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THE PROBLEM OF ACCELERATION IN THE

DYNAMICS OF A DOUBLE-LINK WHEELED

VEHICLE WITH ARBITRARILY DIRECTED
PERIODIC EXCITATION

Evgeniya Mikishanina

ABsTrACT. This study investigates the motion of a nonholonomic mechanical
system that consists of two wheeled carriages articulated by a rigid frame.
There is a point mass which oscillates at a given angle a to the main axis of
one of the carriages. As a result, periodic excitation occurs in the system. The
equations of motion in quasi-velocities are obtained. Eventually, the dynamics
of a double-link wheeled vehicle is modeled by a system that defines a non-
autonomous flow on a three-dimensional phase space. The behavior of integral
curves at large velocities depending on the angle « is investigated. We use the
generalized Poincaré transformation and reduce the original problem to the
stability problem for the system with a degenerate linear part. The proof
of stability uses the restriction of the system to the central manifold and
averaging by normal forms up to order 4. The range of values of a for which
one of the velocity components increases indefinitely is found and asymptotics
for the solutions of the initial dynamical system is determined.

1. Introduction

We study the dynamics of a double-link wheeled vehicle (leading carriage and
trailer) moving along a plane with an arbitrarily directed periodic excitation. The
periodic excitation occurs due to oscillations of the point mass along a straight line
located at a given angle a to the main axis of the leading carriage. One wheelset
is rigidly fixed on each carriage. Nonholonomic constraints on wheels prohibit the
motion of each carriage in a direction perpendicular to its main axis.

The first scientific papers on the dynamics of vehicles, including wheel systems,
are dated to the middle of the XX century. For example, these are the papers of
Y. Rocard [1], B. Stiickler [2,3] and O. Bottema [4]. The results of modern studies
of free dynamics of wheeled vehicles were published in [5-9]. The dynamics and
control of mobile wheeled robots were considered and investigated in [10,11].
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A well-studied model imitating the behavior of a simple two-wheeled robot on
the horizontal plane is Chaplygin sleigh model [12-15]. The equivalence of the
problem of any wheeled carriage and the problem of a similar carriage with a sharp
blade instead of a wheel was proved in [13]. The dynamics of Chaplygin sleigh
with parametric excitation was studied in [14,15]|. In [15], it was shown that, in
some cases, the mass oscillating perpendicular to the main axis of Chaplygin sleigh
is capable of indefinitely increasing the linear velocity of the sleigh.

More complex systems are vehicles with two bodies. One of these systems
consists of two articulated Chaplygin sleighs and is called as Roller Racer. Free
dynamics of Roller Racer was studied, for example, in [16]. The problem of the
existence of regimes with unlimited energy growth (non-conservative Fermi accel-
eration) in the dynamics of Roller Racer was considered in [17].

We have published several papers on this sphere [18-20]. The free motion of
a multibody wheeled system was investigated in [18] and the controlled motion of
a multibody wheeled system was investigated in [19]. The results of a qualitative
analysis of the motion of a two-link vehicle were presented in [20]. In [20], periodic
excitation occurs due to an oscillation of a pair of point masses only along the main
axis of one of the carriages. The center of mass of this carriage does not change. It
is analytically proved that all velocities are bounded functions of time.

In this study, we investigate the dynamics of the double-link vehicle with pe-
riodic excitation, that occurs when there is a point mass, which oscillates in an
arbitrary direction. We derive the equations of motion of this system based on the
equations of motion in quasi-velocities with indefinite multipliers [21]. Thereafter,
we investigate the problem of an unbounded increase of one of the velocity com-
ponents (linear velocity). We call this fact as acceleration. To study the problem
of speedup at large velocities, we use the Poincaré transformation [22-24|, reduce
the original problem to the stability problem, and to prove the stability we use the
restriction of the system to the central manifold and normal forms up to order 4.
The Poincaré transformation reflects the phase space of a dynamical system to the
so-called “Poincaré sphere”. The integral curves of the phase space pass into the
corresponding curves on the sphere, and fixed points of higher orders correspond-
ing to infinitely distant points of the phase space appear on the sphere. In [24],
the Poincaré transformation was generalized for a non-autonomous system of dif-
ferential equations and speedup effect in the Chaplygin sleigh problem was shown.
It should be borne in mind that the method in our study is somewhat different
from the method proposed in [24]. Firstly, the dimension of the dynamical system
in our study is higher. Secondly, we do not provide the rigorous estimates of the
region of the initial conditions for which there exist unbounded trajectories. Also,
we determine the values of mechanical parameters for which speedup of the double-
link wheeled vehicle takes place. To illustrate the results, graphs of velocities and
trajectories of the first carriage are constructed.

In general, a deep understanding of the dynamics of Chaplygin sleigh and the
simplest wheeled carriages allows to create control algorithms [25,26] and extend
them to simple (toys) and more complex mechanisms (garden wheeled equipment,
transport wheeled equipment and others) with a variable center of mass.
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The authors often limit themselves to the derivation of the equations of motion,
because further investigation of the obtained dynamical systems turns out to be
quite difficult. We hope that the results presented in this paper will be useful in
solving various mechanical problems, including the problems of multibody systems
described, for example, in [27,28].

2. Mathematical model and equations of motion

2.1. Schematic design and key assumptions. A bundle of two carriages
(first link £, second link L) moves along the plane (See Fig. 1).

YA

0 X

FIGURE 1. Schematic design of the double-link wheeled vehicle

We introduce the assumptions that we need to build a mathematical model.

e One balanced wheelset is rigidly attached to each carriage in the points
O;,1=1,2.

e Each wheel rolls without slipping and contacts with the reference plane
only at one point.

e The carriages are connected at the points O; and Os by a rigid frame of
length I. The second carriage (trailer) Lo is rigidly articulated with the
frame. The frame connects to the first (leading) carriage £q by a hinge
and can freely rotate around a vertical axis passing through O;.

e The center of mass C of the carriage £ is shifted as illustrated in the
Fig. 1 and CO; = d;. The center of mass of the carriage Lo coincides
with the point Os.

e The point mass m, moves along the first carriage £,. It performs peri-
odic oscillations according to the law bsin Q¢ along a straight line that
intersects the main axis of the carriage at an angle a at some point P and
O1P = a. We assume that €2 > 0, b > 0. These conditions can always be
fulfilled if the angle a, o € [0, 27) is chosen appropriately.

We introduce a fixed coordinate system OXY and a moving coordinate system
01X,1Y; associated with the center of the wheelset O; on the plane (See Fig. 1).
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TABLE 1. Key notations

ry radius-vector of the point C'
Iy radius-vector of the point Oq
r, radius-vector of the point mass m,,

velocity vector of the center

v = (v1,v2) of the first wheelset O,

w angular velocity of the carriage £

velocity vectors of the center of mass

Wi of the carriage £;, i =1,2

u, velocity vector of the point mass m,

The axis O1X; coincides with the main axis of the carriage £;. The axis O1Y;
passes through the wheel centers.

The orientations of the carriages £1 and L5 on the plane OXY are set by the
angles 1 and 6 respectively. The angle ¢ is the angle between the main axes of the
carriages and

9029_1/)7 lb:wa 9:w+50

The angle ¢ takes positive value when the carriage £, rotates around the point
O; counterclockwise, otherwise it takes negative value.

We work in the O; X1Y7 coordinate system. Key notations in this coordinate
system are given in Tab. 1.

2.2. Nonholonomic constraints. The coordinates of the radius-vectors rq,
ry, I, are

r1 = (d1,0), ro = (—lcosp, —lsin ), r, = (a + bsin Ot cos a, bsin Ot sin ).
The velocity vectors u;, ug, u, are

u; = (v, v2 + diw),

wy = (01 + w + ) sin g, v — [(w + §) cos ),

u, = (v + Qbcos Q2 cos v — wbsin Ot sin v, vy

+ Qbcos Ut sin o + w(a + bsin Qt cos av)).

Because velocity vector of the wheelset is always directed along the main axis
of the carriage, the nonholonomic constraints are
V2 = 07

2.1
(2.1) v1sing — vy cos + l(w + ¢) = 0.
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2.3. Kinetic energy and equations of motion. The kinetic energy of each
carriage (11, T») and the kinetic energy of the moving point mass (7},) are

T, = %Iluﬂ + %ml(v% + v3) + myvadiw,

2

1
T, = %(12 +mal®)(w + @) 4+ =ma(v? 4+ v3) + mal(w + ¢) (v sin @ — vo cos ),
imy[v] + 03 + w?(a® + 2absin Qt cos a + b sin® Q)

1, =
+ 2wbsin Qt(—vy sin a + vy cos ) + 2awvy
+ 20 cos At (vy cos o + (v + aw) sin a) 4+ Qb2 cos® Q]

where m; is the mass and I; is the moment of inertia of the carriage £; relative to
the geometric center of its wheelset.
The kinetic energy of the whole system is

(2.2) T=T1+T>+ Tp.

We do not give the full expression of kinetic energy here, because it is volumetric.

The general equations of motion in quasi-velocities with indefinite multipliers
A1, Ag is in [20]. We write down those equations for kinetic energy (2.2), solve them
together with time derivatives of nonholonomic constraints (2.1) and obtain the
equations of motion in the variables ¢, v, w in dimensionless quantities, counting
b=1,m, =1:

o= 7”71 sin ¢ — w,
(2.3) (vl) 5 <—§J2(so>v1 + W@+ g1) + 2w + 9291)
w —vlw(é + 91) - CUJl (t) + defl ’

where

<~

=

Ji(t) 1(t)
T\ e |
A A

fi=fi(t) =sinasinQt, fo = fa(t) = sinacos Qt,
g1 = g1(t) = cosasinQt, go = ga2(t) = cos acos Q,

[ I +mpa2 [ Io — mol? i dymy + am,
! mpb? 7 mpl? bm,
mi+ma+m, . a ; I
m=——"— a=—, |=-,
my b b

Ji(t) = Iy + 2agy + f7 + g7, Ji(t) = 2Q(ags + f1fo + g9192),
Jo(@) = Iysin® o +m, Jo(p) = 2L singcos pp, A = Jy(t)Ja(p) — f2.
The equations (2.3) define the non-autonomous flow on a three-dimensional
phase space
M3 = {(p,v1,w)| ¢ mod 27, (v1,w) € R?}.
We assume that
c+g1>0
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or
¢ > |cosal.

As a rule, this case is realized in nonholonomic mechanics [24].

REMARK 2.1. In general case, the system (2.3) has neither symmetries nor
involutions. However, for example, for a € {0, 7}, the equations are invariant with
respect to substitution

t—t, ©—=—p, v =V, W——Ww.

For a € {%, 37”} the equations are invariant with respect to substitution

t——t, ©—=—p, v —= -V, WwW—w,

that is, the system is reversible. Under the influence of this transformation, any
trajectory of the system becomes the trajectory with the opposite direction of
motion.

The trajectory of motion. For a complete analysis of the dynamics, we can
construct the trajectory of the carriage £ (the trajectory of the point O;). To do
this, we need to supplement the equations (2.3) with the following equations

() e

Next, we will determine the behavior of integral curves at large velocities for
arbitrary parameters a,a under the early assumptions. For this purpose, we will
use the Poincaré transformation [22], which was generalized for non-autonomous
systems in [24].

3. Poincaré transformation and reduction to the stability problem

3.1. Poincaré transformation. In this section, we perform the Poincaré
transformation and reduce the problem of investigating the behavior of integral
curves of the system (2.3) at large velocities to the stability problem for a dynamical
system with a degenerate linear part. In order to do this, we introduce an angular
coordinate

27
=t mod —
T mod =
and rewrite the system (2.3) in the autonomous form
) ffl—f:—%silngp—w, ‘é—;:l,
<§tl> _5. <—Ig siritpcosgod—fvl +ci12('é+g1) + 20 fy + (222~gl> ’
(3.1) dfutj —vlw(c + 91) — 20)9(2@92 + fife + glgg) + Q%af,
S f
=- (3 7).
A A

where functions fi = fi(7), f2 = fo(7), 1 = 91(7), 92 = g2(7), J1 = Ji(7),
Jo = Ja(p), A = A(p, T) are written with new variables. The system is defined on
R*{v1,w} x T?{p,7}.
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Then, we make the Poincaré transformation:
1 Y
v = —, w = —
x
and rescale the time (for v; > 0)
ds = vydt.
The system (3.1) is rewritten with the new variables as
dy sin dr
&l T

d ~ d
£ =-A"! [J1( — Iy sin ¢ cos gpd—fx + (& + g1)zy? + 2Qfox’y + 92g1x3)
+fi(—=(E+ g1)zy — 2Q(agz + fifz + grg2)x’y + Qzaflxg)] ;
d ~ d
B2 Lo A [~ hsingeos oS+ @+ gy + 20 ory + Dgra?)
ds ds

+Jo(— (¢ + g1)y — 2Qags + fLf2 + grg2)xy + Q*afr2?)
~ d B
—J1( — Iy sin cos @d—fy + (&4 g1)y® + 20 foxy® + 9291x2y)

—fi(=E+ g1)y* — 2Q(ags + f1f2 + g192)3y” + QQ&fﬂQZJ)} :

The phase space of the system (3.2) is four-dimensional:

2
Mt = {((p,x,y,T) | z € [0,+00), y € (—00, +00), ¢ mod 27, 7 mod %}

Thus, the infinitely distant points (v; — 400) of the phase space of the system
(3.1) are transformed to the points of the submanifold = 0 of the system (3.2).

3.2. Fixed points. The system (3.2) has a one-parameter family of fixed
points

(33) SD:O?(E:(Ly:OaT:TO-

This family forms a one-dimensional invariant submanifold of the system. We will
find the conditions at which it is asymptotically stable and thereby we will obtain
an acceleration criterion for the initial dynamical system.

The system (3.2) can be represented as two systems:

£(5)-1() F e
- = A +9(p,z,y,7), A= J2(0)(E+g1 () | »
7 (y y ( ) 0 —LOEam)

() -2(0)rstonan 0= (1)

in a neighborhood of the points (3.3). Both eigenvalues of the matrix A have
negative real part and both eigenvalues of the matrix B have zero real parts for
any 7. The linearization of the equations (3.2) does not accurately determine the
nature of fixed points. Therefore, we reduce the stability problem to the analysis
of the behavior of the system on the central manifold [29, 30].
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4. Restriction of the system to the central
manifold and asymptotic expansion

4.1. Restriction of the system to the central manifold. According to
[29], in the neighborhood of (3.3) there is a two-dimensional central invariant
manifold

2 2w

MO = {(‘P7x,y77-) ‘ 0<z < &Y= y(7-7 1’) = O(xn)7§0 = (p(T,.TJ) = O('Tn)v 7 mod 6}7

n > 2, on which we approximate the functions ¢ and y using series in power of x:
y = Eo(1)z? + E3(T)23 + &4(T)2t + O(2P),
¢ = m2(1)2® +3(7)a® + na(1)zt + O(a”).

According to the reduction theorem (Theorem 5.5 in [29]), the trajectories
are exponentially rapidly attracted to the central manifold M3. Therefore, the
asymptotic stability of the original family (3.3) will follow from the asymptotic
stability of the set = 0 when the system is restricted to the central manifold.

So, we substitute (4.1) in the first and last equation of (3.2). The coefficients
in the series (4.1) are equal

(4.1)

Qg1 +at2(0) 1

R A [CE=
= e (A0, ) &)
b = Jo(0)(é+g1) dT ) &2),
1 d . H&  QPA0,7)gi16
N A 1 [CEE) R aa R A (R A ek
e = —&al,
7 dns
N3 —1(53 + E)’
~ d
Ny = —1(54 + %)
The restriction of the system (3.2) has the following form:
(4.2) % = 32 + Q' + G52® + O(29), % =,
where
_ Qg
<3 - _JQ(O)’
- 1 dés
1= *T(O)(Qﬁfé& + fl?)a
o 1 leQ(Zgl + JQ(O)EL) d§3
G=-%5 ( 0 &+ 20h6 + 2.

We have the following cases depending on the parameters « and a.
If « € {0,7} and a € R, then

y=0,p=0.
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We obtain the restriction of the system (3.2):

dx dr
4.3 Y a3 2L
( ) ds <3Jf ) ds &€,
_ 0 (n)
J2(0) *
Let © < 1. Dividing the first equation (4.3) by the second equation, after

averaging over 7 and moving to the initial time ¢, we obtain the equation
dz 9
— = x“.
= ()

REMARK 4.1. Here and further, the average value of the T-periodic function
f(t) is the value of the integral

where (3 =

=7 [ fo

Because ((3) = 0, we could not make an unambiguous conclusion referring
to the Theorem 2 in [30] and have analyzed the behavior of integral curves in
numerical experiments. The integral curves of the system (2.3) were bounded in
numerical experiments. Similar conclusions can be drawn if « € {g, 37”} and a = 0.
The projections of the typical phase curves of the system (2.3) with a = 0 on the
plane (vq1,w) are shown in Fig. 2.

Vi

FIGURE 2. Projections of the typical phase curves on the plane
(v1,w) with a =0

Then, we consider all the other values of the parameters «, a, with the exception
of those that have been described earlier.
Dividing the first equation (4.2) by the second equation we obtain the equation

(4.4) dj = C3.7J2 + <4l‘3 + <5£C4 + O($5)

dr
and (C3) = (C4) = 0.
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We perform the transformation for averaging of the coefficients. Averaging the
coefficients using normal forms up to order 4 and moving to the initial time ¢, we
bring the equation (4.4) to the form

dz

(4.5) i Zsx? + Zya® + Zsxt + O(x)

where Z3, Z4, Z5 are constants.

4.2. Averaging up to order 4. We make the following change of variable in
the equation (4.4)

T =R+ s9R? 4+ s3R> + 54 R* + O(RP).

This gives the equation

dR
i (¢3 — sh)R* + (Ca + 25285 — s5)R®

+ (G5 + 2(s352) + shso — bsash — sh)R* + O(R).
We choose s1, s3, s3 as the periodic antiderivatives with zero averages from the
equations

s = (3,
sy = Ca+ (s3),
sy = G5+ 2(s352)" + Casa — (53)" = (Gs) — (Casa)-
The equation describing the evolution of R is

dR
dr
So we obtain the coefficients in the expantion (4.5) for x:

ZS = Oa Z4 = Oa Z5 = <C5> + <<482>'

({Cs) + (Cas2))R* + O(R?).

4.3. Conclusions about the stability of fixed points. If the first non-zero
coefficient Z5 takes a negative value, according to [30] the family of fixed points
(3.3) is asymptotically stable and the asymptotics for « as t — +oc is obtained by
solving the equation (4.5). We analytically find Z5. Let « € {g, 37”} and a # 0. In
this case (3 = 0, then so = 0 and ((4$2) = 0. Calculating ((5) we find the coefficient

4
Zs =20 = X (4T + 3(m - 1) — dac
5 S2e? (4Iym + 3(m — 1) — 4acm).

The coefficient Z(1) takes negative value when

AT 3(m—1
i (-0 (HmAAmD L o),
4ém
Then, according to the Theorem 2 in [30], the family of fixed points (3.3) is asymp-

totically stable and one can obtain the asymptotics for z, y, ¢. Now we can
formulate the following statement.
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PROPOSITION 4.1. The one-parameter family of fized points
p=0,z=0,y=0,7=19

of the system (3.2) with the numeric parameters

T 37 _ 4Lm 4 3(m — 1)
0‘6{5’7}’ a€ (00,00 U ( 4m +o0)
is asymptotically stable and on the MZ we have the following asymptotics as t —
+00:

z(t) = (=32W) =13 o171/,

2
(4.6) y(t) = aflé (=320 1 o(t72?),
~ 2~
o(t) = L sgpy-2s gy,
c

Let a # %’“,k € Z, and a € R. In this case ((4s2) # 0. Calculating ((5) and
(C452) we find the coefficient

Zs=2%=_""_".@G
where

R+ (¢—r)(e—am)

Cr3(E47)2

o= (—7) (flm(é 1) oG+ 1) + (m — 1)k + 8@ + r)kg) :
Fy = 2a2m2(¢ + r)ks — am (flmé(é F7)2 4 (m— Dk +3(& — r2)k5) ,
ky =& 4 3ér + 512 > 0,
ko = & + 2¢%r 4 66r% — 313 > 0,
ks =& +&Er+ae?—23 >0,
ky = & 4+ 2¢*r + 2ér* — 2r® > 0,
ks = & + 28%r +4ér® —r® > 0,

0<r=+é—cos?2a <ec.

The coefficient Z(?) takes negative value when G > 0.

Then, according to the Theorem 2 in [30], the family of fixed points (3.3) is
asymptotically stable and one can obtain the asymptotics for z, y, ¢. Now, we can
formulate the following statement:

PROPOSITION 4.2. The one-parameter family of fized points
90:0» iL':O, y:07 T=T0

of the system (3.2) with the numeric parameters « #+ %k,k; € Z, and a € R,
for which G > 0, is asymptotically stable and on the M2 we have the following
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asymptotics as t — +oo:
z(t) = (=3Z2P1)~13 o171/,
(g1 +am) /92?

_ (237 =2/3 4 o(4—2/3
:_(91 +dm)f192l~_ _37()2/3 L ,(4—2/3
olt) = LSS (23202 o172,

REMARK 4.2. Using the methods of normal forms [24], it is possible to show
not only the asymptotic stability of the equilibrium points, but also to estimate the
initial conditions, for which the trajectories of the system (3.2) have the asymptotic
behavior by the formulas (4.1) or (4.2). According to Fenichel’s theorem [31], in
the neighborhood of the central invariant manifold, all trajectories exhibit similar
asymptotic behavior.

5. Acceleration criteria

5.1. Acceleration criteria. Returning to the initial variables vy, w, ¢, we
formulate acceleration criteria that are given without rigorous proof, but will be
verified with numerical experiments.

There exist a sufficiently small € > 0 and wy, o are some constants, so that,
for the trajectories of the system (2.3) with the numeric parameters

T 3w _ 4Lm 4+ 3(m —1)
{TF) he (oo (Hmtin=D) )
“ {2 2 } @ € (=00,0) 4em oo
and the initial conditions vi > e 1 |w| < woe?, |¢| < @oe? we have vi — +oo,

w—=0,p—0ast— +o0 and

v1(t) = (=323 4 o(t1/?),
w(t) = E‘f{m

(=3Z2W) 718 fo(t=1/3),
Caf%l
E

o(t) = (—=32W1)72/3 1 o(¢t=2/3).

There exist a sufficiently smalle > 0 and wg, po are some constants, so that, for
the trajectories of the system (2.3) with the numeric parameters a # ”2—’“7 ke€Z, and
a € R, for which G > 0, and the initial conditions vy > ™}, |w| < woe?, |¢| < Yoe?,
we have v1 — 400, w — 0, ¢ = 0 ast — 400 and

v1(t) = (=323 4 o(t1/3),

(g1 +am) 12

w(t) = T 91 (=3Z2P1) 73 4 o(t™1/?),
1
o(t) = —(glg(i? gfl)m (—3Z@)72/3 4 o(t72/%).
1

Thus, we have indicated cases when nonlinear speedup at large velocities takes
place. Now, we verify the obtained results using numerical experiments.
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5.2. Numerical experiments. To illustrate the conclusions, graphs of solu-
tions of the equations (2.3) are constructed. Graphs of vy (¢), ¢(t), w(t) and the
trajectory of the point O; with

I;=08, I,=02 m=4, [=3 é=05 Q=05 a=-0.5, a=;

are shown in Fig. 3. These parameters correspond to the case when there is accel-
eration in the system (Z (1) < 0). The asymptotic behavior of the function Vel

shown.

4510 34 U
t1/3
4 2
35 IL
‘ 4 (32"
36 800 0 5o
(a)
0.08}®
0.04
. ||||”’“ll|||“Inl||||In||||||||||||||In||||||l.||||||ln||!| /
(A
-0.04
-0.08
(b)
o= 300 &0
-50
-100
(c)
F1GURE 3. Illustration of the numerical experiment with a = —0.5,
a = % and the initial conditions v1(0) = 3, »(0) = 0.05, w(0) =

0.05: (a) graph of v;(t) and graph of 1;11%) (the red curve sets the

asymptotics for function 1;115?), (b) graphs of p(t), w(t); (c) the

trajectory of the point O; on the plane OXY

The results of the numerical experiment and the trajectory of the point O; on
the plane OXY with a =0.785,a =10 (Z(2) < 0) corresponding to the unbounded
increase of the velocity v; are shown in Fig. 4. The results of the numerical ex-
periment and the trajectory of the point O; on the plane OXY with o = 0.785,
a = 0.3 (Z? > 0) corresponding to the bounded velocity v; are shown in Fig. 5.
Other mechanical parameters are

=08, I[,=02 m=4, [=3, ¢=08, Q=0.5.

The results of numerical experiments are consistent with analytical calculations.
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FIGURE 4. Illustration of the numerical experiment with a =
0.785, @ = 0 and the initial conditions v1(0) = 1, ¢(0) = 0.1,
w(0) =0.1
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-50
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-150

FI1GURE 5. Illustration of the numerical experiment with o =
0.785, @ = 0.3 and the initial conditions v;(0) = 1, ¢(0) = 0.1,
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6. Conclusion

The dynamics of the double-link wheeled vehicle with arbitrarily directed pe-
riodic excitation was investigated in this paper. The equations of motion were
derived. The values of the mechanical parameters, for which velocity v; increases
indefinitely, were found, that is, there is acceleration in the system.

Some results obtained during this study may be consistent with the results
obtained in [24]. For example, the case a = § or a = 3™ and @ = 0 corresponds

2
to the case fo = 0,9 = 0 in [24]. In this case, the linear velocity v is bounded
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in [24]. We have observed similar results in numerical experiments for v1. There
is an interesting fact. Let the point mass oscillates perpendicular to the main axis
of the carriage along a straight line passing through the geometric center of the
wheelset or along the main axis of the carriage and there is no acceleration in the
system. But if we rotate the axis of oscillation by any small angle or shift it by
certain distance, speedup appears at large velocities.
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ITPOBJIEM YBP3AIA Y JUHAMUIIN ITAPA BATOHA
CIIOJEHUX KPYTOM BE30OM CA ITPOMU3BOJ/bHO
YCMEPEHOM IMTEPNOJMNYHOM ITOBYJI10M

PE3UME. OBa cryauja ucTpaykyje Kperame HEXOJOHOMHOI MEXaHUIKOI CHCTEMA
KOJU YMHU TIap BArOHA Ha TOYKOBHMA CIIOJEHUX KpyTOM Be3oM. IIpu Tome je mocra-
BJ/bEHA MATEPUjAJIHA TaYKa KOja OCIIUJIyje MOJ, JATUM YIJIOM (v ¥ OJHOCY Ha TJIABHY
ocy jemsor o Baroua. Kao pesysrar, y cucremy ce jaBiba mepuoandHa modyma. lo-
Oujene cy jeaHadmHe KpeTarma y KBasu-Op3mHama. VcrmocraBiba ce J1a je JUHAMUKA,
BO3WJIA HA TOYKOBAMA Ca JIBOCTPYKOM KapUKOM MOJIEJIOBAHA HEAYTOHOMHUM TOKOM
y TPOJIMMEH3UOHAIHOM (ha3HOM IpocTopy. McTpaxKyje ce MoHAIake WHTerpaaIHuxX
KPUBHUX [P BEJUKUM Op3WHaMa y 3aBUCHOCTH oOji yria «. Ilomohy remepasmuzo-
Bame [loenkapeose Tpancdopmaruje opurnHaaIHu IpodJIEM je CBeJeH Ha IIpobJemM
CTaOWTHOCTU CHCTEMa, Ca JIeTEHEPUCAHNM JImHeapHuM fejoMm. Jlokas crabmaHocTn
KODHUCTHU OIpaHMYABabEe CHCTEMa Ha IEHTPAJHY MHOTOCTPYKOCT U YCPE/HhaBare
wopmaJsiHuM dopMmama 710 pega 4. Hahen je omncer BpemnocTu v 3a Koju ce jeiHa
0]l KOMIIOHEHTH Op3uHe HeorpaHuveHo nosehaa m ojapeljena je acumnrorumka 3a
pellermha HHUIUTjATHOT TUHAMAYKOT CHCTEMA.
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