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BURGERS TENSOR FLOW ACCOUNTING FOR
COLD WORK AND THERMAL ANNEALING
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O. P. Layeni, and A. P. Akinola

ABsTRrRACT. This paper proposes a kinematical-thermal-based constitutive law
for the evolution of Burgers tensor during cold work and upon subsequent
thermal annealing of a polycrystalline. The proposal is based on the paper by
Anand et al. [L. Anand., M. E. Gurtin., B. D. Reddy, The stored energy of cold
work, thermal annealing, and other thermodynamic issues in single crystal
plasticity at small length scales, Int. J. Plast. 64 (2015), 1-25|. The principle
of virtual work and thermodynamic laws are employed to obtain balance of
forces, balance of energy, and free-energy imbalance. Non-recoverable energetic
microscopic stresses are obtained as features for materials that are cold-worked
whenever the defect energy is dependent on Burgers tensor. Consequently,
it is observed that internal-energetic plastic power is not less than entropic
plastic power. The recovery rate during thermal annealing is shown to mimic
dissipative behavior, leading to a reduction in the accumulation of dislocation
densities. Furthermore, the free energy function —approximated as a quadratic
form— is used to obtain the constitutive relations for the macroscopic and
microscopic stresses.

1. Introduction

The visualization of a polycrystalline metal at the microstructural level often
describes metal as an aggregate of grains with boundaries. The interiors of these
grains have structures similar to single crystals, and their boundaries are called
grain boundaries. At a temperature less than 0.356,,, where 6,, is the melting
temperature of a metal, the plastic behavior involves a process known as cold
working [3]. Within this temperature range, and for grain sizes with diameter
greater than 100 nm, the plastic response of the entire polycrystalline metal is
due to the plastic deformations of grain interiors with boundaries assumed to be
perfectly bonded [17]. The carriers of these deformations are dislocations, which
occur on crystallographic slip planes for each grain in the polycrystalline [28]. These
give rise to strain hardening because such deformations for cold-worked materials

2020 Mathematics Subject Classification: 74C10.
Key words and phrases: gradient plasticity, cold work, Burgers tensor, recovery rate, non-
recoverable free energy.

39


https://doi.org/10.2298/TAM240201003B

40 BOROKINNI, FADODUN, OLOKUNTOYE, LAYENI, AND AKINOLA

are often accompanied by an increase in the number of dislocation densities, leading
to resistance of plastic flows.

During cold working, a large portion of the plastic work perfomed is converted
into heat, while a certain amount is stored as energy of cold work in the material.
Experimental observations and theoretical studies on the stored energy of cold
work have shown that the ratio of stored energy to plastic stress power for metals
is often between 0 and 15% [7,8,23,25]. This ratio plays a significant role in
determining the fraction of plastic power that is converted into heating. Upon
further heating to a temperature that is between 0.356,,, and 0.560,,,, the cold-worked
material undergoes a recovery process known as thermal annealing. During this
process, there is a significant reduction in the accumulation of dislocation densities,
thus allowing for plastic flow in the material. In this instance, the stored energy
is released, which implies that the fraction of plastic power converted to heating
changes with an increase in temperature, strain, and strain rates [3,17, ]

A theory of polycrystalline plasticity under cold working should couple thermal
effects with mechanical behavior in a thermodynamically consistent manner [1,21].
Furthermore, such a theory should be capable of accounting —within the energy
balance— for the increase in internal energy associated with the accumulation of
dislocation densities [28]. Anand et al. [3] proposed a thermo-mechanical gradient
theory of single-crystal plasticity for cold-worked materials, where a plastic internal
energy that is dependent on dislocation densities is introduced. The proposed for-
mulation expressed the evolution of the mean field of dislocation densities in terms
of quantities associated with an increase in the accumulation of dislocation densities
due to cold work, and quantities associated with a decrease in the accumulation of
dislocation densities during thermal annealing.

Within the context of polycrystalline plasticity, the physical quantity that is
known to measure dislocation densities is the Burgers tensor which can be expressed
in terms of the distribution of edge and screw dislocation densities [15]. This paper
aims to formulate a distortion gradient plasticity of a polycrystalline metal that
accounts for the energy due to cold work and thermal annealing through a consti-
tutively well-defined Burger tensor flow. In the paper of Borokinni et.al. [11] the
Burgers tensor is assumed to be skew-symmetric, while its rate assumes no con-
stitutive relation with the temperature, whereas in this paper, the Burgers tensor
is not constrained to be skew-symmetric, but it is assumed to be constitutively
dependent on the absolute temperature.

2. Basic kinematic relations

2.1. Decomposition of displacement gradient. Let u be the displacement
vector of a particle at a point x and time ¢ in a region B that corresponds to a
plastic material. The displacement gradient of the material under small deformation
admits the standard additive decomposition

(2.1) Vu=H*+HP

into elastic distortion H® and plastic distortion HP. The tensor H® measures the
stretch and rotation of the underlying lattice structure of the plastic material,
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while H? measures defects in the material structure arising from the formation and
motion of dislocations. Plastic deformation, for most metals, does not incur changes
in the volume of the material, thus we can assume the plastic incompressibility
constraint

(2.2) tr H? = 0.

The elastic and plastic strains E¢ and EP are defined as
1 1
Ef = J(H + H") and EP = 5 (H7 + H*T)

respectively. Also, the elastic and plastic rotations W€ and WP are

1
W= _(H°-H") and W? = 5 (H = HT)

respectively. The tensor W€ is called elastic rotation. It is the rotation of the
underlying lattice structure associated with the skew-symmetric part of the elastic
distortion tensor H®. The tensor WP is called plastic rotation arising from the
formation and motion of dislocations. It is the skew-symmetric part of the plastic
distortion tensor HP.

Clearly, E¢ and EP are the symmetric parts of H® and HP, respectively and
W¢€ and WP are the skew parts of H® and HP, respectively.
The total strain E and total rotation W are given by

E=E‘4+EF and W=W°4+W?
respectively. From eqs. (2.1) and (2.2), a basic kinematic rate equation is
(2.3) Va=H+H with trH? =0,

where A is the time-derivative of a physical quantity.

2.2. Burgers tensor. The Burgers tensor will be denoted as G. This tensor
is a local characterization of the Burgers vector which measures the closure failure
of an infinitesimal circuit of a lattice on a plane with prescribed unit normal. The
Burgers tensor G is defined as’

(2.4) G =V xH? orsimply as G;j =¢;psHY

Js,m?

where €;,.s is the permutation symbol.

This definition in eq. (2.4) shows that a constitutive theory involving the Burgers
tensor must account for plastic rotation WP? through V x WP except if one assumes
from the outset that WP = 0. Constitutive theories for distortion gradient poly-
crystalline plasticity that account for plastic rotation will better approximate the
single crystal gradient theories than those that ignore plastic rotation [2,6,9,15].
Thus, in this paper, we make no assumption of plastic irrotationality.

1Aij are the components of a second-order tensor A. We denote Aj , as the partial derivative
of Ajs with respect to x,, where x;, are the components of the position vector x.
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2.3. Densities of edge and screw dislocations. The single crystal hypoth-
esis allows the plastic distortion HP to be written as

(2.5) HP =) %" @m®,

where « indicates the slip system for a lattice with o = 1,2,..., N. Each slip
system is described by a slip plane II* with normal m®. The vector s® is called
slip direction and v* is the slip. The vectors s* and m® are unit, constant and
orthogonal vectors i.e. s* - m® = 0 and s®| = |m®| = 1. With the choice of plastic
distortion H? in eq. (2.5), it is observed that eq. (2.1) can be written as

Vu=H°"+ Z’yaso‘ Q@ m“.
«
Also, note that

trH? = tr (Zvo‘s“@m“) = Zyo‘s“ -m® = 0.
[e3 [0

Thus, the single-crystal theory naturally satisfies the plastic incompressibility con-

straint. Following Arsenlis and Parks [4], and within the framework of continuum
mechanics, the quantities
(2.6) pE = —s%-Vy* and p§:=(m® xs) Vy“~

mimic the edge and screw dislocation densities, respectively. Let 1 = m® xs®, then
the set {1%, m®,s*} forms an orthonormal basis in the three-dimensional Euclidean
space. Thus, we have V4® = —pgs®+p%1*+(m*-Vy*)m®. The term —p%s®+p31~
is known as the tangential slip gradient and is denoted as V¢, v, while the quantity
(m® - Vy*)m® is known as the normal slip gradient. The normal slip gradient is
not a known measure of any macroscopic quantity that mimics dislocation density.

Using egs. (2.5) and (2.6), the Burgers tensor can be written as
(2.7) G=VxH =) (ppl* ®s* + pes® @s”).

[0
Eq. (2.7) shows that the Burgers tensor can be additively decomposed into the
distribution of edge and screw dislocation densities on individual slip systems.

2.4. Constitutively defined flows of dislocation densities. In the paper
written by Anand et al. [3], a dislocation density p* representing the mean field
of glide and geometrically necessary dislocation densities is defined through the
initial-value problem

(2.8) = A0, )1 — R¥(0,7) with p°(x,0) = S,

where A%(6,5), R*(6,5) and I'® are dislocation-accumulation modulus, recovery
rate and effective flow rate, respectively. The quantities § and p are the absolute
temperature and list of dislocation densities (p', p?, ..., p") respectively. A%(d, p)
and R*(0, p) satisty

(o3

A%0,p) >0, and R%(0,p) >0 with 880

>0 forall >0 and p.
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The effective flow rate is defined as I' = \/[3%]2 + 12|V, 7¢[2. We shall assume,

tan
for the moment, that dislocation densities (edge and screw) satisfy eq. (2.8) i.e.

(2.9) 5% = A0, . s, 5 )T — R0, s, s, i) with  ps(x,0) = pif,
and

(2.10)  p§ = AL(0, pw, s, pa)I' — RE(0, pe, fis, pa)  with  pl(x,0) = p§,
where pg, ps and pg are the list of edge, screw, and glide dislocation densities,
respectively. The quantities A% and A% are the dislocation-accumulation modulus
associated with edge and screw dislocation densities, respectively. R% and R¢ are
the recovery rates associated with edge and screw dislocation densities, respectively.
Using eqs. (2.7), (2.9) and (2.10), the flow of Burgers tensor can be written as

(2.11) G =) A0, fp. s, pc)l* =Y R0, s, fis. pc),

where, A* = A1 ®s* + A%s* ®s® and R* = RE1* ®s® + R¢s* ®@s®. Eq. (2.11)
serves as a guide to obtaining the constitutive relation for the flow of Burgers tensor
for a polycrystalline.

2.5. Burgers tensor rate for polycrystalline. It is not a basic assumption

in polycrystalline theory that the plastic distortion takes the form in eq. (2.5).

Thus, the single crystal and polycrystalline gradient theory are not the same [5,12,

|. However, a polycrystalline is an aggregate of grains —similar in structure to

single-crystals— of different sizes and with grain boundaries. Hence, the constitutive

relation for the Burgers tensor rate would be assumed in an average sense in concert
with eq. (2.11). We propose a Burgers tensor rate G of the form

(2.12) G=A0,G)d” —R(#,G) with G(x,0)=G,,

where A(f,G) and R(#, G) will be referred to as accumulation modulus and re-
covery tensors, respectively, which are assumed to be positive semi-definite. Here,
the first term on the right-hand side of eq. (2.12) characterizes changes in Burgers
tensor due to plastic flow, while the second term characterizes changes in Burgers
tensor due to thermal annealing. The quantity d? is the effective flow rate defined as

(2.13) @ = \J[¥P[2 + 12| VP2,

3. Virtual power principle

The local macroscopic and microscopic force balances for plastic flow are often
obtained as consequences of the principle of virtual power. Let P be an arbitrary
region of the body B called a sub-body of B and with boundary OP. The external
macroscopic forces on P are power-conjugate to velocity . Let t(n) and b be
macro-traction on P and body force on P, respectively, where n is the outward
unit normal on 9P. Also, assume that a microscopic traction K(n) acts on 9P
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and it is power-conjugate to the plastic distortion rate H?. The power Wext (P)
expended on P by these external forces for a quasi-static process is

cht(P):/ t(n)-uda+/ b-udV + [ K(n):HPda.
oP P oP

The external power expenditure on P is balanced by power expended within P.
Consistent with the kinematic relation in eq. (2.3), the following can be assumed

[13,18,24,26,27]:

(i.) Macroscopic stress T is power-conjugate to the elastic distortion rate He;

(ii.) Plastic microscopic stress T? is deviatoric and power-conjugate to the
plastic distortion rate HP; and

(iii.) A third-order polar microscopic stress KP is deviatoric in its first two

indices and power-conjugate to the gradient of plastic distortion rate VH?.

The power Wiyt (P) expended within P is given by

Wine (P) = / [T : H® + T : H? + KP:VH|dV.
P

Let v = (1, He, I:Ip) be a list of generalized virtual velocities consistent with
Va=H+H, trH =0.

The virtual power principle states that
/ t(n) - ﬁda—i—/ b-adV + [ K(n):HPda
P P oP
— / [T : H® + T? : H? + KP:VHP|dV.
P

The consequences of the virtual power principle following Gurtin [15] and Anand
et al. [3] are:

(i.) Macroscopic force balance and macro-traction condition

divT+b=0 in P and t(n)=Tn on OP

respectively.
(ii.) Microscopic force balance and micro-traction condition
(3.1) T,=TP—divK? in P and K(n)=Kn on JP

respectively, where
1
T,=T-— g(trT)I

is the deviatoric part of T and I is the second order unit tensor.

Also, as a consequence of frame-indifferent, the macroscopic stress T is symmetric
(i.e. T =T7) so that we obtain

T:H®=T:E-"
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4. Balance of energy and free-energy imbalance

Balance of energy is simply a statement of the first law of thermodynamics
which is written mathematically as

/édv:Wext(P)f/ q~nda+/qdv,
P P P

where € is the internal energy measured per unit volume, q is the heat flux through
OP and q is the heat supply to P. Using the power balance principle and divergence
theorem, the global energy balance can be written as

/ édv = / [T : E¢ + TP : HP + KP:VH? — div q + q]dv.
P P
Since, P is an arbitrary portion of B, the local form of the energy balance is

(4.1) e=T:E°+T?:H? + KP:VH? — divq + ¢.

The second law of thermodynamics is written as

/ﬁdv}—/ g-nda—&—/galv7
P op 0 pt

where 7 is the entropy of P measured per unit volume and 6 > 0. Following the
arbitrary nature of P, the entropy imbalance in local form is

i3 —an () + 4

Introduce the free energy ¢ defined via the Gibbs’ relation

(4.2) Y =e—0On.

A combination of egs. (4.1), (4.2) and the above inequality gives the local free-
energy imbalance as

(4.3) 1/}+9n—T:Ee—Tp:HP—KPEVHP—F%qVGgO.

This imbalance will be useful in obtaining thermodynamically consistent constitu-

tive relations for the entropy, stresses, and heat flux.

5. Constitutive relations

Let the free energy be defined as ¢ = LZA)(H, E¢, G), and assume a separable form
P(0,E,G) = ¢¥°(0,E°) + ¢P(0,G) into elastic free energy ¢° and defect energy
1P. With these choices, it is clear that

. OY(0,E°) .. OP(0,E°,G). OYr(0,G)
V= ——ge BT+ 50 0+ —g &
Let .
or(0,G)
p _— QP = ' "7
SP =SP4, G) o

then by eq. (2.12), we have
(5.1) SP:G=SP:A(0,G)d* — S :R(0,G).
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Let F(6,G) and R(#, G) be defined as

(5.2) F0,G)=SP(¢,G): A(#,G) and R(0,G)=SP(¢,G):R(0,G),

and assume that F(0, G) > 0. Using eqgs. (2.13) and (5.2), we can write eq. (5.1) as

F(9,G)
ar

Now introduce the microscopic stresses TR , and K% 5 defined as

(5.4)  TR,=F(, G)% and K&, =I?F(0, G)%, for dP #0,

then eq. (5.3) can be written as

(5.3) SP:G= [|[F7|? + 1|VHP ] — R(6, G).

(5.5) SP:G =TR: H + K% ,:VH? — R(9,G).

Since, F(A,G) > 0, then the stresses TR, and K%, are non-recoverable in the
sense:

(5.6) T8, : H? + KR, VH? > 0.

Eq. (5.4) holds provided dP # 0. To accommodate d? = 0, a scalar function ¢ is
introduced and it is defined by (0, G,.dp) = F(0,G)dP, for all d? > 0. Clearly,
when dP = 0, we have |HP| = 0 and |[VH?| = 0. Given that d? # 0 and

(5.7) T? - HP + KR ' VHP < ¢(0,G,dP) for all dP >0,

where dP = \/|P~IP\2 +[2|VHP|2. Then by egs. (5.4), (5.6), and (5.7), we obtain

(5.8)  6(0,G,d") = ¢(0,G,dP) + Tk : (A? — HP) + K% .:(VH? — VHP)
for all dP > 0. Using chain rule, it is clear that

9 0¢ 0dP HP

o oo LG
and )
op _ 0¢ odP ., VH? v
ST — 00 5V =1*F(0, G)—dp whenever dP # 0.

Hence, in terms of ¢, the non-recoverable stresses can be written as

0¢(0, G, dP) 09(0, G, dP) .

TI])VR = W and KII)VR = W prOVlded dp 7é 0.
Following Anand et al. [3], we assume that the dissipative microscopic stresses T4,
and K. are defined through
(5.9) T, =TV - T, and Kj_ =K -KEL.

Thus, the free-energy imbalance eq. (4.3) can be written as

(81&5(67Ee) o0, E, G) +v7)9

ar 1) B (T
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. .. 1
~ R(0,G) = T : ¥’ — K}, IVH’ + 2q - V0 < 0.

By Coleman—Noll procedure, we have the constitutive relations for the macroscopic
stress and the entropy:

- 4° (6, E°) . 99(0,E°, G)
1 T=T0,E) = ———= d =70,E*G) = ——————=.
(5.10) (0.8 = Z2= and g =i(0,E°,G) -
The dissipation inequality is given as
. . 1
R(0,G)+ T4, : H? + K, :VH? — 74 Vo = 0.
As a constitutive choice, consistent with literature [3,17], we assume that q =

q(6, Vo), where T4, , Ki. - and R(#, G) are independent of temperature gradient,
then it is clear that we have the heat-conduction inequality to be given as

q(0,ve)-ve <0 forall VO, HP, VH?, and G.

Because V@ can be chosen arbitrarily independent of HP , VH? and G, then we have
the mechanical dissipation inequality given as R(0, G)+ T, : HP + K%, :VHP > 0.

Consistent with Gurtin et al. [17] for rate-independent plastic materials, we assume
the constitutive forms:
T? =T% (6,¢",H?, VH?) and K&_=KE (6,¢", H?, VH?),

where ¢P is an hardening variable satisfying the equation ¢ = dP with ¢P(x,0) = 0.
With these constitutive choices, it is clear that T4, and K, are independent of
G. Thus, for arbitrary choices of HP and VHP we have the important result

(5.11) R(O,G) >0 forall G.

The mechanical dissipation is defined as

§:=ThH, :H + K. :VHP.
Consistent with Anand et al. [3], we assume that the material is strongly dissipative

in the sense that the mechanical dissipation ¢ satisfies § > 0 for all dP, and § > 0
for all d? # 0.

REMARK 5.1. The inequality (5.11) shows that if defect microscopic force SP
and recovery tensor R are not orthogonal, then the recovery mimics a dissipative
process and will characterize a decrease in dislocation densities due to thermal
annealing.

6. Associative flow for dissipative microscopic stresses

Assume the material under consideration is rate-independent [16,22]. We
define the yield function F(6,¢?, T%. K., ) by

F(Q, evagivaﬁis) = \/|Tﬁis|2 + 172|Kﬁis‘2 - Y<97 ep),

where Y (6, ¢?) is the flow resistance defined as Y (6, ¢?) = é% for all ¢? # 0. Following
the assumption of strict dissipativity (i.e. §>0 whenever ¢?#0), then Y (6, ¢?) > 0.
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For associative flow, the following normality relations hold:
HY Th,. and IVH? _ 17K,
@ VITh R + 12 KE P e VTG + 172[KE 2
For plastic flow ¢? # 0, the yield criterion F(6,¢?, H?, VHP) = 0 is satisfied, so that we
have

for ¢ #£0.

\/|T§is\2 +12|KL, |2 =Y(6,¢") whenever ¢ #0.
The consequences of the normality relations are the following constitutive relations for

dissipative microscopic stresses:

TP &
Th, = Y(6.0) 0 and Ky =PY(0,¢) 5 for " £0.

The elastic range is given as F(0, ¢?, H?, VH”) < 0 for all ¢? > 0. The no flow condition
is given by ¢ = 0 whenever F(0,¢?, H?, VH?) < 0.
Suppressing other arguments, the dissipation § is defined as

(6.1) §=48(") =Y(0,¢")e?  forall ¢ >0.

According to the principle of maximum plastic dissipation, fields evolve so as to maximize
dissipation in the sense [10]

(6.2) §() > Th, - HP + K5 _:VH? for all & > 0.
Combining egs. (6.1) and (6.2), we have

(6.3) 5(%) = 6(¢") + T%,_ : (HP — HP) + K;,_:(VH? — VH?).
Also, observe from eq. (6.1) that
oP ol
- 86('2 ) and K?_— 86(2' )
oHr OVHP

for all H? £0 and VH? #£0.

7. Energy balance in terms of heat capacity:
Energy and entropy of cold work

It is known that for many metals, dislocation changes do not contribute much to
changes in the heat capacity. Following Lubliner [20], Rosakis et al. [23], and Anand et
al. [3], we assume the heat capacity is independent of the Burgers tensor G. If ¢ denotes
the heat capcity, then constitutively, we write ¢ = ¢(0, E). The heat capacity is defined
as

ey aé(97Ee3 G)
where € = €(6, E®, G) is the internal energy satisfying the Gibbs’ relation
(7.2) é0,E°,G) = (0, E°,G) + 07(0,E°, G).
Using egs. (7.1) and (7.2), the energy balance eq. (4.1) can be written as
b+ 2 g4 O G T B 4T P+ KPVEP — divg +
SR 5 G=T: : : q-+gq
. . p . . .

Also, observe that by egs. (3.1), (5.5) and (5.9), we have



BURGERS TENSOR FLOW ACCOUNTING FOR COLD WORK... 49

. o SP .
T2 HP + K2, VHP + R(0,G) + 0‘98—0 e
. . 9SPN\ .
— . D 3 PP\ _ P _ .
— T : H + div(K’H?) (s 089).0.,
where the component of KPHP is given by (KPHP), = Kfijfj. The components of KP

and H? are Kfjk and Hfj, respectively. The stress-temperature modulus tensor M is
defined as

oT
M= M(0,E°) = —.
0.8 = %
The energy balance can thus be written as
. . . P . .
(7.3) b+ divg—q=T:H + div(K’H?) — (sp - 0%) G+ OM : E°.

Since ¢ = é(0, E®), we can assume that the internal energy € has the additive decomposition
€(0,E¢, G) = é°(0,E°) + é°(G) into elastic part €°(0, E®) and plastic part é?(G), where

. ey 0€(0,E°) 08 (G)
¢(0,E%) = o0 and % = 0.
From egs. (7.1) and (7.2), it is observed that
_ 0c(0,E°) _ 8 (,00(0,E°,G)\ _ 9% (¢
= "9c ~ oG (9 20 ) 002 (ae)‘

This implies that there exist tensor functions P(G) and Q(G) such that

oy oYr(9,G)
oG~ 090G

Suppose zZA)p(O, 0) = 0, then upon integration, there exist functions ¥ = E(G) and N =
N(G) such that ¢?(0, G) = E(G) — ON(G). Based on the structure of the free-energy

in relation to the internal energy and entropy, we assume that the plastic internal energy
€P(G) is defined as

(7.5) &(G) =4"(0,G) + 07" (G),

where 7P (QG) is the plastic entropy assumed to be a function of the Burgers tensor G.
This structure implies that F(G) = é?(G) and N(G) = 7*(G).

It follows that by egs. (7.4) and (7.5), we have

(7.6) P(G) = (%;g;) and Q(G) = aﬁ;éG).

Also, by egs. (4.2) and (7.5), the entropy must admit the additive decomposition
n(0,E°, G) = 7°(0,E°) +7*(G)
into elastic part 7°(0, E®) and the plastic part 7”(G). Consequently, the plastic entropy

in terms of the plastic free-energy, and the heat capacity in terms of the elastic entropy
are defined as

(7.4) =87 = P(G) — 0Q(G).

P ~e e
7" (G) = 9976, G) E()Z,G) and c(6,E°) = 9787] géE )
Furthermore, it is observed that by egs. (5.1), (5.2), (5.4), and (7.4), we obtain T%p :
H? + K& ,:VH? = P(G) : A(6,G)d” — 0Q(G) : A(6,G)dP, where the terms P(G) :
A(0,G)d? and 0Q(G) : A(0,G)dP are the internal-energetic plastic power, and the en-
tropic plastic power respectively. An immediate consequence of inequality in eq. (5.6) is

Internal-energetic plastic power > Entropic plastic power.
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We note that the definition of S” through eq. (7.4) implies that
os? oSP

_ P _ _
= -Q(G) and 8" -0 = P(G).
Clearly by eq. (7.6), we have
aSPy . . 0P(G) . -
P_ g%\ . a_Pp.C— L P
(S 989).G P:G 3 : G =ée7(G).

Thus, the energy balance eq. (7.3) in terms of heat capacity and internal energy due to
cold work has the form

c(0,E)0 +divq — ¢ =T : H” — &*(G) + M : E° + div(K’H?).

Upon integration over the domain B occupied by the body, we have (where €’ = é°(G))
/ c@dv—i—/ q~nda—/ qdv
B B B
:/ T:devf/ epdv+/ oM : EPdv + [ KH” - nda.
B B B oB
If thermal expansion is neglected (i.e. M : E°~ 0), and dividing through by

/ T : HPdv + KHP - nda,
B

B
we have
)
(7.7) Bp=1- _ JpEdv ,
fBT : dev—i—faB]KHP -nda
where

chévarfan-ndaf Sz adv

fBT : Hedo + faBKHP -nda
is the global fraction of plastic power that goes into heating. By eq. (7.7), it is clear
that 8p deviates from unity provided that there is a temporal change in the global plastic
internal energy.

Be =

8. Complete initial and boundary value problem

Evolution of Burgers tensor G. The Burgers tensor G = G(x,t) is assumed
to satisfy the evolution equation G = A(6,G)d”? — R(A,G) with initial condition
G(x,0) = Go.

Macroscopic force balance and associated boundary conditions. The macro-
scopic force balance and macro-traction condition are given as

(8.1) divT+b=0 in B and Tn=t"(n) on 8Biuac,
where t*(n) is prescribed on 0Birac a portion of 0B.
Given the free energy ¢ = 1°(0, E®), the stress T is defined constitutively by
oY°(0,E°)
OEe '
where E°=E —E? and E = 1(Vu+ (Vu)”). We shall assume that the displacement
u is specified on a portion 0B, of B in the sense
(8.2) u(x,t) =u, on OBy,

where 0B, and 0Biac are complementary subsurfaces of 0B.

T =
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Microscopic force balance and constitutive relation for microscopic stresses.
The microscopic force balance is given as

(8.3) T, =TF —divk? in B.
The Cauchy stress and microscopic forces are constitutively defined as follows
9y°(0,E°) .
T="%p
and
TP TP
(8.4) T = (F(0,G) + Y (0, e”)% and K” =I1*(F(0,G) +Y(6,¢")) vjj

for d? # 0, where Y (0, G) is the flow resistance and
9" (0. G)
F = t A >
9, G) 3G 0,G) >0

By substituting constitutive relations eq. (8.4) into the microscopic force balance eq. (8.3)
gives what is known as the plastic flow rule. The flow rule is to be accompanied by
appropriate initial and boundary conditions.

Initial-boundary conditions of flow rule. For the initial condition of the flow
rule, we assume that HP(x,0) = O for all x € B. For the boundary conditions, it is
assumed that the body B is made up of time-dependent complementary sub-bodies B®(t)
and BP(t) called the elastic and plastic region, respectively. These sub-bodies share an
interface Z(t) in the sense:

B =B*(t)UBP(t) and B°(t)N BP(t) =Z().
Let BP(t)be the boundary of B (t). We define the surface S?(t) by
SP(t) = 0B (t) N 0B.

Now, suppose 0Bfa.q and 0Bg., are complementary subsurfaces of B, such that 0Bfa.q
is the portion of 0B that does not allow flow of dislocation, and 0Bg, is that portion of
OB that allows flow of dislocation. We shall define the microscopic hard surface St ()
and microscopic free surface Sf . (t) as

Slfard (t) = ( ) n 8Bhal”d and Sfp;ee( ) = ( ) n anree

The microscopic-hard and microscopic-free boundary conditions specified on these micro-
scopic surfaces are given by

(8.5) HP(x,t)=0 on SP ,(t) and K’n=0 on S?_(t)
respectively.
Balance of energy and associated initial-boundary conditions. The balance
of energy is given as
c(0,E)0 +divg —q =T : H” — & + 0M : E° 4 div(K"H"),
where,
O*)(0.B,G) . OT(0.E)
002 ’ - 00
. PO, G) L 0%P(0,G)\
P _ ) _ ) .
E*( oG O d00G )'G'

c(0,E®) = —0 and
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Given a known function 6,(x), the initial condition for the temperature distribution is
assumed to take the form 6(x,0) = 6,(x) V x € B. Also, given the functions §* defined
on portion 0By of the boundary 0B and ¢, defined on portions 0B, of the boundary 0B,
we choose as boundary conditions the following: 6(x,t) = * on 8By and q - n = g, on
0By, where 0By and 0B, are complementary sub-surfaces of 0B.

9. Weak formulation of the coupled problem

Let 1, H? and VH? be kinematically admissible variables consistent with the bound-
ary conditions egs. (8.2) and (8.5), and 6 be a thermally admissible variable in the sense
that § = 0 on By.

From eq. (8.1), the macroscopic force balance satisfies [3,16,22]

/((ﬁ—l’l) -divT +b-(a—1))dv=0.
B
By Gauss divergence theorem, we have

(9.1) /B T : (B(i) — B(a))dv — /6& t*(n) - (@ — 0)da — / b (&t — u)dv = 0,

B
where E = E(u) = $[Va + (Vi)”] and E = E(a) = [V + (Va)”].
From eq. (8.3), the microscopic force balance satisfies the equation

/ T:(I:Ip—Hp)dv:/ T" : (I:Ip—Hp)dv—/(I:Ip—Hp):divadv.

B B B

Applying the Gauss divergence theorem and the use of eq. (8.5), we have

(9.2) / [T? : (H? — H) + K*:(VH? — VH?)|dv — / T : (H” — H”)dv = 0.
B B

Integrate eqs. (5.8) and (6.3) over B, and add to the sum of egs. (9.1) and (9.2), we
obtain

9.3) /B (BE) + dE))dv / (B(&) + $())do

+ . T : ((E(q) — H?) — (E(u) — H?))dv

,/aBtt*(n),(ﬁfu)da—/b-(ﬁfu)dv20.

B

Hence, the macroscopic and microscopic force balances in eqgs. (8.1); and (8.3), the consti-
tutive relations for the macroscopic stress T, the microscopic stresses T? and K? together
with the natural boundary conditions in egs. (8.1)2 and (8.5)2 are equivalent to the weak
form represented as a variational inequality in eq. (9.3).

The weak form of the energy equation is simply given as

/céédv—t—/ éqnda—/q~V§dv—/q9~dv
B 8Bq B B
:/ T:Hpédvf/ derdv+ [ KPn:HPdda
B B OB
—/ KPHF~védv+/ 60M : E¢dv,
B B

where fBédiquvz —qu-Védv—i—fan fgn da, gn = q-n on 0By and 6 = 0 on 8By.
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10. Constitutive relation in a reference configuration
natural for a fixed temperature

Let w = &(0, E°, G) be Gibbs function defined as

@(0,E°,G) = (0,E°,G) + (0 — 0,)7(0,E°, G),

where 0, is a fixed temperature.

By definition, a reference configuration is said to be natural for a fixed temperature
0, if ©(0,E°,G) has a minimum at (§,E°,G) = (0,,0,0) (Gurtin et.al., [17]). The
consequences of this definition are:

(i.) The Cauchy stress T vanishes at (6,,0,0);
(ii.) The elasticity tensor % = {;9];—2@ is positive semi-definite at (6,,0,0);
(iii.) The specific heat capacity ¢ = ¢(6, E®) is non-negative at 8 = 6, and E® = 0.

For small deformation, let € be define as

(0 —6,)* [V
o T

€= \/Ee|2 + [Hr|2 +12|G|2 +

where [ and L are length scales.

Given an arbitrary field ® = ®(0, E®, G). We shall denote the value of ® at (6,,0,0)
as <I>’0 and assume that at this virgin state, Gibb’s function w, free energy 1, and entropy
7 satisfy

(10.1) wly =, =nl,=0.
By Taylor’s series expansion, the free energy is expanded about (6,,0,0) as
0. E°. Q) — oy MW g M| .
(10.2) w(e,E,G)_wO+6EeO + 34 0(9 90)+8G0.G
1o (0% ) 10y 2
TR <aEez 0) BErae: <ac;2 0) G+ 32|00
82¢ e 52¢ 2
+898Ee O.E (9—90)—1—% O.G(0—00)+0(€ ) as & —0,
where,
824 =0 since ¢ =¢°(0,E°) +9"(0,G)
OE0G ’ e
Recall that at (6,,0,0), w is a minimum, so that we have
Ow o Ow o o
10. =0= ihadl B . L —
(10:3) ore|,~°~ omc|,; oc|,~°Tac|, ™ 0|, "

The elasticity tensor C, specific heat capacity c,, coefficient of thermal expansion tensor
due to elasticity M, a coefficient of thermal expansion due to defectiveness W and a
defective modulus B at (6,,0,0) are given as

_ " _ 9% _ 9% _ _ Py
C=ome|, “= ae|” MT |, W~ awec|, ™ PTae|
respectively.

By egs. (10.1) and (10.3), and ignoring higher-order terms in eq. (10.2), the free-
energy v has the quadratic form

(10.4) $(6,E°,G) = LE°: CE* — 2‘;

(0 —0,)°+ (0 —6,)M : E°
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+%G:BG+(9—90)W:G.

It is clear that the elastic free energy ¢ and the plastic free energy ¥? are given as the

quadratic forms

N Co

V°(0,E°) = LE° : CE® —

(10.5) e 26,

PP(0,G) = %G :BG+ (6 —0,)W : G.
and

By egs. (5.10), (7.4), (10.4),

and the entropy n are given as
T =CE® + (0 — 0,)M, S? =BG + (0 — 6,)W, and
#(0,E°,G) = ;—”(efGO)fM:EE ~W:G.

(0 —0,)°+ (0 —0,)M : E°,

(10.5) the Cauchy stress T, the microscopic stress S”

11. Conclusion

In this paper, a report on a thermo-mechanically coupled theory of polycrystalline
distortion gradient plasticity for cold working has been presented. A constitutively well-
defined Burger tensor rate, in terms of an accumulation modulus tensor A(6,G) and
a recovery rate tensor R(f, G) are proposed. It is observed that the Burgers tensor
flow is associated with changes in dislocation densities arising from cold working and
thermal annealing. The recovery rate tensor is shown to mimic a dissipative behavior,
thus resulting in a decrease in the accumulation of dislocation densities during thermal
annealing. Also, it is obtained that the non-recoverable energetic microscopic stresses
have well-defined constitutive relations during cold working whenever the effective flow
rate does not vanish. Other features associated with cold-worked polycrystalline are the
plastic internal energy and entropy which are obtained as functions of the Burgers tensor.

This proposed theory is shown to be thermodynamically consistent. Numerical im-
plementations of this theory using benchmark problems have been left for future work.
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BYPIEPCOB TEH3OP IIPOTOKA, XJIAJHW PAI N
TEPMUNYKO 2KAPEIBE

PE3UME. ¥V 0BOM paJiy ce npejjiaxe KHHEMATHIKO-TEDMUYKHA KOHCTUTY THBHY 3aKOH €BO-
synuje ByprepcoBor TeH30pa TOKOM XJIQJIHOT PaJla M HAKOH HAKHAHOT TEPMHUYKOT XKape-
wa nosjukpucrasa. Ilpemor je 3acaoBan Ha pajay L. Anand, M. E. Gurtin, B. D. Reddy,
The stored energy of cold work, thermal annealing, and other thermodynamic issues in
single crystalplasticity at small length scales, Int. J. Plast. 64 (2015), 1-25. IIpuanun
BUPTYEJHOr pajia U TePMOJMHAMUYKYI 3aKOHU C€ KOPHCTE 3a [I0CTU3akhe PABHOTEXKE CHIIA,
paBHOTEXKE eHepruje u HepaBHOTeXKe cyi000/1He eHepruje. HermoBparuu enepreTcKu MUKpO-
CKOIICKH HAIIOHU ce Hobujajy Kao KapaKTePHCTHKe MaTepujaja Koju ce obpabyjy xiamHo
KaJ, rojl je eHepruja aedeKkTa 3aBUCHA 01 Byprepcosor Tenzopa. CxoaHo Tome, npumeliyje
ce Ja yHyTpallllba €Heprercka IJIaCTUYHA CHAara HHje Marba Of €HTPOIHjCKE IIJIACTUYIHE
cuare. [TokazaHo je Jia cTOIa OMOpaBKA TOKOM TEPMHUYKOT YKapermha OIOHAIA JUCUAIATHB-
HO IIOHAIIAHE, IITO JOBOAY JI0 CMambEemha aKyMyJialyje rycrute auciaokanuja. [1lrasuie,
cs1000/[Ha eHepruja — alpoKCHUMUpaHa KBaJIPATHOM (OPMOM — Ce KOPUCTH 3a j0bujarse
KOHCTUTYTHUBHUX DeJIaliija 32 MAKPOCKOIICKE U MUKPOCKOIICKE HAIOHE.
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