + ℓiϕi + cϕ+
aθ

T0
, ρεi = −rjϕj,i − nϕ,i − γTi,

qi = kθ,i + κ1Ti, ς̃i = (k − κ3)θ,i + (κ1 − κ2)Ti,

qij = −[κ4Tp,pδij + κ5Ti,j + κ6Tj,i],(2.27)

where

cijpl = λδijδpl + µδipδjl + µδilδjp, aij = −βδij , bij = ℜ1δij , cij = ℜ2δij ,

dij = ℜ3δij , fij = bδij , rij = r1δij , pij = r2δij , vij = r3δij , Aij = A1δij ,

Bij = A2δij , Cij = A3δij , Dij = A4δij , Eij = A5δij , Fij = A6δij ,

Hij = vδij , gij = nδij , hij = γδij , mijpl = κ4δijδpl + κ6δipδjl + κ5δilδjp,

kij = kδij , κij = κ1δij , Lij = κ2δij ,Kij = κ3δij .

Here λ, µ, β, γ, b, n, v, κ1, . . . , κ6, A1, . . . , A6,ℜ1,ℜ2,ℜ3, k, r1, r2, r3 are material con-
stants.

Therefore, from equation (2.26) with the help of (2.27), we obtain the basic
governing equations for homogeneous isotropic micromorphic thermoelastic solid
with triple porosity and microtemperatures in the absence of body forces and heat
sources as

[µ∆+ (λ+ µ)∇div]u+ ℜi∇ϕi + b∇ϕ− β∇θ = ρü,

−ℜ1 divu+(A1∆−α1)ϕ1+(A4∆−α4)ϕ2+(A6∆−α6)ϕ3+γ1ϕ+ℓ1θ−r1 divw = ρk1ϕ̈1,

−ℜ2 divu+(A4∆−α4)ϕ1+(A2∆−α2)ϕ2+(A5∆−α5)ϕ3+γ2ϕ+ℓ2θ−r2 divw = ρk2ϕ̈2,



LINEAR ANALYSIS OF MICROMORPHIC THERMOELASTIC MATERIALS... 143

−ℜ3 divu+(A6∆−α6)ϕ1+(A5∆−α5)ϕ2+(A3∆−α3)ϕ3+γ3ϕ+ℓ3θ−r3 divw = ρk3ϕ̈3,

−b divu+ γiϕi + (v∆− α)ϕ+ cθ − ndivw = ρτ ′ϕ̈,

T0[β div u̇+ ℓiϕ̇i + cϕ̇] + aθ̇ = k∆θ + κ1 divw,

(2.28) −ri∇ϕ̇i − n∇ϕ̇+ [κ6∆ + (κ4 + κ5)∇ div]w − γẇ = κ3∇θ + κ2 w,

where w = (T1, T2, T3) is microrotation vector and ∆,∇ are respectively, Laplacian
and Del operators.

3. Steady Oscillations

Let x = (x1, x2, x3) be the point of the Euclidean three-dimensional space E3,
|x| = (x21 + x22 + x23)

1
2 , Dx =

(
∂

∂x1
, ∂
∂x2

, ∂
∂x3

)
.

Let us assume the displacement vector, volume fraction fields, microstretch,
temperature change and microtemperature vector functions as:

(3.1)
[
u(x, t),ϕ(x, t), ϕ(x, t), θ(x, t),w(x, t)

]
= Re

[
(u∗,ϕ∗, ϕ∗, θ∗,w∗)e−ιωt

]
,

where ω is oscillation frequency.
Using equation (3.1) in the system of equations (2.28) and omitting asterisk (*)

for simplicity, we obtain the system of linearized equations of steady oscillations as:

[µ∆+ (λ+ µ)∇ div+ρω2]u+ ℜi∇ϕi + b∇ϕ− β∇θ = 0,

−ℜ1 divu+(A1∆−β1)ϕ1+(A4∆−α4)ϕ2+(A6∆−α6)ϕ3+γ1ϕ+ℓ1θ−r1 divw = 0,

−ℜ2 divu+(A4∆−α4)ϕ1+(A2∆−β2)ϕ2+(A5∆−α5)ϕ3+γ2ϕ+ℓ2θ−r2 divw = 0,

−ℜ3 divu+(A6∆−α6)ϕ1+(A5∆−α5)ϕ2+(A3∆−β3)ϕ3+γ3ϕ+ℓ3θ−r3 divw = 0,

−bdivu+ γiϕi + (v∆− χ)ϕ+ cθ − ndivw = 0,

ιωT0[β divu+ ℓiϕi + cϕ] + [k∆+ ιωa]θ + κ1 divw = 0,

(3.2) ιωri∇ϕi + ιωn∇ϕ− κ3∇θ +
[
κ6∆+ (κ4 + κ5)∇div−κ2 + ιωγ

]
w = 0.

where χ = α− ρω2τ ′, βi = αi − ρω2ki, i = 1, 2, 3.
If we replace ω by −ιτ , where τ is a complex number and Re(τ) > 0 in the

system of equations (3.2), then the system of equations of pseudo-oscillations may
be obtained as:

[µ∆+ (λ+ µ)∇ div−ρτ2]u+ ℜi∇ϕi + b∇ϕ− β∇θ = 0,

−ℜ1 divu+(A1∆−β̃1)ϕ1+(A4∆−α4)ϕ2+(A6∆−α6)ϕ3+γ1ϕ+ℓ1θ−r1 divw = 0,

−ℜ2 divu+(A4∆−α4)ϕ1+(A2∆−β̃2)ϕ2+(A5∆−α5)ϕ3+γ2ϕ+ℓ2θ−r2 divw = 0,

−ℜ3 divu+(A6∆−α6)ϕ1+(A5∆−α5)ϕ2+(A3∆−β̃3)ϕ3+γ3ϕ+ℓ3θ−r3 divw = 0,

−bdivu+ γiϕi + (v∆− χ̃)ϕ+ cθ − ndivw = 0,

τT0[β divu+ ℓiϕi + cϕ] + [k∆+ τa]θ + κ1 divw = 0,

(3.3) τri∇ϕi + τn∇ϕ− κ3∇θ + [κ6∆+ (κ4 + κ5)∇div−κ2 + τγ]w = 0.

where χ̃ = α+ ρτ2τ ′, β̃i = αi + ρτ2ki, i = 1, 2, 3.
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On taking ρ = 0 i.e. quasi-static case, we obtain the system of equations of
quasi-static oscillations as:

[µ∆+ (λ+ µ)∇ div]u+ ℜi∇ϕi + b∇ϕ− β∇θ = 0,

−ℜ1 divu+(A1∆−α1)ϕ1+(A4∆−α4)ϕ2+(A6∆−α6)ϕ3+γ1ϕ+ℓ1θ−r1 divw = 0,

−ℜ2 divu+(A4∆−α4)ϕ1+(A2∆−α2)ϕ2+(A5∆−α5)ϕ3+γ2ϕ+ℓ2θ−r2 divw = 0,

−ℜ3 divu+(A6∆−α6)ϕ1+(A5∆−α5)ϕ2+(A3∆−α3)ϕ3+γ3ϕ+ℓ3θ−r3 divw = 0,

−bdivu+ γiϕi + (v∆− α)ϕ+ cθ − ndivw = 0,

ιωT0[β divu+ ℓiϕi + cϕ] + [k∆+ ιωa]θ + κ1 divw = 0,

(3.4) ιωri∇ϕi + ιωn∇ϕ− κ3∇θ +
[
κ6∆+ (κ4 + κ5)∇div−κ2 + ιωγ

]
w = 0.

If we put ω = 0 in the equations (3.2), the system of equations of equilibrium theory
of micromorphic thermoelasticity with triple porosity and microtemperatures are
obtained as:

[µ∆+ (λ+ µ)∇ div]u+ ℜi∇ϕi + b∇ϕ− β∇θ = 0,

−ℜ1 divu+(A1∆−α1)ϕ1+(A4∆−α4)ϕ2+(A6∆−α6)ϕ3+γ1ϕ+ℓ1θ−r1 divw = 0,

−ℜ2 divu+(A4∆−α4)ϕ1+(A2∆−α2)ϕ2+(A5∆−α5)ϕ3+γ2ϕ+ℓ2θ−r2 divw = 0,

−ℜ3 divu+(A6∆−α6)ϕ1+(A5∆−α5)ϕ2+(A3∆−α3)ϕ3+γ3ϕ+ℓ3θ−r3 divw = 0,

−bdivu+ γiϕi + (v∆− α)ϕ+ cθ − ndivw = 0,

k∆θ + κ1 divw = 0,

(3.5) −κ3∇θ +
[
κ6∆+ (κ4 + κ5)∇div−κ2

]
w = 0.

We introduce the second order matrix differential operators with constant coeffi-
cients

F(i)(Dx) =
(
F

(i)
gh (Dx)

)
11×11

,

where

F (1)
pq (Dx) = [µ∆+ ρω2]δpq + (λ+ µ)

∂2

∂xp∂xq
,

F
(1)
p;q+3(Dx) = −F (1)

q+3;p(Dx) = ℜq
∂

∂xp
, F

(1)
p7 (Dx) = −F (1)

7p (Dx) = b
∂

∂xp
,

F
(1)
p8 (Dx) = −β ∂

∂xp
, F

(1)
p+3;p+3(Dx) = Ap∆− βp,

F
(1)
45 (Dx) = F

(1)
54 (Dx) = A4∆− α4, F

(1)
46 (Dx) = F

(1)
64 (Dx) = A6∆− α6,

F
(1)
p+3;7(Dx) = F

(1)
7;p+3(Dx) = γp, F

(1)
p+3;8(Dx) = ℓp, F

(1)
p+3;q+8(Dx) = −rp

∂

∂xq
,

F
(1)
56 (Dx) = F

(1)
65 (Dx) = A5∆− α5, F

(1)
77 (Dx) = v∆− χ, F

(1)
78 (Dx) = c,

F
(1)
7;q+8(Dx) = −n ∂

∂xq
, F

(1)
8q (Dx) = ιωβT0

∂

∂xq
, F

(1)
8;q+3(Dx) = ιωℓqT0,

F
(1)
87 (Dx) = ιωcT0, F

(1)
88 (Dx) = k∆+ ιωa, F

(1)
8;q+8(Dx) = κ1

∂

∂xq
,
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F
(1)
p+8;q(Dx) = 0, F

(1)
p+8;q+3(Dx) = ιωrq

∂

∂xp
, F

(1)
p+8;7(Dx) = ιωn

∂

∂xp
,

F
(1)
p+8;8(Dx) = −κ3

∂

∂xp
, F

(1)
p+8;q+8(Dx) = (κ6∆+ κ8)δpq + (κ4 + κ5)

∂2

∂xp∂xq
,

F
(1)
p;q+8(Dx) = 0p, q = 1, 2, 3, κ8 = −κ2 + ιωγ.

Here i = 1, 2, 3, 4 corresponds to static, pseudo-, quasi-static oscillations and equi-
librium theory of micromorphic thermoelasticity with triple porosity and microtem-
peratures respectively. The matrices F(i)(Dx), i = 2, 3, 4 can be obtained from
matrix F(1)(Dx) by taking ω = −ιτ , ρ = 0 and ω = 0 respectively and

F̃(Dx) =
(
F̃gh(Dx)

)
11×11

,

where

F̃pq(Dx) = µ∆δpq + (λ+ µ)
∂2

∂xp∂xq
, F̃pi(Dx) = F̃ip(Dx) = 0,

F̃p+3;p+3(Dx) = Ap∆, F̃45(Dx) = F̃54(Dx) = A4∆,

F̃46(Dx) = F̃64(Dx) = A6∆, F̃56(Dx) = F̃65(Dx) = A5∆,

F̃p+3;l(Dx) = F̃l;p+3(Dx) = 0, F̃77(Dx) = v∆,

F̃88(Dx) = k∆, F̃p+8;q+8(Dx) = κ6∆δpq + (κ4 + κ5)
∂2

∂xp∂xq
,

F̃7j(Dx) = F̃j7(Dx) = 0, F̃8;q+8(Dx) = F̃q+8,8(Dx) = 0

p, q = 1, 2, 3 i = 4, . . . , 11 l = 7, . . . , 11 j = 8, 9, 10, 11.

The system of equations (3.2)-(3.5) can be represented as

F(i)(Dx)U(x) = 0, i = 1, 2, 3, 4

where U = (u,ϕ, ϕ, θ,w) is a eleven-component vector function on E3. The matrix
F̃(Dx) is called the principal part of operator F(i)(Dx).

Definition 3.1. The operator F(i)(Dx), i = 1, 2, 3, 4 is said to be elliptic if
|F̃(m)| ≠ 0, where m = (m1,m2,m3).

Since |F̃(m)| = µ2λ̃ϱvkκ26κ7|m|22, λ̃ = λ + 2µ, κ7 = κ4 + κ5 + κ6, ϱ =∣∣∣∣A1 A4 A6

A4 A2 A5

A6 A5 A3

∣∣∣∣, therefore the operator F(i)(Dx) is an elliptic differential operator iff

(3.6) µλ̃ϱvkκ6κ7 ̸= 0.

Definition 3.2. The fundamental solutions of the system of equations
(3.2)–(3.5) (fundamental matrices of operators F(i)) are the matrices G(i)(x) =(
G

(i)
gh(x)

)
11×11

satisfying conditions.

(3.7) F(i)(Dx)G
(i)(x) = δ(x)I(x), i = 1, 2, 3, 4

where δ(x) is the Dirac delta, I = (δgh)11×11 is the unit matrix and x ∈ E3.
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4. Construction of G(1)(x) in terms of Elementary Functions

Let us consider the system of non-homogeneous equations:

(4.1) [µ∆+ (λ+ µ)∇ div+ρω2]u−ℜi∇ϕi − b∇ϕ+ ιωβT0∇θ = H,

ℜ1 divu+ (A1∆− β1)ϕ1 + (A4∆− α4)ϕ2(4.2)
+ (A6∆− α6)ϕ3 + γ1ϕ+ ιωT0ℓ1θ + ιωr1 divw = L1,

ℜ2 divu+ (A4∆− α4)ϕ1 + (A2∆− β2)ϕ2(4.3)
+ (A5∆− α5)ϕ3 + γ2ϕ+ ιωT0ℓ2θ + ιωr2 divw = L2,

ℜ3 divu+ (A6∆− α6)ϕ1 + (A5∆− α5)ϕ2(4.4)
+ (A3∆− β3)ϕ3 + γ3ϕ+ ιωT0ℓ3θ + ιωr3 divw = L3,

(4.5) bdivu+ γiϕi + (v∆− χ)ϕ+ ιωcT0θ + ιωndivw = Y,

(4.6) −β divu+ ℓiϕi + cϕ+ (k∆+ ιωa)θ − κ3 divw = Z,

(4.7) −ri∇ϕi − n∇ϕ+ κ1∇θ + [κ6∆+ (κ4 + κ5)∇ div+κ8]w = X,

where H,X are three-component vector functions on E3; Li, Y and Z are scalar
functions on E3.

The system of equations (4.1)–(4.7) may also be written in the form

(4.8) F(1)tr(Dx)U(x) = Q(x),

where F(1)tr is the transpose of matrix F(1), Q = (H, Li, Y, Z,X) and x ∈ E3.
Applying operator div to the equations (4.1) and (4.7), we obtain

[λ̃∆+ ρω2] divu−ℜi∆ϕi − b∆ϕ+ ιωβT0∆θ = divH,(4.9)
−ri∆ϕi − n∆ϕ+ κ1∆θ + [κ7∆+ κ8] divw = divX.(4.10)

The equations (4.2)–(4.6), (4.9) and (4.10) may be expressed in the form

N(1)(∆)S = Q̃,

where S = (divu,ϕ, ϕ, θ, divw), Q̃ = (w1, . . . , w7) = (divH, Li, Y, Z,divX) and

N(1)(∆) =
(
N

(1)
gh (∆)

)
7×7

=


λ̃∆+ρω2 −ℜ1∆ −ℜ2∆ −ℜ3∆ −b∆ ιωβT0∆ 0

ℜ1 A1∆−β1 A4∆−α4 A6∆−α6 γ1 ιωℓ1T0 ιωr1
ℜ2 A4∆−α4 A2∆−β2 A5∆−α5 γ2 ιωℓ2T0 ιωr2
ℜ3 A6∆−α6 A5∆−α5 A3∆−β3 γ3 ιωℓ3T0 ιωr3
b γ1 γ2 γ3 v∆−χ ιωcT0 ιωn

−β ℓ1 ℓ2 ℓ3 c k∆+ιωa −κ3
0 −r1∆ −r2∆ −r3∆ −n∆ κ1∆ κ7∆+κ8


7×7

.

The equations (4.2)–(4.6), (4.9) and (4.10) may also be written in the determinant
form

(4.11) Γ(1)(∆)S = Ψ,
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where

Ψ = (Ψ1, . . . ,Ψ7), Ψp =
1

M̃

7∑
i=1

Ñ
(1)
ip wi,

Γ(1)(∆) =
1

M̃
|N(1)(∆)|, M̃ = λ̃vkκ7ϱ p = 1, . . . , 7

and Ñ (1)
ip is the cofactor of the element N (1)

ip of the matrix N(1).
On expanding Γ(1)(∆), we see that

Γ(1)(∆) =

7∏
i=1

(∆ + λ2i ),

where λ2i , i = 1, . . . , 7 are the roots of the equation Γ(1)(−m) = 0 (with respect to
m).

Applying operator Γ(1)(∆) to the equations (4.1) and (4.7), respectively, we
obtain

Γ(1)(∆)(∆ + λ28)u = Ψ′,(4.12)

Γ(1)(∆)(∆ + λ29)w = Ψ′′,(4.13)

where λ28 = ρω2

µ , λ29 = κ8

κ6
and

Ψ′ =
1

µ

{
Γ(1)(∆)H−∇[(λ+ µ)Ψ1 −ℜiΨi+1 − bΨ5 + ιωβT0Ψ6]

}
,

Ψ′′ =
1

κ6

{
Γ(1)(∆)X−∇[(κ4 + κ5)Ψ7 − riΨi+1 − nΨ5 + κ1Ψ6]

}
.

From equations (4.11)–(4.13), we obtain

(4.14) Θ(1)(∆)U(x) = Ψ̂(x),

where Ψ̂ = (Ψ′,Ψ2,Ψ3,Ψ4,Ψ5,Ψ6,Ψ
′′) and

Θ(1)(∆) =
(
Θ

(1)
gh (∆)

)
11×11

, Θ(1)
pp (∆) = Γ(1)(∆)(∆ + λ28) =

8∏
i=1

(∆ + λ2i ),

Θ
(1)
q+3;q+3(∆) = Γ(1)(∆) =

7∏
i=1

(∆ + λ2i ),

Θ
(1)
p+8;p+8(∆) = Γ(1)(∆)(∆ + λ29) =

9∏
i=1,i̸=8

(∆ + λ2i ),

Θ
(1)
gh (∆) = 0, p = 1, 2, 3, q = 1, . . . , 5, g, h = 1, . . . , 11, g ̸= h.

The expressions for Ψ′,Ψ′′ and Ψi, i = 2, . . . , 6 can be rewritten in the form

Ψ′ =
[ 1
µ
Γ(1)(∆)J+ w

(1)
11 (∆)∇ div

]
H+

6∑
i=2

w
(1)
i1 (∆)∇wi + w

(1)
71 (∆)∇ divX,
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Ψ′′ = w
(1)
17 (∆)∇ divH+

6∑
i=2

w
(1)
i7 (∆)∇wi +

[ 1

κ6
Γ(1)(∆)J+ w

(1)
77 (∆)∇ div

]
X,

Ψl = w
(1)
1l (∆) divH+

6∑
i=2

w
(1)
il (∆)wi + w

(1)
7l (∆) divX l = 2, . . . , 6(4.15)

where, we have used the following notations:

w
(1)
p1 (∆) = − 1

M̃µ

[
(λ+ µ)Ñ

(1)
p1 (∆)−ℜiÑ

(1)
p;i+1(∆)− bÑ

(1)
p5 (∆) + ιωβT0Ñ

(1)
p6 (∆)

]
,

w
(1)
p7 (∆) = − 1

M̃κ6

[
(κ4 + κ5)Ñ

(1)
p7 (∆)− riÑ

(1)
p;i+1(∆)− nÑ

(1)
p5 (∆) + κ1Ñ

(1)
p6 (∆)

]
,

w(1)
pq (∆) =

Ñ
(1)
pq (∆)

M̃
, p = 1, . . . , 7, q = 2, . . . , 6

and J = (δij)3×3 is the unit matrix.
From equations (4.15), we obtain

(4.16) Ψ̂(x) = R(1)tr(Dx)Q(x),

where

R(1)(Dx) =
(
R

(1)
gh (Dx)

)
11×11

,

R
(1)
ij (Dx) =

1

µ
Γ(1)(∆)δij + w

(1)
11 (∆)

∂2

∂xi∂xj
,

R
(1)
i;p+2(Dx) = w

(1)
1p (∆)

∂

∂xi
, R

(1)
p+2;i(Dx) = w

(1)
p1 (∆)

∂

∂xi
,

R
(1)
i;j+8(Dx) = w

(1)
17 (∆)

∂2

∂xi∂xj
, R

(1)
i+8;j(Dx) = w

(1)
71 (∆)

∂2

∂xi∂xj
,

R
(1)
i+8;p+2(Dx) = w

(1)
7p (∆)

∂

∂xi
, R

(1)
p+2;i+8(Dx) = w

(1)
p7 (∆)

∂

∂xi
,

R
(1)
i+8;j+8(Dx) =

1

κ6
Γ(1)(∆)δij + w

(1)
77 (∆)

∂2

∂xi∂xj
,

R
(1)
p+2;l+2(Dx) = w

(1)
pl (∆), i, j = 1, 2, 3, p, l = 2, . . . , 6.

From equations (4.8), (4.14) and (4.16), we obtain

(4.17) F(1)(Dx)R
(1)(Dx) = Θ(1)(∆).

We assume that
λ2p ̸= λ2q ̸= 0, p, q = 1, . . . , 9, p ̸= q.

Let

Y(1)(x) =
(
Y

(1)
ij (x)

)
11×11

, Y (1)
pp (x) =

8∑
g=1

r
(1)
1g ςg(x),
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Y
(1)
q+3;q+3(x) =

7∑
g=1

r
(1)
2g ςg(x), Y

(1)
p+8;p+8(x) =

9∑
g=1,g ̸=8

r
(1)
3g ςg(x),

Y
(1)
ij (x) = 0, p = 1, 2, 3, q = 1, . . . , 5, i, j = 1, . . . , 11, i ̸= j

where

ςp(x) = −e
ιλp|x|

4π|x|
, r

(1)
1g =

8∏
i=1,i̸=g

(λ2i − λ2g)
−1, r

(1)
2h =

7∏
i=1,i̸=h

(λ2i − λ2h)
−1,(4.18)

r
(1)
3l =

9∏
i=1,i̸=8,l

(λ2i − λ2l )
−1, p = 1, . . . , 9, g = 1, . . . , 8, h = 1, . . . , 7, l = 1, . . . , 7, 9.

Lemma 4.1. The matrix Y(1) defined above is the fundamental matrix of op-
erator Θ(1)(∆), i.e.

(4.19) Θ(1)(∆)Y(1)(x) = δ(x)I(x).

Proof. To prove the lemma, it is sufficient to prove that

Γ(1)(∆)(∆ + λ28)Y
(1)
11 (x) = δ(x),(4.20)

Γ(1)(∆)Y
(1)
44 (x) = δ(x),(4.21)

Γ(1)(∆)(∆ + λ29)Y
(1)
99 (x) = δ(x).(4.22)

Consider
8∑

i=1

r
(1)
1i =

∑8
j=1(−1)jzj

z9
,

where

z1 =
8∏

i=3

(λ22 − λ2i )

8∏
j=4

(λ23 − λ2j )

8∏
l=5

(λ24 − λ2l )

8∏
p=6

(λ25 − λ2p)

8∏
z=7

(λ26 − λ2z)(λ
2
7 − λ28),

z2 =
8∏

i=3

(λ21 − λ2i )

8∏
j=4

(λ23 − λ2j )

8∏
l=5

(λ24 − λ2l )

8∏
p=6

(λ25 − λ2p)

8∏
z=7

(λ26 − λ2z)(λ
2
7 − λ28),

z3 =
8∏

i=2,i̸=3

(λ21 − λ2i )

8∏
j=4

(λ22 − λ2j )

8∏
l=5

(λ24 − λ2l )

8∏
p=6

(λ25 − λ2p)

8∏
z=7

(λ26 − λ2z)(λ
2
7 − λ28),

z4 =
8∏

i=2,i̸=4

(λ21 − λ2i )

8∏
j=3,j ̸=4

(λ22 − λ2j )

8∏
l=5

(λ23 − λ2l )

8∏
p=6

(λ25 − λ2p)

8∏
z=7

(λ26 − λ2z)(λ
2
7 − λ28),

z5 =
8∏

i=2,i̸=5

(λ21 − λ2i )

8∏
j=3,j ̸=5

(λ22 − λ2j )

8∏
l=4,l ̸=5

(λ23 − λ2l )

8∏
p=6

(λ24 − λ2p)

8∏
z=7

(λ26 − λ2z)(λ
2
7 − λ28),

z6 =
8∏

i=2,i̸=6

(λ21 − λ2i )

8∏
j=3,j ̸=6

(λ22 − λ2j )

8∏
l=4,l ̸=6

(λ23 − λ2l )

8∏
p=5,p̸=6

(λ24 − λ2p)

8∏
z=7

(λ25 − λ2z)(λ
2
7 − λ28),

z7 =
8∏

i=2,i̸=7

(λ21 − λ2i )

8∏
j=3,j ̸=7

(λ22 − λ2j )

8∏
l=4,l ̸=7

(λ23 − λ2l )
8∏

p=5,p̸=7

(λ24 − λ2p)
8∏

z=6,z ̸=7

(λ25 − λ2z)(λ
2
6 − λ28),
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z8 =
7∏

i=2

(λ21 − λ2i )

7∏
j=3

(λ22 − λ2j )

7∏
l=4

(λ23 − λ2l )

7∏
p=5

(λ24 − λ2p)

7∏
z=6

(λ25 − λ2z)(λ
2
6 − λ27),

z9 =
8∏

i=2

(λ21 − λ2i )

8∏
j=3

(λ22 − λ2j )

8∏
l=4

(λ23 − λ2l )

8∏
p=5

(λ24 − λ2p)

8∏
q=6

(λ25 − λ2q)

8∏
z=7

(λ26 − λ2z)(λ
2
7 − λ28).

On simplifying the right hand side of above relation, we obtain

(4.23)
8∑

i=1

r
(1)
1i = 0.

Similarly, we find that
8∑

i=2

r
(1)
1i (λ

2
1 − λ2i ) = 0,

8∑
i=3

r
(1)
1i

[ 2∏
j=1

(λ2j − λ2i )

]
= 0,(4.24)

8∑
i=4

r
(1)
1i

[ 3∏
j=1

(λ2j − λ2i )

]
= 0,

8∑
i=5

r
(1)
1i

[ 4∏
j=1

(λ2j − λ2i )

]
= 0,

8∑
i=6

r
(1)
1i

[ 5∏
j=1

(λ2j − λ2i )

]
= 0,

8∑
i=7

r
(1)
1i

[ 6∏
j=1

(λ2j − λ2i )

]
= 0,

7∏
j=1

r
(1)
18 (λ

2
j − λ28) = 1.

Also,

(4.25) (∆ + λ2p)ςg(x) = δ(x) + (λ2p − λ2g)ςg(x) p, g = 1, . . . , 9.

Now consider

Γ(1)(∆)(∆ + λ28)Y
(1)
11 (x) =

8∏
i=1

(∆ + λ2i )

8∑
g=1

r
(1)
1g ςg(x)

=

8∏
i=2

(∆ + λ2i )

8∑
g=1

r
(1)
1g

[
δ(x) + (λ21 − λ2g)ςg(x)

]

=

8∏
i=2

(∆ + λ2i )

[
δ(x)

8∑
g=1

r
(1)
1g +

8∑
g=2

r
(1)
1g (λ

2
1 − λ2g)ςg(x)

]
.

Using equations (4.23)–(4.25) in the above relation, we obtain

Γ(1)(∆)(∆ + λ28)Y
(1)
11 (x) =

8∏
i=2

(∆ + λ2i )

[ 8∑
g=2

r
(1)
1g (λ

2
1 − λ2g)ςg(x)

]

=

8∏
i=3

(∆ + λ2i )

[ 8∑
g=2

r
(1)
1g (λ

2
1 − λ2g)

[
δ(x) + (λ22 − λ2g)ςg(x)

]]

=

8∏
i=3

(∆ + λ2i )

[ 8∑
g=3

r
(1)
1g

[ 2∏
j=1

(λ2j − λ2g)

]
ςg(x)

]



LINEAR ANALYSIS OF MICROMORPHIC THERMOELASTIC MATERIALS... 151

=

8∏
i=4

(∆ + λ2i )

[ 8∑
g=3

r
(1)
1g

[ 2∏
j=1

(λ2j − λ2g)

][
δ(x) + (λ23 − λ2g)ςg(x)

]]

=

8∏
i=4

(∆ + λ2i )

[ 8∑
g=4

r
(1)
1g

[ 3∏
j=1

(λ2j − λ2g)

]
ςg(x)

]

=

8∏
i=5

(∆ + λ2i )

[ 8∑
g=4

r
(1)
1g

[ 3∏
j=1

(λ2j − λ2g)

][
δ(x) + (λ24 − λ2g)ςg(x)

]]

=

8∏
i=5

(∆ + λ2i )

[ 8∑
g=5

r
(1)
1g

[ 4∏
j=1

(λ2j − λ2g)

]
ςg(x)

]

=

8∏
i=6

(∆ + λ2i )

[ 8∑
g=5

r
(1)
1g

[ 4∏
j=1

(λ2j − λ2g)

][
δ(x) + (λ25 − λ2g)ςg(x)

]]

=

8∏
i=6

(∆ + λ2i )

[ 8∑
g=6

r
(1)
1g

[ 5∏
j=1

(λ2j − λ2g)

]
ςg(x)

]

=

8∏
i=7

(∆ + λ2i )

[ 8∑
g=6

r
(1)
1g

[ 5∏
j=1

(λ2j − λ2g)

][
δ(x) + (λ26 − λ2g)ςg(x)

]]

=

8∏
i=7

(∆ + λ2i )

[ 8∑
g=7

r
(1)
1g

[ 6∏
j=1

(λ2j − λ2g)

]
ςg(x)

]

= (∆+ λ28)

[ 8∑
g=7

r
(1)
1g

[ 6∏
j=1

(λ2j − λ2g)

][
δ(x) + (λ27 − λ2g)ςg(x)

]]
= (∆+ λ28)ς8(x) = δ(x).

Equations (4.21) and (4.22) can be proved in the similar way.
We introduce the matrix

(4.26) G(1)(x) = R(1)(Dx)Y
(1)(x).

From equations (4.17), (4.19) and (4.26), we obtain

F(1)(Dx)G
(1)(x) = F(1)(Dx)R

(1)(Dx)Y
(1)(x) = Θ(1)(∆)Y(1)(x) = δ(x) I(x).

Hence, G(1)(x) is a solution to equation (3.7) for i = 1. □

Theorem 4.1. If the condition (3.6) is satisfied, then the matrix G(1)(x) de-
fined by the equation (4.26) is the fundamental solution of the system of equations
(3.2) and the matrix G(1)(x) is represented in the following form:

G(1)(x) =
(
G

(1)
ij (x)

)
11×11

,

G(1)
pq (x) = R(1)

pq (Dx)Y
(1)
11 (x), G

(1)
p;l+3(x) = R

(1)
p;l+3(Dx)Y

(1)
44 (x),

G
(1)
p;q+8(x) = R

(1)
p;q+8(Dx)Y

(1)
99 (x) p = 1, . . . , 11, l = 1, . . . , 5, q = 1, 2, 3.
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5. Construction of matrices G(i)(x), i = 2, 3, 4

5.1. Pseudo-oscillations. We introduce the matrix

(5.1) G(2)(x) = R(2)(Dx)Y
(2)(x),

where, the matrices R(2)(Dx) and Y(2)(x) can be obtained from matrices R(1)(Dx)
and Y(1)(x) respectively by taking ω = −ιτ and repeating the above procedure
after equation (3.7).

Theorem 5.1. If the condition (3.6) is satisfied, then the matrix G(2)(x) de-
fined by the equation (5.1) is the fundamental solution of the system of equations
(3.3).

5.2. Quasi-static oscillations. In this case, the matrix N(3)(∆), operator
Γ(3)(∆) and matrix operators Θ(3)(∆), R(3)(Dx), Y(3)(x) and G(3)(x) are obtained
as:

(i) N̂(3)(∆) =
(
N̂

(3)
gh (∆)

)
7×7

, N(3)(∆) =
(
N

(3)
gh (∆)

)
7×7

= ∆N̂(3)(∆),

N̂(3)(∆) =


λ̃ −ℜ1 −ℜ2 −ℜ3 −b ιωβT0 0
ℜ1 A1∆−α1 A4∆−α4 A6∆−α6 γ1 ιωℓ1T0 ιωr1
ℜ2 A4∆−α4 A2∆−α2 A5∆−α5 γ2 ιωℓ2T0 ιωr2
ℜ3 A6∆−α6 A5∆−α5 A3∆−α3 γ3 ιωℓ3T0 ιωr3
b γ1 γ2 γ3 v∆−α ιωcT0 ιωn

−β ℓ1 ℓ2 ℓ3 c k∆+ιωa −κ3

0 −r1∆ −r2∆ −r3∆ −n∆ κ1∆ κ7∆+κ8


7×7

.

(ii) Γ(3)(∆) = ∆

6∏
i=1

(∆ + µ2
i ),

where µ2
i , i = 1, . . . , 6 are the roots of the equation |N̂(3)(−m)| = 0 (with respect

to m).

Θ(3)(∆) =
(
Θ

(3)
gh (∆)

)
11×11

,(iii)

Θ(3)
pp (∆) = Γ(3)(∆)∆ = ∆2

6∏
i=1

(∆ + µ2
i ),

Θ
(3)
q+3;q+3(∆) = Γ(3)(∆) = ∆

6∏
i=1

(∆ + µ2
i ),

Θ
(3)
p+8;p+8(∆) = Γ(3)(∆)(∆ + µ2

7) = ∆

7∏
i=1

(∆ + µ2
i ),

Θ
(3)
gh (∆) = 0, µ2

7 = λ29 p = 1, 2, 3, q = 1, . . . , 5, g, h = 1, . . . , 11, g ̸= h.

w
(3)
p1 (∆) = − 1

M̃µ

[
(λ+ µ) Ñ

(3)
p1 (∆)−ℜiÑ

(3)
p;i+1(∆)− bÑ

(3)
p5 (∆) + ιωβT0Ñ

(3)
p6 (∆)

]
,(iv)

w
(3)
p7 (∆) = − 1

M̃κ6

[
(κ4 + κ5)Ñ

(3)
p7 (∆)− riÑ

(3)
p;i+1(∆)− nÑ

(3)
p5 (∆) + κ1Ñ

(3)
p6 (∆)

]
,
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w(3)
pq (∆) =

Ñ
(3)
pq (∆)

M̃
p = 1, . . . , 7, q = 2, . . . , 6

where Ñ (3)
ij i, j = 1, . . . , 7 is the cofactor of the element N (3)

ij of the matrix N(3).

R(3)(Dx) =
(
R

(3)
gh (Dx)

)
11×11

,(v)

R
(3)
ij (Dx) =

1

µ
Γ(3)(∆)δij + w

(3)
11 (∆)

∂2

∂xi∂xj
,

R
(3)
i;p+2(Dx) = w

(3)
1p (∆)

∂

∂xi
, R

(3)
p+2;i(Dx) = w

(3)
p1 (∆)

∂

∂xi
,

R
(3)
i+8;j(Dx) = w

(3)
71 (∆)

∂2

∂xi∂xj
, R

(3)
i;j+8(Dx) = w

(3)
17 (∆)

∂2

∂xi∂xj
,

R
(3)
i+8;j+8(Dx) =

1

κ6
Γ(3)(∆)δij + w

(3)
77 (∆)

∂2

∂xi∂xj
,

R
(3)
i+8;p+2(Dx) = w

(3)
7p (∆)

∂

∂xi
, R

(3)
p+2;i+8(Dx) = w

(3)
p7 (∆)

∂

∂xi
,

R
(3)
p+2;q+2(Dx) = w(3)

pq (∆) i, j = 1, 2, 3, p, q = 2, . . . , 6.

Y(3)(x) =
(
Y

(3)
ij (x)

)
11×11

, Y (3)
pp (x) = r

(3)
11 ς

∗
1 (x) + r

(3)
12 ς

∗
2 (x) +

6∑
g=1

r
(3)
1;g+2ς̃g(x),(vi)

Y
(3)
q+3;q+3(x) = r

(3)
21 ς

∗
1 (x) +

6∑
g=1

r
(3)
2;g+1ς̃g(x),

Y
(3)
p+8;p+8(x) = r

(3)
31 ς

∗
1 (x) +

7∑
g=1

r
(3)
3;g+1ς̃g(x),

Y
(3)
ij (x) = 0 p = 1, 2, 3, q = 1, . . . , 5, i, j = 1, . . . , 11, i ̸= j

where

ς∗1 (x) = − 1

4π|x|
, ς∗2 (x) = −|x|

8π
, ς̃g(x) = −e

ιµg|x|

4π|x|
g = 1, . . . , 7

r
(3)
11 = −

6∑
p=1

( 6∏
j=1,j ̸=p

µ2
j

) 6∏
i=1

µ−4
i , r

(3)
12 = r

(3)
21 =

6∏
i=1

µ−2
i ,

r
(3)
1;l+2 = µ−4

l

6∏
i=1,i̸=l

(µ2
i − µ2

l )
−1, r

(3)
2;l+1 = −µ−2

l

6∏
i=1,i̸=l

(µ2
i − µ2

l )
−1,

r
(3)
31 =

7∏
i=1

µ−2
i , r

(3)
3;q+1 = −µ−2

q

7∏
i=1,i̸=q

(µ2
i − µ2

q)
−1 l = 1, . . . , 6 q = 1, . . . , 7.

On introducing the matrix

(5.2) G(3)(x) = R(3)(Dx)Y
(3)(x),
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we obtain

F(3)(Dx)G
(3)(x) = F(3)(Dx)R

(3)(Dx)Y
(3)(x) = Θ(3)(∆)Y(3)(x) = δ(x) I(x).

Hence, G(3)(x) is a fundamental solution to equation (3.7) for i = 3.

Theorem 5.2. If the condition (3.6) is satisfied, then the matrix G(3)(x)
defined by the equation (5.2) is the fundamental solution of the system of equa-
tions (3.4).

5.3. Equilibrium Theory. In this case, the matrix N(4)(∆), operator Γ(4)(∆)
and matrix operators Θ(4)(∆), R(4)(Dx), Y(4)(x) and G(4)(x) are obtained as:

N̂(4)(∆) =
(
N̂

(4)
gh (∆)

)
5×5

, N(4)(∆) =
(
N

(4)
gh (∆)

)
5×5

= ∆N̂(4)(∆),(i)

N̂(4)(∆) =


λ̃ −ℜ1 −ℜ2 −ℜ3 −b
ℜ1 A1∆− α1 A4∆− α4 A6∆− α6 γ1
ℜ2 A4∆− α4 A2∆− α2 A5∆− α5 γ2
ℜ3 A6∆− α6 A5∆− α5 A3∆− α3 γ3
b γ1 γ2 γ3 v∆− α


5×5

.

(ii) Γ(4)(∆) = ∆

4∏
i=1

(∆ + ω2
i ), ω

2
5 =

κ1κ3 − κ2k

kκ7
, ω2

6 = −κ2
κ6
,

where ω2
i , i = 1, 2, 3, 4 are the roots of the equation |N̂(4)(−m)| = 0 (with respect

to m).

Θ(4)(∆) =
(
Θ

(4)
gh (∆)

)
11×11

,(iii)

Θ(4)
pp (∆) = Γ(4)(∆)∆ = ∆2

4∏
i=1

(∆ + ω2
i ),

Θ
(4)
q+3;q+3(∆) = Γ(4)(∆) = ∆

4∏
i=1

(∆ + ω2
i ),

Θ
(4)
88 (∆) = Γ(4)(∆)∆(∆ + ω2

5) = ∆2
5∏

i=1

(∆ + ω2
i ),

Θ
(4)
p+8;p+8(∆) = Γ(4)(∆)∆(∆ + ω2

5)(∆ + ω2
6) = ∆2

6∏
i=1

(∆ + ω2
i ),

Θ
(4)
gh (∆) = 0 p = 1, 2, 3, q = 1, 2, 3, 4, g, h = 1, . . . , 11, g ̸= h.

(iv) w
(4)
p1 (∆) = − 1

λ̃µvϱ

[
(λ+ µ)Ñ

(4)
p1 (∆)−ℜiÑ

(4)
p;i+1(∆)− bÑ

(4)
p5 (∆)

]
,

w
(4)
p6 (∆) =

1

kκ7λ̃vϱ

[
κ3∆

[
riÑ

(4)
p;i+1(∆) + nÑ

(4)
p5 (∆)

]
+ (κ7∆− κ2)

[
βÑ

(4)
p1 (∆)− ℓiÑ

(4)
p;i+1(∆)− cÑ

(4)
p5 (∆)

]]
,
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w
(4)
p7 (∆) =

(∆ + ω2
6)

kκ7λ̃vϱ

[
k∆

[
riÑ

(4)
p;i+1(∆) + nÑ

(4)
p5 (∆)

]
− κ1

[
βÑ

(4)
p1 (∆)− ℓiÑ

(4)
p;i+1(∆)− cÑ

(4)
p5 (∆)

]]
,

w
(4)
pl (∆) =

Ñ
(4)
pl (∆)

λ̃vϱ
, w(4)

qp (∆) = 0, w
(4)
66 (∆) =

(κ7∆− κ2)Γ
(4)(∆)

kκ7
,

w
(4)
67 (∆) = −κ1Γ

(4)(∆)(∆ + ω2
6)

kκ7
, w

(4)
76 (∆) =

κ3Γ
(4)(∆)

kκ7
,

w
(4)
77 (∆) = −Γ(4)(∆)[κ1κ3 +∆k(κ4 + κ5)]

kκ6κ7
p = 1, . . . , 5, q = 6, 7, l = 2, . . . , 5

where Ñ (4)
ij , i, j = 1, . . . , 5 is the cofactor of the element N (4)

ij of the matrix N(4).

R(4)(Dx) =
(
R

(4)
gh (Dx)

)
11×11

,(v)

R
(4)
ij (Dx) =

1

µ
Γ(4)(∆)δij + w

(4)
11 (∆)

∂2

∂xi∂xj
, R

(4)
i;q+2(Dx) = w

(4)
1q (∆)

∂

∂xi
,

R
(4)
i;j+8(Dx) = w

(4)
17 (∆)

∂2

∂xi∂xj
, R

(4)
p+2;j(Dx) = w

(4)
p1 (∆)

∂

∂xj
,

R
(4)
p+2;q+2(Dx) = w(4)

pq (∆), R
(4)
p+6;j(Dx) = 0, R

(4)
p+6;l+2(Dx) = 0,

R
(4)
q+2;j+8(Dx) = w

(4)
q7 (∆)

∂

∂xj
, R

(4)
88 (Dx) = w

(4)
66 (∆),

R
(4)
i+8;8(Dx) = w

(4)
76 (∆)

∂

∂xi
, R

(4)
i+8;j+8(Dx) =

1

κ6
Γ(4)(∆)δij + w

(4)
77 (∆)

∂2

∂xi∂xj
,

i, j = 1, 2, 3, p, l = 2, 3, 4, 5, q = 2, . . . , 6.

Y(4)(x) =
(
Y

(4)
ij (x)

)
11×11

,(vi)

Y (4)
pp (x) = r

(4)
11 ς

∗
1 (x) + r

(4)
12 ς

∗
2 (x) +

4∑
g=1

r
(4)
1;g+2ς̂g(x),

Y
(4)
q+3;q+3(x) = r

(4)
21 ς

∗
1 (x) +

4∑
g=1

r
(4)
2;g+1ς̂g(x)

Y
(4)
88 (x) = r

(4)
31 ς

∗
1 (x) + r

(4)
32 ς

∗
2 (x) +

5∑
g=1

r
(4)
3;g+2ς̂g(x),

Y
(4)
p+8;p+8(x) = r

(4)
41 ς

∗
1 (x) + r

(4)
42 ς

∗
2 (x) +

6∑
g=1

r
(4)
4;g+2ς̂g(x),

Y
(4)
ij (x) = 0 p = 1, 2, 3, q = 1, 2, 3, 4, i, j = 1, . . . , 11, i ̸= j
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where

ς̂g(x) = −e
ιωg|x|

4π|x|
, r

(4)
11 = −

4∑
q=1

( 4∏
j=1,j ̸=q

ω2
j

) 4∏
i=1

ω−4
i , r

(4)
12 = r

(4)
21 =

4∏
i=1

ω−2
i ,

r
(4)
1;l+2 = ω−4

l

4∏
i=1,i̸=l

(ω2
i − ω2

l )
−1, r

(4)
2;l+1 = −ω−2

l

4∏
i=1,i̸=l

(ω2
i − ω2

l )
−1,

r
(4)
31 = −

5∑
q=1

( 5∏
j=1,j ̸=q

ω2
j

) 5∏
i=1

ω−4
i , r

(4)
32 =

5∏
i=1

ω−2
i ,

r
(4)
3;p+2 = ω−4

p

5∏
i=1,i̸=p

(ω2
i − ω2

p)
−1, r

(4)
41 = −

6∑
q=1

( 6∏
j=1,j ̸=q

ω2
j

) 6∏
i=1

ω−4
i ,

r
(4)
42 =

6∏
i=1

ω−2
i , r

(4)
4;g+2 = ω−4

g

6∏
i=1,i̸=g

(ω2
i − ω2

g)
−1,

l = 1, . . . , 4, p = 1, . . . , 5, g = 1, . . . , 6.

If we introduce the matrix

(5.3) G(4)(x) = R(4)(Dx)Y
(4)(x).

then, we obtain

F(4)(Dx)G
(4)(x) = F(4)(Dx)R

(4)(Dx)Y
(4)(x) = Θ(4)(∆)Y(4)(x) = δ(x) I(x).

Hence, G(4)(x) is a solution to equation (3.7) for i = 4.

Theorem 5.3. If the condition (3.6) is satisfied, then the matrix G(4)(x)
defined by the equation (5.3) is the fundamental solution of the system of equa-
tions (3.5).

6. Basic Properties of G(1)(x)

Theorem 6.1. Each column of the matrix G(1)(x) is a solution of the system
of equations (3.2) at every point x ∈ E3 except the origin.

Theorem 6.2. If the condition (3.6) is satisfied, then the fundamental solution
of the system of equations F̃(Dx)U(x) = 0 is the matrix

W(x) =
(
Wgh(x)

)
11×11

,

Wij(x) =
[ 1
λ̃

∂2

∂xi∂xj
− 1

µ
R̃ij

]
ς∗2 (x), Wi+8,j+8(x) =

[ 1

κ7

∂2

∂xi∂xj
− 1

κ6
R̃ij

]
ς∗2 (x),

W44(x) =
A2A3 −A2

5

ϱ
ς∗1 (x), W45(x) =W54(x) =

A5A6 −A4A3

ϱ
ς∗1 (x),

W46(x) =W64(x) =
A4A5 −A2A6

ϱ
ς∗1 (x), W55(x) =

A1A3 −A2
6

ϱ
ς∗1 (x),

W56(x) =W65(x) =
A4A6 −A1A5

ϱ
ς∗1 (x), W66(x) =

A1A2 −A2
4

ϱ
ς∗1 (x),
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W77(x) =
ς∗1 (x)

v
,W88(x) =

ς∗1 (x)

k
, Wiq(x) =Wqi(x) =Wi+3;p(x) = 0,

Wp;i+3(x) =W7l(x) =Wl7(x) =W8;i+8(x) =Wi+8;8(x) = 0,

R̃ij =
∂2

∂xi∂xj
−∆δij i, j = 1, 2, 3, q = 4, . . . , 11, p = 7, . . . , 11, l = 8, 9, 10, 11.

Lemma 6.1. If the condition (3.6) is satisfied, then

∆w
(1)
p1 (∆) =

1

M̃
(∆ + λ28)Ñ

(1)
p1 (∆)− 1

µ
Γ(1)(∆)δp1,(6.1)

∆w
(1)
p7 (∆) =

1

M̃
(∆ + λ29)Ñ

(1)
p7 (∆)− 1

κ6
Γ(1)(∆)δp7, p = 1, . . . , 7.(6.2)

Proof. Consider

w
(1)
p1 (∆) = − 1

M̃µ

{
(λ+ µ)Ñ

(1)
p1 (∆)−ℜiÑ

(1)
p;i+1(∆)− bÑ

(1)
p5 (∆) + ιωβT0Ñ

(1)
p6 (∆)

}
.

Now

Γ(1)(∆)δp1 =
1

M̃
|N(1)(∆)|δp1 =

1

M̃

{
(λ̃∆+ ρω2)Ñ

(1)
p1 (∆)−ℜi∆Ñ

(1)
p;i+1(∆)

− b∆Ñ
(1)
p5 (∆) + ιωβT0∆Ñ

(1)
p6 (∆)

}
.

Therefore,

∆w
(1)
p1 (∆) = − 1

M̃µ

{
(λ+ µ)∆Ñ

(1)
p1 (∆)−ℜi∆Ñ

(1)
p;i+1(∆)− b∆Ñ

(1)
p5 (∆) + ιωβT0∆Ñ

(1)
p6 (∆)

}
= − 1

M̃µ

[
M̃ Γ(1)(∆)δp1 − (µ∆+ ρω2)Ñ

(1)
p1 (∆)

]
=

1

M̃
(∆ + λ2

8)Ñ
(1)
p1 (∆)− 1

µ
Γ(1)(∆)δp1.

Similarly, we can prove equation (6.2). □

Theorem 6.3. If the condition (3.6) is satisfied and x ∈ E3 − {0}, then

G
(1)
gh (x) =

∂2

∂xg∂xh

7∑
p=1

cp11ςp(x) + R̃ghc811ς8(x), G
(1)
g;l+2(x) =

∂

∂xg

7∑
p=1

cp1lςp(x),

G
(1)
l+2;g(x) =

∂

∂xg

7∑
p=1

cpl1ςp(x), G
(1)
l+2;q+2(x) =

7∑
p=1

cplqςp(x),

G
(1)
g;h+8(x) =

∂2

∂xg∂xh

7∑
p=1

cp17ςp(x), G
(1)
g+8;h(x) =

∂2

∂xg∂xh

7∑
p=1

cp71ςp(x),

G
(1)
l+2;g+8(x) =

∂

∂xg

7∑
p=1

cpl7ςp(x), G
(1)
g+8;l+2(x) =

∂

∂xg

7∑
p=1

cp7lςp(x),

G
(1)
g+8;h+8(x) =

∂2

∂xg∂xh

7∑
p=1

cp77ςp(x) + R̃ghc977ς9(x), g, h = 1, 2, 3, l, q = 2, . . . , 6
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where

cpgh = −
r
(1)
2p

M̃λ2p
Ñ

(1)
gh (−λ2p), cpgl =

r
(1)
2p

M̃
Ñ

(1)
gl (−λ2p),(6.3)

c811 =
1

ρω2
=

1

µλ28
, c977 =

1

κ8
=

1

κ6λ29
, g, p = 1, . . . , 7, h = 1, 7, l = 2, . . . , 6.

Proof. From equation (4.25),

∆ςj(x) = −λ2j ςj(x) j = 1, . . . , 9.

Thus, we have

− 1

λ2j

( ∂2

∂xg∂xh
− R̃gh

)
ςj(x) = δghςj(x), x ̸= 0

Consider

(6.4) G
(1)
gh (x) = R

(1)
gh (Dx)Y

(1)
11 (x) =

[ 1
µ
Γ(1)(∆)δgh + w

(1)
11 (∆)

∂2

∂xg∂xh

] 8∑
j=1

r
(1)
1j ςj(x)

=
8∑

j=1

r
(1)
1j

{[
− 1

µλ2j
Γ(1)(−λ2j ) + w

(1)
11 (−λ2j )

] ∂2

∂xg∂xh
+

1

µλ2j
Γ(1)(−λ2j )R̃gh

}
ςj(x).

From equation (6.1), we have

(6.5) w
(1)
11 (−λ2j ) = − 1

M̃λ2j
(−λ2j + λ28)Ñ

(1)
11 (−λ2j ) +

1

µλ2j
Γ(1)(−λ2j ).

Using equation (6.5) in equation (6.4), we get

(6.6) G
(1)
gh (x) =

8∑
j=1

r
(1)
1j

{[
− 1

M̃λ2j
(−λ2j + λ28)Ñ

(1)
11 (−λ2j )

] ∂2

∂xg∂xh
+

1

µλ2j
Γ(1)(−λ2j )R̃gh

}
ςj(x)

Now,

Γ(1)(−λ2j )r
(1)
1j = 0 j = 1, . . . , 7

Γ(1)(−λ2j )r
(1)
1j = 1 j = 8

and

(−λ2j + λ28)r
(1)
1j = r

(1)
2j j = 1, . . . , 7

(−λ2j + λ28)r
(1)
1j = 0 j = 8.(6.7)

By virtue of equation (6.7), equation (6.6) becomes

G
(1)
gh (x) =

∂2

∂xg∂xh

7∑
j=1

[
− 1

M̃λ2j
r
(1)
2j Ñ

(1)
11 (−λ2j )

]
ςj(x) + R̃gh

1

µλ28
ς8(x)

=
∂2

∂xg∂xh

7∑
j=1

cj11ςj(x) + R̃ghc811ς8(x).

The remaining formulae of above theorem can be proved in the similar way. □
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Lemma 6.2. If the condition (3.6) is satisfied, then

7∑
p=1

r
(1)
2p =

7∑
p=1

r
(1)
2p λ

2
p =

7∑
p=1

r
(1)
2p λ

4
p =

7∑
p=1

r
(1)
2p λ

6
p =

7∑
p=1

r
(1)
2p λ

8
p =

7∑
p=1

r
(1)
2p λ

10
p = 0,

7∑
p=1

r
(1)
2p λ

12
j = 1,

7∑
p=1

r
(1)
2p

λ2p
=

7∏
i=1

λ−2
i =

M̃

ρω2Ñ
(1)
11 (0)

=
M̃

κ8Ñ
(1)
77 (0)

,(6.8)

and
7∑

p=1

cp11 = −(ρω2)−1,

7∑
p=1

cp11λ
2
p = −λ̃−1,

7∑
p=1

cp77 = −κ−1
8 ,

7∑
p=1

cp77λ
2
p = −κ−1

7 ,

7∑
p=1

cp22 =
A2A3 −A2

5

ϱ
,

7∑
p=1

cp33 =
A1A3 −A2

6

ϱ
,

7∑
p=1

cp44 =
A1A2 −A2

4

ϱ
,

7∑
p=1

cp55 = v−1,

7∑
p=1

cp66 = k−1.(6.9)

Proof. Consider

(6.10) Ñ (1)
11 (−λ2p) = kvκ7ϱλ

12
p +M∗

1λ
10
p +M∗

2λ
8
p+M

∗
3λ

6
p+M

∗
4λ

4
p+M

∗
5λ

2
p+Ñ

(1)
11 (0),

where M∗
p , p = 1, . . . , 5 are coefficients, independent of λp and skipped due to

lengthy calculations.
It is easier to prove the relations (6.8) using equation (4.18).
From equations (6.8) and (6.10), we obtain

7∑
p=1

r
(1)
2p

λ2
p

Ñ
(1)
11 (−λ2

p) =
7∑

p=1

r
(1)
2p [kvκ7ϱλ

10
p +M∗

1 λ
8
p +M∗

2 λ
6
p +M∗

3 λ
4
p +M∗

4 λ
2
p +M∗

5 + Ñ
(1)
11 (0)λ−2

p ]

= Ñ
(1)
11 (0)

7∑
p=1

r
(1)
2p

λ2
p

=
M̃

ρω2

and
7∑

p=1

r
(1)
2p Ñ

(1)
11 (−λ2p) =

7∑
p=1

r
(1)
2p

[
kvκ7ϱλ

12
p +M∗

1λ
10
p +M∗

2λ
8
p +M∗

3λ
6
p +M∗

4λ
4
p +M∗

5λ
2
p + Ñ

(1)
11 (0)

]
= kvκ7ϱ

Therefore, from equation (6.3), we have

7∑
p=1

cp11 = −
7∑

p=1

r
(1)
2p

M̃λ2p
Ñ

(1)
11 (−λ2p) = −(ρω2)−1,

7∑
p=1

cp11λ
2
p = −

7∑
p=1

r
(1)
2p

M̃
Ñ

(1)
11 (−λ2p) = −kvκ7ϱ

M̃
= −λ̃−1.

Similarly, we can prove remaining results of equation (6.9). □
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Theorem 6.4. The relations

(6.11) G(1)
pq (x)−Wpq(x) = constant +O(|x|) p, q = 1, . . . , 11.

hold in the neighborhood of the origin.

Proof. For p, q = 1, 2, 3, consider

(6.12) G(1)
pq (x)−Wpq(x) =

∂2

∂xp∂xq
Ȳ11(x) + R̃pq Ȳ22(x),

where

(6.13) Ȳ11(x) =

7∑
j=1

cj11ςj(x)−
ς∗2 (x)

λ̃
, Ȳ22(x) = c811 ς8(x) +

ς∗2 (x)

µ
.

From equation (6.13), we have

Ȳ11(x) =

7∑
j=1

−cj11
4π

∞∑
l=0

ιlλl
j

l!
|x|l−1 +

|x|
8πλ̃

(6.14)

= − 1

8π

[
2

7∑
j=1

cj11

∞∑
l=0

ιlλl
j

l!
|x|l−1 − |x|

λ̃

]

= − 1

8π

[
2

|x|

7∑
j=1

cj11 − |x|
( 7∑

j=1

cj11λ
2
j +

1

λ̃

)]
− ι

4π

7∑
j=1

cj11λj + Ȳ33(x),

Similarly,

(6.15) Ȳ22(x) = − 1

8π

[ 2

|x|
c811 − |x|

(
c811λ

2
8 −

1

µ

)]
− ι

4π
c811λ8 + Ȳ44(x),

where

(6.16) Ȳ33(x) = − 1

4π

7∑
j=1

cj11

∞∑
l=3

ιlλlj
l!

|x|l−1, Ȳ44(x) = − 1

4π
c811

∞∑
l=3

ιlλl8
l!

|x|l−1.

Clearly

Ȳhh(x) = O(|x|2), ∂

∂xe
Ȳhh(x) = O(|x|),

∂2

∂xe∂xi
Ȳhh(x) = constant +O(|x|) e, i = 1, 2, 3, h = 3, 4.(6.17)

Consider
∂

∂xi

( 1

|x|

)
= − xi

|x|3
,

∂2

∂x2i

( 1

|x|

)
=

[ 3x2i
|x|5

− 1

|x|3
]

Hence,

∆
1

|x|
=

3∑
i=1

∂2

∂x2i

( 1

|x|

)
= 0.

Therefore,

(6.18)
( ∂2

∂xp∂xq
− R̃pq

) 1

|x|
= δgh∆

1

|x|
= 0.
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Equation (6.12) with the aid of equations (6.9), (6.14)–(6.18) becomes

G(1)
pq (x)−Wpq(x) =

∂2

∂xp∂xq
Ȳ33(x) + R̃pqȲ44(x) = constant +O(|x|).

Similarly, other formulae of equation (6.11) can be proved. □

Therefore, matrix W(x) is the singular part of the fundamental matrix G(1)(x)
in the neighborhood of the origin.

7. Conclusions

The paper contributes to the field of micromorphic thermoelasticity by deriving
a linear theory that incorporates triple porosity and microtemperatures. Addition-
ally, it analyzes the fundamental matrix of the resulting system of equations under
different oscillatory and equilibrium scenarios. These contributions enhance our un-
derstanding of thermoelastic behavior in complex materials and provide valuable
insights for practical applications.
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ЛИНЕАРНА АНАЛИЗА МИКРОМОРФНИХ
ТЕРМОЕЛАСТИЧНИХ МАТЕРИJАЛА СА

МИКРОТЕМПЕРАТУРАМА И ТРОJНА ПОРОЗНОСТ

Резиме. Оваj рад настоjи да успостави основне jедначине коjе регулишу ани-
зотропне микроморфне термоеластичне медиjе са троструком порозношћу и
микротемпературама. Предложени модел узима у обзир утицаjе порозности
и микротемпература, од коjих оба играjу значаjну улогу у прецизном хвата-
њу понашања специфичних материjала. Поред тога, циљ рада jе да се развиjе
фундаментално решење за систем jедначина у стационарним, псеудостатич-
ким, квазистатичким осцилациjама и условима равнотеже.
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