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ARBITRARY DECAY FOR A NONLINEAR
EULER–BERNOULLI BEAM WITH

NEUTRAL DELAY

Ibrahim Lakehal, Djamila Benterki, and
Khaled Zennir

Abstract. In this paper, the free transverse vibration of a nonlinear Euler-
Bernoulli beam under a neutral type delay is considered. In order to suppress
the beam transverse vibrations, a boundary control based on the Lyapunov
method is designed. The novelty of this paper is the ability to get a wide
variety of energy decay rates under free vibration conditions.

1. Introduction

Due to the requirement for high-precision control of numerous mechanical sys-
tems, such as marine risers for oil and gas transportation, spacecraft with flexible
attachments, or flexible robot arms, the boundary control of flexible systems has
been an important topic of study in recent years [2–5, 9, 14]. The time delay is
one of several elements that have a significant impact on the dynamic properties of
systems. It became evident that its existence could not be fully neglected in many
systems, and with the rapid growth of numerous engineering disciplines, includ-
ing mechanical engineering, a more precise system analysis was necessary. Time
delays in these systems can lead to poor performance and unstable dynamic sys-
tems [8,10]. As a result, throughout the past few decades, the stability issue with
time-delay systems has received a lot of attention. In [11], exponential stability
result for a viscoelastic Timoshenko beam was established. The researchers in [12]
used the LMI (linear matrix inequality) technique to investigate global exponential
stability for neutral differential systems with time-varying or constant delay. The
asymptotic stability of delay differential equations of neutral type has been exten-
sively studied in [1,13]. We consider in this paper the neutrally retarded nonlinear
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Euler-Bernoulli beam for 𝑥 ∈ (0, 𝐿)× [0,∞), 𝐿 > 0

(1.1) 𝜌𝐴

[︂
𝑢𝑡 +

∫︁ 𝑡

0

𝜅(𝑡− 𝑠)𝑢𝑡(𝑥, 𝑠)𝑑𝑠

]︂
𝑡

+ 𝐸𝐼𝑢𝑥𝑥𝑥𝑥 − 𝑃0𝑢𝑥𝑥 − 1

2
𝐸𝐴(𝑢3

𝑥)𝑥 = 0,

under the boundary

(1.2)

{︃
𝑢𝑥𝑥(0, 𝑡) = 𝑢𝑥𝑥(𝐿, 𝑡) = 𝑢(0, 𝑡) = 0, ∀𝑡 ⩾ 0,

𝐸𝐼𝑢𝑥𝑥𝑥(𝐿, 𝑡) = 𝑃0𝑢𝑥(𝐿, 𝑡) +
1
2𝐸𝐴𝑢3

𝑥(𝐿, 𝑡) + 𝛼𝑢𝑡(𝐿, 𝑡), ∀𝑡 ⩾ 0, 𝛼 > 0,

and initial conditions

(1.3) 𝑢(𝑥, 0) = 𝑢0(𝑥), 𝑢𝑡(𝑥, 0) = 𝑢1(𝑥), 𝑥 ∈ (0, 𝐿),

where 𝐸𝐼 is the beam’s flexural rigidity, 𝜌𝐴 is the beam’s mass per unit length,
and 𝑢(𝑥, 𝑡) represents transverse displacement at time 𝑡 with respect to the spatial
coordinate 𝑥, 𝐸𝐴 the axial stiffness, 𝑃0 the tension force. In this paper we consider
the transverse dynamics of a beam in bending vibration and we neglect the coupling
between longitudinal and transversal displacements. Assuming that the change in
length due to the axial force is small and negligible, we take only the elongation of
the beam due to the curvature. We prove a general decay result for the problem
(1.1)–(1.3). The rest of our paper is arranged as follows: In Section 2, we give some
assumptions and lemmas necessary for our work. Section 3 discusses the arbitrary
decay of the energy result.

2. Notation and main results

We introduce the following notation

(𝜅∘𝑢)(𝑡) =
∫︁ 𝐿

0

∫︁ 𝑡

0

𝜅(𝑡− 𝑠)[𝑢(𝑥, 𝑡)− 𝑢(𝑥, 𝑠)]2𝑑𝑠 𝑑𝑥

For the kernel 𝜅 we assume:
(K1): The kernel 𝜅 is a nonnegative summable function 𝐶1(R+) satisfying

𝜅′(𝑡) ⩽ 0 for all 𝑡 ⩾ 0.
(K2): 0 < 𝑘 =

∫︀ +∞
0

𝜅(𝑠)𝑑𝑠 < 1.
(K3): There exists a positive increasing function 𝑔(𝑡) such that 𝜇(𝑡) = 𝑔′(𝑡)

𝑔(𝑡)

is a decreasing function and∫︁ +∞

0

𝜅(𝑠)𝑔(𝑠)𝑑𝑠 < +∞,

∫︁ +∞

0

|𝜅′(𝑠)|𝑔(𝑠)𝑑𝑠 < +∞.

We denote for 𝑡* > 0, 𝜅* =
∫︀ 𝑡*

0
𝜅(𝑠)𝑑𝑠,

𝒱 = {𝑢 ∈ 𝐻2(0, 𝐿) | 𝑢(0) = 0},
ℋ = {𝑢 ∈ ⊓ ∩𝐻4(0, 𝐿) | 𝑢𝑥𝑥(0) = 𝑢𝑥𝑥(𝐿) = 0}

and (. , .), ‖.‖ the inner product and the norm of the space 𝐿2(0, 𝐿), respectively.
The existence and uniqueness of a solution in 𝐿∞([0, 𝑇 ),ℋ) can be demonstrated
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by combining the results in [6,7] and [3]. We define the (classical) energy of the
problem (1.1)–(1.3) by

𝐸(𝑡) =
1

2

[︁
𝜌𝐴‖𝑢𝑡‖2 + 𝐸𝐼‖𝑢𝑥𝑥‖2 + 𝑃0‖𝑢𝑥‖2(2.1)

+
𝐸𝐴

4
‖𝑢2

𝑥‖2 + 𝜌𝐴

∫︁ 𝑡

0

𝜅(𝑡− 𝑠)‖𝑢𝑡(𝑠)‖2𝑑𝑠
]︁
.

We need the following auxiliary result:

Lemma 2.1. [11] We have the following identity:∫︁ 𝐿

0

𝑢𝑡(𝑡)

∫︁ 𝑡

0

𝜅(𝑡− 𝑠)𝑢𝑡𝑡(𝑠)𝑑𝑠 𝑑𝑥 = − 1

2
(𝜅′∘𝑢𝑡)(𝑡) +

1

2

𝑑

𝑑𝑡

∫︁ 𝑡

0

𝜅(𝑡− 𝑠)‖𝑢𝑡(𝑠)‖2𝑑𝑠

+
𝜅(𝑡)

2
‖𝑢𝑡(𝑡)‖2 − 𝜅(𝑡)

∫︁ 𝐿

0

𝑢𝑡(𝑡)𝑢𝑡(0)𝑑𝑥

for all 𝑢𝑡 ∈ 𝐶1([0,∞);𝐿2(0, 𝐿)) and 𝜅 ∈ 𝐶1[0,∞).

Proposition 2.1. The modified energy 𝐸(𝑡) is non-increasing and uniformly
bounded. More precisely, we have

𝐸′(𝑡) =
𝜌𝐴

2
(𝜅′∘𝑢𝑡)(𝑡)− 𝜌𝐴

𝜅(𝑡)

2
‖𝑢𝑡(𝑡)‖2 − 𝛼𝑢2

𝑡 (𝐿, 𝑡) ⩽ 0, 𝑡 ⩾ 0.

Proof. Multiplying equation (1.1) by 𝑢𝑡 and integrating the result over (0, 𝐿)
by parts and using the boundary conditions, we get

1

2

𝑑

𝑑𝑡

[︁
𝜌𝐴‖𝑢𝑡(𝑡)‖2 + 𝐸𝐼‖𝑢𝑥𝑥(𝑡)‖2 + 𝑃0‖𝑢𝑥(𝑡)‖2 +

𝐸𝐴

4
‖𝑢2

𝑥(𝑡)‖2
]︁

+ 𝜌𝐴𝜅(𝑡)

∫︁ 𝐿

0

𝑢𝑡(𝑡)𝑢𝑡(0)𝑑𝑥+ 𝜌𝐴

∫︁ 𝐿

0

𝑢𝑡

∫︁ 𝑡

0

𝜅(𝑡− 𝑠)𝑢𝑡𝑡(𝑠)𝑑𝑠 𝑑𝑥

+
[︀
𝐸𝐼𝑢𝑥𝑥𝑥(𝐿, 𝑡)− 𝑃0𝑢𝑥(𝐿, 𝑡)− 1

2𝐸𝐴𝑢3
𝑥(𝐿, 𝑡)

]︀
𝑢𝑡(𝐿, 𝑡).

Utilizing Lemma 2.1, we determine the relation in the proposition. □

Next, we introduce the functionals

Ψ1(𝑡) = 𝜌𝐴

∫︁ 𝐿

0

𝑢𝑡

∫︁ 𝑡

0

𝜅(𝑡− 𝑠)𝑢𝑡(𝑠)𝑑𝑠 𝑑𝑥,

Ψ2(𝑡) = 𝜌𝐴

∫︁ 𝐿

0

𝑢

(︂
𝑢𝑡 +

∫︁ 𝑡

0

𝜅(𝑡− 𝑠)𝑢𝑡(𝑠)𝑑𝑠

)︂
𝑑𝑥,

Ψ3(𝑡) =
𝑃0

2

∫︁ 𝑡

0

𝐾𝑔(𝑡− 𝑠)‖𝑢𝑥(𝑠)‖2𝑑𝑠,

Ψ4(𝑡) =
𝜌𝐴

2

∫︁ 𝑡

0

(�̃�𝑔(𝑡− 𝑠) +𝐾𝑔(𝑡− 𝑠))‖𝑢𝑡(𝑠)‖2𝑑𝑠,

and

Ψ5(𝑡) =
𝐸𝐼

2

∫︁ 𝐿

0

∫︁ 𝑡

0

𝐾𝑔(𝑡− 𝑠)𝑢𝑥𝑥(𝑠)
2𝑑𝑠 𝑑𝑥+

𝐸𝐴

2

∫︁ 𝐿

0

∫︁ 𝑡

0

𝐾𝑔(𝑡− 𝑠)𝑢𝑥(𝑠)
4𝑑𝑠 𝑑𝑥,
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𝐾𝑔(𝑡) = 𝑔−1(𝑡)

∫︁ +∞

𝑡

|𝜅′(𝑠)|𝑔(𝑠)𝑑𝑠, �̃�𝑔(𝑡) = 𝑔−1(𝑡)

∫︁ +∞

𝑡

𝜅(𝑠)𝑔(𝑠)𝑑𝑠

and 𝑔(𝑡) is specified below. We define the second modified functional by

(2.2) 𝐹 (𝑡) = 𝐸(𝑡) +

5∑︁
𝑖=1

𝜆𝑖Ψ𝑖(𝑡), 𝑡 ⩾ 0,

for 𝜆𝑖 > 0, 𝑖 = 1, . . . , 5 to be specified later. Our first study indicated that this
functional is reasonable to consider.

Proposition 2.2. There exist 𝑛𝑖 > 0, 𝑖 = 1, 2 such that

(2.3) 𝑛1(𝐸(𝑡) + Ψ3(𝑡) + Ψ4(𝑡) + Ψ5(𝑡)) ⩽ 𝐹 (𝑡)

⩽ 𝑛2(𝐸(𝑡) + Ψ3(𝑡) + Ψ4(𝑡) + Ψ5(𝑡)), 𝑡 ⩾ 0.

Proof. It is easy to see, from the above definitions, that

Ψ1(𝑡) ⩽
𝜌𝐴

2
‖𝑢𝑡(𝑡)‖2 +

𝜌𝐴

2
𝑘

∫︁ 𝑡

0

𝜅(𝑡− 𝑠)‖𝑢𝑡(𝑠)‖2𝑑𝑠

⩽ 𝑞1

(︂
𝜌𝐴

2
‖𝑢𝑡(𝑡)‖2 +

𝜌𝐴

2

∫︁ 𝑡

0

𝜅(𝑡− 𝑠)‖𝑢𝑡(𝑠)‖2𝑑𝑠
)︂

where 𝑞1 = 𝐿max(1, 𝑘).

Ψ2(𝑡) ⩽
𝜌𝐴

2
‖𝑢𝑡(𝑡)‖2 +

2𝜌𝐴𝐿2

𝑃0

𝑃0

2
‖𝑢𝑥(𝑡)‖2 +

𝜌𝐴

2
𝑘

∫︁ 𝑡

0

𝜅(𝑡− 𝑠)‖𝑢𝑡(𝑠)‖2𝑑𝑠

⩽ 𝑞2

(︂
𝜌𝐴

2
‖𝑢𝑡(𝑡)‖2 +

𝑃0

2
‖𝑢𝑥(𝑡)‖2 +

𝜌𝐴

2

∫︁ 𝑡

0

𝜅(𝑡− 𝑠)‖𝑢𝑡(𝑠)‖2𝑑𝑠
)︂
.

where 𝑞2 = 𝐿max(1, 𝑘, 2𝜌𝐴𝐿2

𝑃0
). Taking into account these considerations, we have

𝐹 (𝑡) ⩽ (1 + 𝜆1𝑞1 + 𝜆2𝑞2)
𝜌𝐴

2
‖𝑢𝑡(𝑡)‖2 +

𝐸𝐼

2
‖𝑢𝑥𝑥(𝑡)‖2 +

𝑃0

2
+ (1 + 𝜆2𝑞2)‖𝑢𝑥(𝑡)‖2

+
𝐸𝐴

8
‖𝑢2

𝑥(𝑡)‖2 + (1 + 𝜆1𝑞1 + 𝜆2𝑞2)
𝜌𝐴

2

∫︁ 𝑡

0

𝜅(𝑡− 𝑠)‖𝑢𝑡(𝑠)‖2𝑑𝑠

+ 𝜆3Ψ3(𝑡) + 𝜆4Ψ4(𝑡) + 𝜆5Ψ5(𝑡)

and

2𝐹 (𝑡) ⩾ (1− 𝑞1𝜆1 − 𝜆2𝑞2)𝜌𝐴‖𝑢𝑡(𝑡)‖2 + 𝐸𝐼‖𝑢𝑥𝑥(𝑡)‖2 +
𝐸𝐴

4
‖𝑢2

𝑥(𝑡)‖2

+ (1− 𝜆2𝑞2)𝑃0‖𝑢𝑥(𝑡)‖2 + (1− 𝑞1𝜆1 − 𝜆2𝑞2)𝜌𝐴

∫︁ 𝑡

0

𝜅(𝑡− 𝑠)‖𝑢𝑡(𝑠)‖2𝑑𝑠

+ 2𝜆3Ψ3(𝑡) + 2𝜆4Ψ4(𝑡) + 2𝜆5Ψ5(𝑡), 𝑡 ⩾ 0.

Therefore,

𝑛1(𝐸(𝑡) + 𝜆3Ψ3(𝑡) + 𝜆4Ψ4(𝑡) + 𝜆5Ψ5(𝑡)) ⩽ 𝐿(𝑡)

⩽ 𝑛2(𝐸(𝑡) + 𝜆3Ψ3(𝑡) + 𝜆4Ψ4(𝑡) + 𝜆5Ψ5(𝑡))
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for some 𝑛𝑖 > 0 and 𝜆𝑖, 𝑖 = 1, 2 such that 𝜆1 < 1−𝜆2𝑞2
2𝑞1

, 𝜆2 < 1−𝜆1𝑞1
2𝑞2

. □

3. Asymptotic behavior

In the following section, we state and prove our main result.

Theorem 3.1. Let us suppose that 𝜅 and 𝑔 satisfy the hypotheses (K1)–(K3).
Then, there exist positive constants 𝐶 and 𝜎 such that

𝐸(𝑡) ⩽ 𝐶𝑔(𝑡)−𝜎, 𝑡 ⩾ 0.

Proof. Differentiating Ψ1(𝑡), with respect to 𝑡 and utilizing the first equation
of (1.1)–(1.3), we obtain

Ψ1(𝑡) = −𝜌𝐴

∫︁ 𝐿

0

𝑢𝑡

∫︁ 𝑡

0

𝜅(𝑡− 𝑠)𝑢𝑡(𝑠)𝑑𝑠 𝑑𝑥

Ψ′
1(𝑡) = −𝜌𝐴

∫︁ 𝐿

0

𝑢𝑡

(︂∫︁ 𝑡

0

𝜅(𝑡− 𝑠)𝑢𝑡(𝑠)𝑑𝑠

)︂
𝑡

𝑑𝑥

− 𝜌𝐴

∫︁ 𝐿

0

𝑢𝑡𝑡

∫︁ 𝑡

0

𝜅(𝑡− 𝑠)𝑢𝑡(𝑠)𝑑𝑠 𝑑𝑥 = 𝐼1 + 𝐼2.

Clearly

𝐼1 = −𝜌𝐴

∫︁ 𝐿

0

𝑢𝑡(𝜅(0)𝑢𝑡 +

∫︁ 𝑡

0

𝜅′(𝑡− 𝑠)𝑢𝑡(𝑠)𝑑𝑠)

𝐼1 = −𝜌𝐴𝜅(0)‖𝑢𝑡‖2 − 𝜌𝐴

∫︁ 𝐿

0

𝑢𝑡

∫︁ 𝑡

0

𝜅′(𝑡− 𝑠)𝑢𝑡(𝑠)𝑑𝑠 𝑑𝑥

⩽ −𝜌𝐴𝜅(0)‖𝑢𝑡‖2 +
𝜌𝐴

4𝛿0
‖𝑢𝑡‖2 + 𝜌𝐴𝛿0𝜅(0)

∫︁ 𝑡

0

|𝜅′(𝑡− 𝑠)|‖𝑢𝑡(𝑠)‖2𝑑𝑠

⩽ 𝜌𝐴
(︁ 1

4𝛿0
− 𝜅(0)

)︁
‖𝑢𝑡‖2 + 𝜌𝐴𝛿0𝜅(0)

∫︁ 𝑡

0

|𝜅′(𝑡− 𝑠)|‖𝑢𝑡(𝑠)‖2𝑑𝑠, 𝛿0 > 0.

The equation (1.1) allows us to write

𝐼2 = 𝜌𝐴

∫︁ 𝐿

0

(︂∫︁ 𝑡

0

𝜅(𝑡− 𝑠)𝑢𝑡(𝑠)𝑑𝑠

)︂
𝑡

(︂∫︁ 𝑡

0

𝜅(𝑡− 𝑠)𝑢𝑡(𝑠)𝑑𝑠

)︂
𝑑𝑥

+

∫︁ 𝐿

0

(︁
𝐸𝐼𝑢𝑥𝑥𝑥𝑥 − 𝑃0𝑢𝑥𝑥 − 𝐸𝐴

2
(𝑢3

𝑥)𝑥

)︁
×
(︂
𝜅(0)𝑢− 𝜅(𝑡)𝑢0 +

∫︁ 𝑡

0

𝜅′(𝑡− 𝑠)𝑢(𝑠)𝑑𝑠

)︂
𝑑𝑥 = 𝐼21 + 𝐼22,

and

𝐼21 = 𝜌𝐴

∫︁ 𝐿

0

(︂
𝜅(0)𝑢𝑡 +

∫︁ 𝑡

0

𝜅′(𝑡− 𝑠)𝑢𝑡(𝑠)𝑑𝑠

)︂(︂∫︁ 𝑡

0

𝜅(𝑡− 𝑠)𝑢𝑡(𝑠)𝑑𝑠

)︂
𝑑𝑥

= 𝜌𝐴𝜅(0)

∫︁ 𝐿

0

𝑢𝑡

∫︁ 𝑡

0

𝜅(𝑡− 𝑠)𝑢𝑡(𝑠)𝑑𝑠 𝑑𝑥+ 𝜌𝐴

∫︁ 𝐿

0

∫︁ 𝑡

0

𝜅′(𝑡− 𝑠)𝑢𝑡(𝑠)𝑑𝑠

∫︁ 𝑡

0

𝜅(𝑡− 𝑠)𝑢𝑡(𝑠)𝑑𝑠 𝑑𝑥

⩽ 𝜌𝐴𝜅(0)2𝛿0‖𝑢𝑡‖2 +
𝜌𝐴

4𝛿0
𝑘

∫︁ 𝑡

0

𝜅(𝑡− 𝑠)‖𝑢𝑡(𝑠)‖2𝑑𝑠
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+ 𝜌𝐴𝜅(0)𝛿0

∫︁ 𝑡

0

|𝜅′(𝑡− 𝑠)|‖𝑢𝑡(𝑠)‖2𝑑𝑠+
𝜌𝐴𝑘

4𝛿0

∫︁ 𝑡

0

𝜅(𝑡− 𝑠)‖𝑢𝑡(𝑠)‖2𝑑𝑠

⩽ 𝜌𝐴𝜅(0)2𝛿0‖𝑢𝑡‖2 +
𝜌𝐴𝑘

2𝛿0

∫︁ 𝑡

0

𝜅(𝑡− 𝑠)‖𝑢𝑡(𝑠)‖2𝑑𝑠

+ 𝜌𝐴𝜅(0)𝛿0

∫︁ 𝑡

0

|𝜅′(𝑡− 𝑠)|‖𝑢𝑡(𝑠)‖2𝑑𝑠.

In addition, for 𝛿1, 𝛿2 > 0

𝐼22 =

∫︁ 𝐿

0

(︂
𝐸𝐼𝑢𝑥𝑥𝑥 − 𝑃0𝑢𝑥 − 𝐸𝐴

2
𝑢3
𝑥

)︂
𝑥

(︂
𝜅(0)𝑢− 𝜅(𝑡)𝑢0 +

∫︁ 𝑡

0

𝜅′(𝑡− 𝑠)𝑢(𝑠)𝑑𝑠

)︂
𝑑𝑥

=
(︁
𝐸𝐼𝑢𝑥𝑥𝑥(𝐿, 𝑡)− 𝑃0𝑢𝑥(𝐿, 𝑡)−

𝐸𝐴

2
𝑢3
𝑥(𝐿, 𝑡)

)︁
×

(︂
𝜅(0)𝑢(𝐿, 𝑡)− 𝜅(𝑡)𝑢(𝐿, 0) +

∫︁ 𝑡

0

𝜅′(𝑡− 𝑠)𝑢(𝐿, 𝑠)𝑑𝑠

)︂
−

∫︁ 𝐿

0

(︁
𝐸𝐼𝑢𝑥𝑥𝑥 − 𝑃0𝑢𝑥 − 𝐸𝐴

2
𝑢3
𝑥

)︁(︂
𝜅(0)𝑢𝑥 − 𝜅(𝑡)𝑢𝑥0 +

∫︁ 𝑡

0

𝜅′(𝑡− 𝑠)𝑢𝑥(𝑠)𝑑𝑠

)︂
𝑑𝑥.

Using boundary control, we find

𝐼22 ⩽ 𝛼𝑢𝑡(𝐿, 𝑡)

(︂
𝜅(0)𝑢(𝐿, 𝑡)− 𝜅(𝑡)𝑢(𝐿, 0) +

∫︁ 𝑡

0

𝜅′(𝑡− 𝑠)𝑢(𝐿, 𝑠)𝑑𝑠

)︂
𝐸𝐼(𝜅(0) + 𝜅(𝑡)𝛿1)‖𝑢𝑥𝑥‖2 + 𝑃0(𝜅(0) + 𝜅(𝑡)𝛿2)‖𝑢𝑥‖2 +

𝐸𝐼 𝜅(𝑡)

4𝛿1
‖𝑢𝑥𝑥0‖2

+
𝐸𝐴

2

(︁
𝜅(0) +

𝜅(𝑡)(1 + 𝛿3)

2

)︁
‖𝑢2

𝑥‖2 +
𝑃0𝜅(𝑡)

4𝛿2
‖𝑢𝑥0‖2 +

𝐸𝐴

16𝛿3
𝜅(𝑡)‖𝑢2

𝑥0‖2

−
∫︁ 𝐿

0

(︁
𝐸𝐼𝑢𝑥𝑥𝑥 − 𝑃0𝑢𝑥 − 𝐸𝐴

2
𝑢3
𝑥

)︁(︂∫︁ 𝑡

0

𝜅′(𝑡− 𝑠)𝑢𝑥(𝑠)𝑑𝑠

)︂
𝑑𝑥.

Young inequality gives us

−
∫︁ 𝐿

0

(︁
𝐸𝐼𝑢𝑥𝑥𝑥 − 𝑃0𝑢𝑥 − 𝐸𝐴

2
𝑢3
𝑥

)︁(︂∫︁ 𝑡

0

𝜅′(𝑡− 𝑠)𝑢𝑥(𝑠)𝑑𝑠

)︂
𝑑𝑥 ⩽ 𝐸𝐼𝛿4‖𝑢𝑥𝑥‖2

+
𝐸𝐼 𝜅(0)

4𝛿4

∫︁ 𝑡

0

|𝜅′(𝑡− 𝑠)|‖𝑢𝑥𝑥(𝑠)‖2𝑑𝑠+ 𝑃0𝛿5‖𝑢𝑥‖2

+
𝑃0𝜅(0)

4𝛿5

∫︁ 𝑡

0

|𝜅′(𝑡− 𝑠)|‖𝑢𝑥(𝑠)‖2𝑑𝑠

+
𝐸𝐴

2

∫︁ 𝐿

0

𝑢2
𝑥

∫︁ 𝑡

0

𝜅′(𝑡− 𝑠)𝑢𝑥(𝑠)𝑢𝑥𝑑𝑠 𝑑𝑥, 𝛿4, 𝛿5 > 0.

For 𝛿6 > 0, the estimation∫︁ 𝐿

0

𝑢2
𝑥

∫︁ 𝑡

0

𝜅′(𝑡− 𝑠)𝑢𝑥(𝑠)𝑢𝑥𝑑𝑠 𝑑𝑥

⩽

(︂∫︁ 𝐿

0

(𝑢2
𝑥)

2𝑑𝑥

)︂1/2(︂∫︁ 𝐿

0

(︂∫︁ 𝑡

0

|𝜅′(𝑡− 𝑠)|𝑢𝑥(𝑠)𝑢𝑥𝑑𝑠

)︂2

𝑑𝑥

)︂1/2
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⩽
1

2
‖𝑢2

𝑥‖2 +
1

2

∫︁ 𝐿

0

∫︁ 𝑡

0

|𝜅′(𝑡− 𝑠)|𝑢2
𝑥(𝑠)𝑑𝑠

∫︁ 𝑡

0

|𝜅′(𝑡− 𝑠)|𝑢2
𝑥𝑑𝑠 𝑑𝑥

⩽
1

2
‖𝑢2

𝑥‖2 +
1

2

(︂
𝜅(0)𝛿6

4

∫︁ 𝑡

0

|𝜅′(𝑡− 𝑠)|‖𝑢2
𝑥(𝑠)‖2𝑑𝑠+

𝜅(0)

𝛿6
‖𝑢2

𝑥‖2
)︂

⩽
1

2

(︁
1 +

𝜅(0)

𝛿6

)︁
‖𝑢2

𝑥‖2 +
𝛿6𝜅(0)

8

∫︁ 𝑡

0

|𝜅′(𝑡− 𝑠)|‖𝑢2
𝑥(𝑠)‖2𝑑𝑠.

Applying Young’s inequality, we find

𝑢𝑡(𝐿, 𝑡)

∫︁ 𝑡

0

𝜅′(𝑡− 𝑠)𝑢(𝐿, 𝑠)𝑑𝑠 ⩽
1

2𝑏0
𝑢2
𝑡 (𝐿, 𝑡) +

𝑏0
2
𝐿𝜅(0)

∫︁ 𝑡

0

|𝜅′(𝑡− 𝑠)|‖𝑢𝑥(𝑠)‖2𝑑𝑠,

𝑢𝑡(𝐿, 𝑡)𝑢(𝐿, 𝑡) ⩽
1

2𝑏0
𝑢2
𝑡 (𝐿, 𝑡) +

𝑏0𝐿

2
‖𝑢𝑥‖2,

−𝑢𝑡(𝐿, 𝑡)𝑢(𝐿, 0) ⩽
1

2𝑏0
𝑢2
𝑡 (𝐿, 𝑡) +

𝑏0𝐿

2
‖𝑢𝑥0‖2.

Hence,

𝐼22 ⩽ 𝛼
1 + 𝜅(0) + 𝜅(𝑡)

2𝑏0
𝑢2
𝑡 (𝐿, 𝑡) + 𝑃0

(︁
𝜅(0) + 𝜅(𝑡)𝛿2 + 𝛿5 +

𝑏0𝐿𝜅(0)

2𝑃0

)︁
‖𝑢𝑥‖2

+ 𝐸𝐼(𝜅(0) + 𝜅(𝑡)𝛿1 + 𝛿4)‖𝑢𝑥𝑥‖2 +
𝜅(0)

2

(︁ 𝑃0

2𝛿5
+ 𝛼𝐿𝑏0

)︁∫︁ 𝑡

0

|𝜅′(𝑡− 𝑠)|‖𝑢𝑥(𝑠)‖2𝑑𝑠

+
𝐸𝐴

2

(︁
𝜅(0)

(︁
1 +

1

2𝛿6

)︁
+

1 + 𝜅(𝑡)(1 + 𝛿3)

2

)︁
‖𝑢2

𝑥‖2 +
𝐸𝐼 𝜅(𝑡)

4𝛿1
‖𝑢𝑥𝑥0‖2

+
(︁ 𝑃0

2𝛿2
+ 𝛼𝑏0𝐿

)︁𝜅(𝑡)
2

‖𝑢𝑥0‖2 +
𝐸𝐴

16𝛿3
𝜅(𝑡)‖𝑢2

𝑥0‖2

+
𝐸𝐼𝜅(0)

4𝛿4

∫︁ 𝑡

0

|𝜅′(𝑡− 𝑠)|‖𝑢𝑥𝑥(𝑠)‖2𝑑𝑠+
𝛿6𝜅(0)

16
𝐸𝐴

∫︁ 𝑡

0

|𝜅′(𝑡− 𝑠)|‖𝑢2
𝑥(𝑠)‖2𝑑𝑠.

Therefore,

Ψ′
1(𝑡) ⩽ 𝛼

(1 + 𝜅(0) + 𝜅(𝑡))

2𝑏0
𝑢2
𝑡 (𝐿, 𝑡) + 𝜌𝐴

(︁ 1

4𝛿0
− 𝜅(0) + 𝜅(0)2𝛿0

)︁
‖𝑢𝑡‖2(3.1)

+ 2𝜌𝐴𝜅(0)𝛿0

∫︁ 𝑡

0

|𝜅′(𝑡− 𝑠)|‖𝑢𝑡(𝑠)‖2𝑑𝑠+
𝜌𝐴𝑘

2𝛿0

∫︁ 𝑡

0

𝜅(𝑡− 𝑠)‖𝑢𝑡(𝑠)‖2𝑑𝑠

+ 𝐸𝐼(𝜅(0) + 𝜅(𝑡)𝛿1 + 𝛿4)‖𝑢𝑥𝑥‖2

+ 𝑃0

(︁
𝜅(0) + 𝜅(𝑡)𝛿2 + 𝛿5 +

𝛼𝑏0𝐿𝜅(0)

2𝑃0

)︁
‖𝑢𝑥‖2

+
𝐸𝐴

2

(︁
𝜅(0)

(︁
1 +

1

2𝛿6

)︁
+

1 + 𝜅(𝑡)(1 + 𝛿3)

2

)︁
‖𝑢2

𝑥‖2 +
𝐸𝐼

4𝛿1
𝜅(𝑡)‖𝑢𝑥𝑥0‖2

+
(︁ 𝑃0

2𝛿2
+ 𝑏0𝐿

)︁𝜅(𝑡)
2

‖𝑢𝑥0‖2 +
𝐸𝐴

16𝛿3
𝜅(𝑡)‖𝑢2

𝑥0‖2

+
𝐸𝐼 𝜅(0)

4𝛿4

∫︁ 𝑡

0

|𝜅′(𝑡− 𝑠)|‖𝑢𝑥𝑥(𝑠)‖2𝑑𝑠
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+
𝜅(0)

2

(︁ 𝑃0

2𝛿5
+ 𝛼𝐿𝑏0

)︁∫︁ 𝑡

0

|𝜅′(𝑡− 𝑠)|‖𝑢𝑥(𝑠)‖2𝑑𝑠

+
𝛿6𝜅(0)

16
𝐸𝐴

∫︁ 𝑡

0

|𝜅′(𝑡− 𝑠)|‖𝑢2
𝑥(𝑠)‖2𝑑𝑠.

In view of equation (1.1), The derivative of Ψ2(𝑡) is given by

Ψ′
2(𝑡) = 𝜌𝐴

∫︁ 𝐿

0

𝑢𝑡

(︂
𝑢𝑡 +

∫︁ 𝑡

0

𝑘(𝑡− 𝑠)𝑢𝑡(𝑠)𝑑𝑠

)︂
𝑑𝑥

+ 𝜌𝐴

∫︁ 𝐿

0

𝑢
𝜕

𝜕𝑡

(︂
𝑢𝑡 +

∫︁ 𝑡

0

𝑘(𝑡− 𝑠)𝑢𝑡(𝑠)𝑑𝑠

)︂
𝑑𝑥

= 𝜌𝐴‖𝑢𝑡‖2 + 𝜌𝐴

∫︁ 𝐿

0

𝑢𝑡

∫︁ 𝑡

0

𝑘(𝑡− 𝑠)𝑢𝑡(𝑠)𝑑𝑠 𝑑𝑥

+

∫︁ 𝐿

0

𝑢
(︁
− 𝐸𝐼𝑢𝑥𝑥𝑥𝑥 +

𝐸𝐴

2
(𝑢3

𝑥)𝑥 + 𝑃0𝑢𝑥𝑥

)︁
𝑑𝑥.

Therefore, for 𝛿4 > 0,

Ψ′
2(𝑡) ⩽ 𝜌𝐴(1 +

𝛿4
2
)‖𝑢𝑡‖2 +

𝜌𝐴𝑘

2𝛿4

∫︁ 𝑡

0

𝑘(𝑡− 𝑠)‖𝑢𝑡(𝑠)‖2𝑑𝑠− 𝐸𝐼‖𝑢𝑥𝑥‖2

− 𝑃0‖𝑢𝑥‖2 −
𝐸𝐴

2
‖𝑢2

𝑥‖2 + 𝑢(𝐿, 𝑡)(−𝐸𝐼𝑢𝑥𝑥𝑥(𝐿, 𝑡) + 𝑃0𝑢𝑥(𝐿, 𝑡) +
𝐸𝐴

2
𝑢3
𝑥(𝐿, 𝑡)).

It follows from the boundary conditions that

(3.2) Ψ′
2(𝑡) ⩽ 𝜌𝐴(1 +

𝛿4
2
)‖𝑢𝑡‖2 +

𝜌𝐴𝑘

2𝛿4

∫︁ 𝑡

0

𝑘(𝑡− 𝑠)‖𝑢𝑡(𝑠)‖2𝑑𝑠

− 𝐸𝐼‖𝑢𝑥𝑥‖2 − 𝑃0

(︁
1− 𝛼𝐿𝑏0

2𝑃0

)︁
‖𝑢𝑥‖2 −

𝐸𝐴

2
‖𝑢2

𝑥‖2 +
𝛼

2𝑏0
𝑢2
𝑡 (𝐿, 𝑡).

The derivative of Ψ3(𝑡) satisfies

Ψ′
3(𝑡) =

𝑃0

2
𝐾𝑔(0)‖𝑢𝑥‖2 +

𝑃0

2

∫︁ 𝑡

0

𝐾 ′
𝑔(𝑡− 𝑠)‖𝑢𝑥(𝑠)‖2𝑑𝑠(3.3)

⩽
𝑃0

2
𝐾𝑔(0)‖𝑢𝑥‖2 −

𝑃0

2
𝜇

∫︁ 𝑡

0

𝐾𝑔(𝑡− 𝑠)‖𝑢𝑥(𝑠)‖2𝑑𝑠

− 𝑃0

2

∫︁ 𝑡

0

|𝜅′(𝑡− 𝑠)|‖𝑢𝑥(𝑠)‖2𝑑𝑠, 𝑡 ⩾ 0.

Further, differentiating Ψ4(𝑡) yields

Ψ′
4(𝑡) =

𝜌𝐴

2
(�̃�𝑔(0) +𝐾𝑔(0))‖𝑢𝑡(𝑡)‖2(3.4)

+
𝜌𝐴

2

∫︁ 𝑡

0

(�̃� ′
𝑔(𝑡− 𝑠) +𝐾 ′

𝑔(𝑡− 𝑠))‖𝑢𝑡(𝑠)‖2𝑑𝑠

⩽
𝜌𝐴

2
(�̃�𝑔(0) +𝐾𝑔(0))‖𝑢𝑡(𝑡)‖2
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− 𝜌𝐴

2
𝜇(𝑡)

∫︁ 𝑡

0

(�̃�𝑔(𝑡− 𝑠) +𝐾𝑔(𝑡− 𝑠))‖𝑢𝑡(𝑠)‖2𝑑𝑠

− 𝜌𝐴

2

∫︁ 𝑡

0

(𝜅(𝑡− 𝑠) + |𝜅′(𝑡− 𝑠)|)‖𝑢𝑡(𝑠)‖2𝑑𝑠, 𝑡 ⩾ 0.

Direct computations give us

Ψ′
5(𝑡) =

𝐸𝐼

2
𝐾𝑔(0)‖𝑢𝑥𝑥‖2 +

𝐸𝐼

2

∫︁ 𝑡

0

𝐾 ′
𝑔(𝑡− 𝑠)‖𝑢𝑥𝑥(𝑠)‖2𝑑𝑠

+
𝐸𝐴

2
𝐾𝑔(0)‖𝑢2

𝑥‖2 +
𝐸𝐴

2

∫︁ 𝑡

0

𝐾 ′
𝑔(𝑡− 𝑠)‖𝑢2

𝑥(𝑠)‖2𝑑𝑠,

that is

Ψ′
5(𝑡) ⩽

𝐸𝐼

2
𝐾𝑔(0)‖𝑢𝑥𝑥‖2 +

𝐸𝐴

2
𝐾𝑔(0)‖𝑢2

𝑥‖2 −
𝐸𝐼

2

∫︁ 𝑡

0

|𝜅′(𝑡− 𝑠)|‖𝑢𝑥𝑥(𝑠)‖2𝑑𝑠(3.5)

− 𝐸𝐴

2
𝜇(𝑡)

∫︁ 𝑡

0

𝐾𝑔(𝑡− 𝑠)‖𝑢2
𝑥(𝑠)‖2𝑑𝑠−

𝐸𝐴

2

∫︁ 𝑡

0

|𝜅′(𝑡− 𝑠)|‖𝑢2
𝑥(𝑠)‖2𝑑𝑠

− 𝐸𝐼

2
𝜇(𝑡)

∫︁ 𝑡

0

𝐾𝑔(𝑡− 𝑠)‖𝑢𝑥𝑥(𝑠)‖2𝑑𝑠, 𝑡 ⩾ 0.

Collecting the estimations (3.1)–(3.5), we find

𝐹 ′(𝑡) ⩽
𝜌𝐴

2
(𝜅′∘𝑢𝑡)(𝑡) +

𝜌𝐴

2

{︁
− 𝜅(𝑡) + 2𝜆1

(︁ 1

4𝛿0
− 𝜅(0) + 𝜅(0)2𝛿0

)︁
+ 2𝜆2(1 + 𝛿4) + 𝜆4(�̃�𝑔(0) +𝐾𝑔(0))

}︁
‖𝑢𝑡‖2

+ 𝑃0

(︁
𝜆1

(︁
𝜅(0) + 𝜅(𝑡)𝛿2 + 𝛿5 +

𝛼𝐿𝑏0𝜅(0)

2𝑃0

)︁
− 𝜆2

(︁
1− 𝛼𝐿𝑏0

2𝑃0

)︁
+

𝜆3

2
𝐾𝑔(0)

)︁
‖𝑢𝑥‖2

+ 𝐸𝐼
(︁
𝜆1

(︁
𝜅(0) + 𝜅(𝑡)𝛿1 + 𝛿4

)︁
− 𝜆2 +

𝜆5

2
𝐾𝑔(0)

)︁
‖𝑢𝑥𝑥‖2

+
𝐸𝐴

2

(︁
𝜆1

(︁1 + 𝜅(𝑡)(1 + 𝛿3)

2
+ 𝜅(0)

(︁
1 +

1

𝛿6

)︁)︁
− 𝜆2 + 𝜆5𝐾𝑔(0)

)︁
‖𝑢2

𝑥‖2

+
𝜌𝐴

2

(︁𝜆1�̄�

𝛿0
+

𝜆2�̄�

𝛿4
− 𝜆4

)︁∫︁ 𝑡

0

𝜅(𝑡− 𝑠)‖𝑢𝑡(𝑠)‖2𝑑𝑠

+ 𝜌𝐴
(︁
2𝜆1𝜅(0)𝛿0 −

𝜆4

2

)︁∫︁ 𝑡

0

|𝜅′(𝑡− 𝑠)|‖𝑢𝑡(𝑠)‖2𝑑𝑠

+
(︁
− 𝜆3

𝑃0

2
+ 𝜆1

𝜅(0)

2
(
𝑃0

2𝛿5
+ 𝛼𝑏0𝐿)

)︁∫︁ 𝑡

0

|𝜅′(𝑡− 𝑠)|‖𝑢𝑥(𝑠)‖2𝑑𝑠

+
𝐸𝐼

2

(︁
𝜆1

𝜅(0)

2𝛿4
− 𝜆5

)︁∫︁ 𝑡

0

|𝜅′(𝑡− 𝑠)|‖𝑢𝑥𝑥(𝑠)‖2𝑑𝑠− 𝜆3𝜇(𝑡)Ψ3(𝑡)− 𝜆4𝜇(𝑡)Ψ4(𝑡)

+
𝐸𝐴

2

(︁
𝜆1

𝛿6𝜅(0)

8
− 𝜆5

)︁∫︁ 𝑡

0

|𝜅′(𝑡− 𝑠)|‖𝑢2
𝑥(𝑠)‖2𝑑𝑠+ 𝜆1𝜅(𝑡)

𝐸𝐼

4𝛿1
‖𝑢𝑥𝑥0‖2

+ 𝜆1𝜅(𝑡)
𝐸𝐴

16𝛿3
‖𝑢2

𝑥0‖2 + 𝜆1
𝜅(𝑡)

2

(︁ 𝑃0

2𝛿0
+ 𝛼𝑏0𝐿

)︁
‖𝑢𝑥0‖2

+ 𝛼
(︁
− 1 + 𝜆1

1 + 𝜅(0) + 𝜅(𝑡)

2𝑏0
+

𝜆2

2𝑏0

)︁
𝑢2
𝑡 (𝐿, 𝑡)− 𝜆5𝜇(𝑡)Ψ5(𝑡).
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Choosing

𝑏0 = 2, 𝛼 =
𝑃0

2𝐿
, 𝛿0 =

1

𝜅(0)
, 𝛿3 = 𝛿1 = 1,

𝛿6 =
2

𝜅(0)
, 𝛿4 = 2𝜅(0), 𝜆5 =

𝜆1

4
, 𝜆3 = 𝜅(0)

(︁ 1

2𝛿5
+ 1

)︁
𝜆1.

Such that

𝐹 ′(𝑡) ⩽
𝜌𝐴

2

{︁
− 𝜅(𝑡) + 𝜆1

𝜅(0)

2
+ 2𝜆2(1 + 2𝜅(0)) + 𝜆4(�̃�𝑔(0) +𝐾𝑔(0))

}︁
‖𝑢𝑡‖2

+
𝜌𝐴

2
(𝜅′∘𝑢𝑡)(𝑡) + 𝑃0

(︁
𝜆1

(︁
𝜅(𝑡)𝛿2 + 𝛿5 +

3𝜅(0)

2
+

𝜅(0)

2
(
1

2𝛿5
+ 1)𝐾𝑔(0)

)︁
− 𝜆2

2

)︁
‖𝑢𝑥‖2

+ 𝐸𝐼
(︁
𝜆1(3𝜅(0) + 𝜅(𝑡) +

𝐾𝑔(0)

8
)− 𝜆2

)︁
‖𝑢𝑥𝑥‖2

+ 𝜌𝐴
(︁
2𝜆1 −

𝜆4

2

)︁∫︁ 𝑡

0

|𝜅′(𝑡− 𝑠)|‖𝑢𝑡(𝑠)‖2𝑑𝑠

+
𝐸𝐴

2

(︁
𝜆1

(︁1 + 2𝜅(𝑡) + 𝜅(0)(2 + 𝜅(0))

2
+

𝐾𝑔(0)

4

)︁
− 𝜆2

)︁
‖𝑢2

𝑥‖2 − 𝜆3𝜇(𝑡)Ψ3(𝑡)

+
𝜌𝐴

2

(︁
𝜆1�̄�𝜅(0) +

𝜆2�̄�

2𝜅(0)
− 𝜆4

)︁∫︁ 𝑡

0

𝜅(𝑡− 𝑠)‖𝑢𝑡(𝑠)‖2𝑑𝑠− 𝜆4𝜇(𝑡)Ψ4(𝑡)− 𝜆5𝜇(𝑡)Ψ5(𝑡)

+ 𝜅(𝑡)
𝜆1

2

(︁𝐸𝐼

2
‖𝑢𝑥𝑥0‖2 +

𝐸𝐴

8
‖𝑢2

𝑥0‖2 + 𝑃0

(︁𝜅(0)
2

+ 1
)︁
‖𝑢𝑥0‖2

)︁
+ 𝛼

(︁
− 1 + 𝜆1

1 + 𝜅(0) + 𝜅(𝑡)

4
+

𝜆2

4

)︁
𝑢2
𝑡 (𝐿, 𝑡).

We need 𝜆1 so small that⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝜆1
𝜅(0)
2 + 2𝜆2(1 + 2𝜅(0)) + 𝜆4(�̃�𝑔(0) +𝐾𝑔(0)) < 𝜅(𝑡),

𝜆1(3𝜅(0) + 𝜅(𝑡) +
𝐾𝑔(0)

8 ) < 𝜆2,

𝜆1

(︁
1+2𝜅(𝑡)+𝜅(0)(2+𝜅(0))

2 +
𝐾𝑔(0)

4

)︁
< 𝜆2,

𝜆1�̄�𝜅(0) +
𝜆2�̄�
2𝜅(0) < 𝜆4,

𝜆1 < 𝜆4

4 ,

𝜆1

(︁
𝜅(𝑡)𝛿2 + 𝛿5 +

3𝜅(0)
2 + 𝜅(0)

2 ( 1
2𝛿5

+ 1)𝐾𝑔(0)
)︁
< 𝜆2

2 ,

𝜆1
1+𝜅(0)+𝜅(𝑡)

4 + 𝜆2

4 < 1.

As a result, for 𝑡 ⩾ 𝑡*

𝐹 ′(𝑡) ⩽ −𝐶1𝐸(𝑡)− 𝜆3𝜇(𝑡)Ψ3(𝑡)− 𝜆4𝜇(𝑡)Ψ4(𝑡)− 𝜆5𝜇(𝑡)Ψ5(𝑡) + 𝐶2𝜅(𝑡), 𝑡 ⩾ 𝑡*,

where
𝐶2 =

𝜆1

2

(︁𝐸𝐼

2
‖𝑢𝑥𝑥0‖2 +

𝐸𝐴

8
‖𝑢2

𝑥0‖2 + 𝑃0

(︁𝜅(0)
2

+ 1
)︁
‖𝑢𝑥0‖2

)︁
.

As 𝜇(𝑡) is nonincreasing, we can write

𝐹 ′(𝑡) ⩽ − 𝐶1

𝜇(0)
𝜇(𝑡)𝐸(𝑡)−𝜆3𝜇(𝑡)Ψ3(𝑡)−𝜆4𝜇(𝑡)Ψ4(𝑡)−𝜆5𝜇(𝑡)Ψ5(𝑡)+𝐶2𝜅(𝑡), 𝑡 ⩾ 𝑡*.

Using the equivalence (2.3), we obtain

(3.6) 𝐹 ′(𝑡) ⩽ −𝐶3𝜇(𝑡)𝐹 (𝑡) + 𝐶2𝜅(𝑡), 𝑡 ⩾ 𝑡*,
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where 𝐶𝑖, 𝑖 = 1, . . . , 3 are positive constants. A simple integration of (3.6) over
[𝑡*, 𝑡] gives

𝐹 (𝑡) ⩽ 𝑁𝑒−𝐶3

∫︀ 𝑡
𝑡* 𝜇(𝑠)𝑑𝑠, 𝑡 ⩾ 𝑡*,

for some positive constant 𝑁 . Then utilizing the inequality (2.3) of Proposition
2.2, we get

𝑛1(𝐸(𝑡) + Ψ3(𝑡) + Ψ4(𝑡) + Ψ5(𝑡)) ⩽ 𝑁𝑒−𝐶3

∫︀ 𝑡
𝑡* 𝜇(𝑠)𝑑𝑠, 𝑡 ⩾ 𝑡*.

Due to the continuity of 𝐸(𝑡) over the interval [0, 𝑡*], we deduce

𝐸(𝑡) ⩽
𝐶

𝑔(𝑡)𝜎
, 𝑡 ⩾ 0,

for some positive constants 𝐶 and 𝜎. □
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ДИСИПАЦИJА ЕНЕРГИJЕ НЕЛИНЕАРНЕ
ОJЛЕР–БЕРНУЛИJЕВЕ ГРЕДЕ СА

НЕУТРАЛНИМ КАШЊЕЊЕМ

Резиме. У раду се разматраjу слободне попречне осцилациjе нелинеарне Оjлер-
Берноулиjеве греде при кашњењу неутралног типа. Да би се сузбиле попречне
осцилациjе штапа, проjектована jе контрола граничних услова заснована на
методи Љапунова. Новина овог рада jе могућност добиjања широког спектра
брзине дисипациjе енергиjе у условима слободних осцилациjа.
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