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A NOTE ON THE MHD FLOW
IN A POROUS CHANNEL

Eduard Marusié-Paloka and Igor PaZanin

ABSTRACT. In this paper we study the flow of a viscous incompressible con-
ducting fluid through a corrugated channel filled with a porous medium. The
fluid flow in the channel is under the action of the transverse magnetic field
and driven by the pressure drop between the channel’s edges. Using boundary-
layer analysis, we derive a higher-order asymptotic model taking into account
the inertia and roughness-induced effects on the filtration velocity.

1. Introduction

The magnetohydrodynamic (MHD) flow of a viscous incompressible conducting
fluid through a porous medium naturally arises both in natural settings (e.g. plasma
dynamics and astrophysics [1]), as well as in the engineering applications (e.g. nu-
clear engineering and metallurgy [2, 3]). For that reason, these flows have been
extensively investigated over the past few decades. We refer the reader to [4] (and
the references therein), where a literature overview of theoretical and experimental
results on the subject can be found.

Numerous models have been proposed throughout the literature to describe
a porous medium flow. Along with classical (and most popular) Darcy [5] and
Darcy—Brinkman [6] laws, if the inertia effects are not to be neglected in the fil-
tration process, the right choice becomes the so-called Darcy-Lapwood-Brinkman
system originally proposed in [7]. It incorporates the convective inertial term in
the momentum equation leading to:

(1.1) %(u* -V)u* =—-Vp* — % u* + pe Au*.

Here u* = uj,i+u;,j is the filtration velocity, p* denotes the fluid pressure, K rep-
resents the permeability of the porous medium, p and p. stand for the (dynamic)
viscosity coefficient and the effective viscosity of the fluid in the porous medium
respectively, p denotes the fluid density, whereas ¢ stands for the porosity. Here-
inafter, we denote by (i,j) the standard Cartesian basis. The nonlinear equation
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(1.1) turns out to be an essential generalization of the Darcy law. Indeed, (1.1)
takes into account the effects due to the flow inertia, and is, in addition, applicable
in various physically relevant settings, such as those where the non-slip boundary
condition is imposed on an impermeable boundary.

In practice, the boundary of the flow domain almost always contains various
small rugosities and dents and, thus, we consider a flow domain given by (see Fig. 1):

*

(1.2) Qs = {(a:*,y*) ER?:0<a* <l |y'| < R+5h(%)}.

The roughness of the channel is described by a given periodic function h, whereas
the channel’s length ¢ and R are positive constants. The roughness parameter § is
assumed to be small compared to R, i.e. 0 < § < R.

v y*:R+5h(§)

FIGURE 1. Flow domain

We assume that the flow in the channel 25 is subjected to an uniform magnetic
field By in the direction normal to the oscillating boundaries. In view of that, we
study the following system:

(1.3) p(u* - Viu* = —-Vp* — %u* — oB2ul.i+ peAut in Qg
(1.4) divu* =0 in Qy,

where o represents the conductivity of the fluid. To simplify the notation, we set
the porosity ¢ equal to 1 and take . = p (see e.g. [8]).

Obviously, the above problem cannot be exactly solved due to the nonlinearity
of the equation (1.3) and the oscillating behavior of the domain (1.2). There-
fore, we make use of the asymptotic approach recently proposed in [20, 23] for the
flows without magnetic effects and derive the approximate solution of the govern-
ing problem. As expected, the zero-order approximation of the solution does not
feel the inertia and roughness-induced effects, so we employ the delicate boundary-
layer analysis and construct the correctors which clearly acknowledge those effects.
As a result, we obtain an asymptotic approximation of higher-order of accuracy
which could prove useful a wide range of filtration processes naturally appearing in
the practice.

Roughness-induced effects on the fluid flow (without porous structure) have
been considered in numerous papers, see e.g. [9—13|. The effects of the boundary
irregularities on the porous medium flows have been analytically investigated in
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[14-18]. The inertia effects have been taken into account in [19,20] for the Navier—
Stokes flow, whereas the Darcy-Lapwood—Brinkman flow has been addressed in
[21-23]. Interesting analytical results on the MHD flows can be found in [24-30].
For recent numerical studies of the MHD flow through a porous medium we refer
the reader to [31-34]. To our knowledge, [30] contains one of the rare attempts
to build analytically the solution of the MHD flow within a domain filled with a
porous medium. Starting from the (linear) Darcy—Brinkman system and neglecting
the flow inertia, the authors in [30] construct an exact solution in the case of the
channel with perfectly plane walls. This, of course, is not feasible in our setting,
since we aim to tackle the situation being relevant from the point of view of the
applications, and, as such far from the ideal one considered in [30].

2. The problem in dimensionless form

Before writing the problem in dimensionless form, let us complete the system
(1.3)—(1.4) with the appropriate boundary conditions. To be in line with the ap-
plications, we assume that the fluid flow inside the channel is governed by the
prescribed pressure drop between the channel’s ends, whereas for the velocity we
employ the standard no-slip condition on the upper and the lower wall. Thus,
we impose:

*

(2.1) uw"'=0 on I's= {(x*,y*) ceR*:0<a" <, [y| = R—|—(5h(xy)}7

u* ' xi=0 for z*=0,/,
(2.2) p*=p; for z* =i, i € {0,¢},

for given p; (po > pe > 0).

To work in a non-dimensional setting, we need to precise the characteristic
velocity. We choose the characteristic velocity V' as the mean value of the exact
solution of (1.3)—(2.2) with h = 0. Due to the incompressibility of the flow, we take
u* = u*(y*)i leading to

op* Pe — Po

2. _ ok *) *.

(2.3) oy 0 = p=p@)=p+—F—2
d2u* U o\ . ap*

(2.4) G (? +JBO)U -5 =0,

Since u*(—R) = u*(R) = 0, we get

1 oB3 &
Kpo—p) |, b (Vi +7Er)

(2.5) u(y") = YLl
U+ KoBg) cosh( /%_,_LBSR)
o
Now, we rewrite (1.3)-(2.2) in the dimensionless form by introducing:
x* y* / 6 K

2. _ _ -t -0 L_5

(2:6) Y"Tor YT aR sR' T ar Mo aRe
u* 2Rp* 2RV p

2. e e _ e

(2.7) W= p Vi Re .
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Along to the Reynolds number Re, another non-dimensional parameter appears in
the dimensionless equations characterizing the conductivity of the flow, namely:

(2.8) M =2RBy, /% (Hartmann number).

In view of the above, the velocity (2.5) becomes:

.5)
e )_ (g0 — qr) cosh )\\/1+ y)
L(1 4 M2k) cosh 14+ M2 k:) ’

(2.9)

where we denote by

(2.10) A= ﬁ

the non-dimensional parameter characterizing the porous medium inside the chan-
nel. Taking into account (2.6)—(2.7), in what follows we study the following prob-
lem:

1

(2.11) Re(u® - V)u® = —Vp® + Au® — %ug — M*uii in QF,
(2.12) divu® =0 in QF,

1 x
2.1 ( = h(7>) —o,
(2.13) w(z, 5 +e .

ou®
2.14 0)=0
(214) o (w.0)
(2.15) u*xi=0 for z=0,L,
(2.16) p°=¢q; for ' =1, i€{0,L},
2R 2R
where gg = VZO7 qrL = Vﬁe and
+ 2 1 i

(2.17) QE:{(m,y)ER :0<x<L,O<y<§+€h(g)}.

Note that the condition (2.14) is due to the y-symmetry of the solution. Finally, we
put € = %, where n > 1 is the number of corrugations and assume fol h(§)d¢ =0
meaning that the parameter € denotes the average roughness of the wall.

3. The analysis

Before proceeding, it should be noted that we essentially study the effects of
the small boundary perturbation of the MHD flow within porous medium. In view
of that, it is rational to seek for the solution of the system (2.11)—(2.16) as the
perturbation of the Darcy—Brinkman velocity (2.9) with the effects of the applied
magnetic field, namely:

(3.1) uf = uii= k(go — qr) 1 cosh ()\\/my) 1) cosh ()\\/my) .
. 0 0 L(1+ M?k) cosh(%\/m) cosh (%\/m) )
qr. — qo
(3.2) P’ =p%(z) =qo + —Fx

L )



MHD FLOW IN A POROUS CHANNEL 53

where
(3-3) t(e) = ety + 2ty + 3ty -1 .

Observe that the equations (2.11)—(2.12) and the boundary conditions (2.14)—(2.16)
are identically satisfied by ug, but

1
(3.4) u (3: 5+ sh(%)) = 0().
Thus, we need to perform the boundary-layer analysis and correct the above so-
lution. Following [23], the idea is to construct the corresponding boundary-layer

correctors so that they vanish exponentially far from the upper boundary. This
procedure will give us the values of the constants ¢,, which will contribute to our
approximation far from the upper boundary as well.

Using the standard addition formula for hyperbolic functions and the well-
known expansions:

22 A 23 2P

cosh(z):1+§+ﬂ+~~ , sinh(z):z+§+a+-~ ,
from (3.1); it is straightforward to obtain:

(3.5) wu§ (w, %—Fah(g)) = M{a[tl - A\/mtanh (%\/H—T%)h(g)]

L(1+ M2k
+é° [t2 + t12/1 + M2k tanh (% 1 +M2k:>h<§) — %2(1 +M2k)h(§)2]
+ %[t + 22/ 1T+ MK tanh (gm)h(g) +t1§(1 arn(2)’
N 3 A 2\ 3
— % (L4 M7k)% tanh (5\/1+7M2k)h(g) ] +}

3.1. Boundary-layer correctors. Due to (3.4), we need to correct the solu-
tion given by (3.1);. To accomplish that, we introduce the fast variables

1
(=2, =212
€ €
and postulate the following ansatz:
(3.6) w=uf+eB +P B+, p =p b b+

Here the boundary-layer correctors
(eBY(&7) + & BXEm) 4+, BUET) + 0% (7))
are defined in the semi-infinite strip denoted by
G={(¢7)eR*; 0<&<1, T<h(9)}

To derive the problems satisfied by the boundary-layer correctors, we plug (3.6)
into the system (2.11)—(2.12) and acknowledge (3.5). In the sequel, we embrace the
following notation:
0? 0? 0 0
Ver = —i+ —

Ber =g o Ve =gt
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oBy aBm
5 m me ms
B" =B B™j.
¢ + — or ¢ 1+ 577

The first problem we obtain is the following:

dng.,— B™ =

i A& B 4 Ve b' =0 in G,

i dive, B! =0 in G,

: BY(E h(€)) = — 185t [t — W+ Mk tanh (3 V1 + ME)h($)]i,
(B',b') 1 - periodicin ¢, V¢ B'e LQ(G).

™ = oo

(3.7)

The above problem has the solution decaying exponentially towards some constant,
as T — —oo. In fact, there exists a constant Bl such that (see [19,23] for details)

lim B' = BLi.

T——00
The problem (3.7) can be solved by putting
k(g0 —qr)

. B! = ( V1 h( VI MZR)W — ty1)
(3.8) L(1+M2k AV1+ M?ktan M2k t1i),
where W is the solution of the following auxiliary problem:
7A£TW + V§7—7T =0 in G,
dive, W =0 in G,

W(E h(€)) = h(9i,
(W,n) 1—periodicin & VW e L*(G).

(3.9)

It can be proved (see [19]) that lim,_,_., W = W, i with

(3.10) Woo = —/ Ve, W2,
G

The idea of our construction is to choose the constant t; in a way that Bl =0
implying

(3.11) t = A\W/1+ M2k tanh (%\/1+M2k>Wm.

The problem for (B2,b?) reads as follows:

1: —pAeB? + Ve b =0 in G,
e : dive, B2=0 in G,
(3.12) Q& : B*(&,h(€) = — 25 [ta+ 1 W1+ MK tanh (3 VT + M2E)h(€)
— A1+ M2k)h(€)?]i,
(B%,b%) 1—periodicin &, V¢ B?c L*(G).

The problem (3.12) admits a solution which decays exponentially towards a con-
stant as well, namely:
lim B? = B%i.

T——00
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ot
t

To solve (3.12), another auxiliary problem should be introduced:
—AerD+Ven=0 in G,
divey D=0 in G,
D(¢, h(€)) = h(€)%,
(D,n) 1-—periodicin & V¢ D e L?*(G).
The above problem has the solution such that

lim D = D,

T——00

(3.13)

exponentially, where (see [19])

(3.14) / h(€)2de
We solve (3.12) by taking

(3.15) B %(A (1+M?K)D—t: A1 + M tanh( V1t M2k)w—t21),

Demanding that B2 = 0, we deduce

aw5

A 2 A2
(3.16)  to = —A2(1 + M2l<:)<tanh (5 1+ M?k)) W2 + 5 (1+ M*k) D,

due to (3.11).

In order to capture the inertia effects as well, we need to compute one more
boundary-layer corrector in (3.6). We deduce the following problem satisfied by
(B3,5%):

e —Ag B + Ve b’ + B + M?Bgi
+Re{ (B! Ve, B! L"((fiﬂjg,j)m/u Rtanh (3vT+ M7E) B
st [~ WMk tanh (3 VI+ M2R)T + 1] B
(3.17) ¢&?: dive, B3 =0 in G,
€2 BY(E h(€)) = — plosap) [tg + taAV/T + Mk tanh (2T + M2E)h(€)
+012 (14 MPR)R(€)> — 22 (1 + M2k)? tanh (3vVI+ M k)h(g)ﬂ,
(B3,b%) 1 — periodic in ¢, V¢ B® e L3(G).

Recall that B! decays exponentially towards zero (as 7 — —o0), implying that the
problem (3.17) admits the solution which decays exponentially towards a constant,
namely:
. 3 3 .
TEIEIOO B° = B_i.
Let us compute the nonlinear term from (3.17); using the derived expression for
B! (see (3.8), (3.11)):

(3.18) Re{(Bl-VgT)BI— Mao—ar) \ g tanh( VIt Mk)Bii

L +M2k

+ Bl — ) [ VT W tan (35 3R) 7 4] 22 )

L(1 + M?2k)
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k(qo ) )\ 2 2 2 aw .
T +M2k))\tanh( 1+ M k)] 1+ M k){(W~V§T)W—7— 5 —WTI}.
To solve (3.17), we introduce three auxiliary problems. The first one takes into
account the linear terms from the momentum equation and reads:

—Ae, N3 4 Vern®t 4+ (1 4+ M2E) (W — Waoi) — M2kW,j=0, in G

dive, N*' =0 in G,

N*'(& h(€)) =0

(N3 n31) 1 —periodicin ¢, VN> ¢ L?(Q).

= Re|

(3.19)

The above problem is solvable since we established that W exponentially decays in
a way that lim,_, . W = W i, leading to

lim N>'(¢,7) = Nggli.

T——00

Moreover, it is straightforward to deduce (see [19,

T(We = Woo)+(1+ M k)W / We — / |W =Mk / We.
Taking into account (3.18), we pose the second auxiliary problem as:

—Ae N2 4 Vern®? + {(W - Ve )W — 787 — Wi} =0,
div,¢eN32 =0 in G,

N32(&,h(8)) =
(N32 p%2) 1 —periodicin £, VN2 e L3(G).

(3.20) N3' = (1+M2k)/

G

(3.21)

Again, due to the fact that W exponentially decays such that lim, , . W = Wi,
the above problem has the solution that decays exponentially towards a constant:

lim N*?(¢,7) = N2%i
T——00
This constant can be computed as (see [19])
1
(3.22) N2 = —— | WW,.
2 G X
The third auxiliary problem related to (3.17) acknowledges the last term from the

boundary condition and has the form:

—AgE+ Ve e=0 in G,

dive; E=0 in G,

E(¢&, h(€)) = h(€)’L,

(E,e) 1—periodicin &, V¢ E € L*(G).
Similarly as for D, we deduce that

(3.23)

lim E = Ei, / h(€)3de — 8Wf
T——00

Now, we go back to the problem (3.17) and solve it using the solutions of the
auxiliary problems (3.19), (3.21) and (3. 23) We get:
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(3.24) B? = k(i{/\\/l M tanh( V1t k:)

L(1 + M?k)
A2 A2
: [F(l + M?K)E — (1 + M?k)Wo D

A 2
— A1+ MQk)((tanh (5 1+ M?k)) W2 + DOO)W + N3 tgi}
k(g0 — qv) A ?
AT A tanh (5v/1+ M2%k) | N*2,
L(1 + MZk) *
We choose the constant ¢3 such that B3, = 0 leading to

+Re(1 + M%)[
A2 .

S (14 M) EWee Do
N1+ M2k)} ((tanh (%\/1 n M%))QWOQO + Doo> W + V1 + M2EN3

k —
+ ReWANgﬂ .

A 2
(3.25) t; = Atanh (5 11 M?k) [F(l M) B —

4. Concluding remarks

In view of the analysis undertaken in Sec. 3, our asymptotic approximation
takes the following form:

(41) uzpprox = ug’:s + r‘fBl =+ 52B2 + €3B3’
- h (W1 h (AT F M2k
ug,3 q0 qu { _ cos \/+71/) cos ( . + 1/) (cty T2, +€3t3)}i.
1—|—M k) cosh ( \/T) cosh (3v/1+ MZk)
The longitudinal component of uappmx reads:
(4.2)  ug . G k(qo — qr) {1_cosh()\ 1+M2ky)}
. e e L(1+ M2k) cosh (3v1 + M2k)
k(g0 — h(A/1
+€{B;+t1 (g0 q;:) cosh( /\\/—Fiy)}
L(1+ M?k) cosh (3V1 )
52{32 ity k(qo —qr) cosh()\my) }
’ L(1 + M?k) cosh (31 + M2k)

ey o) costh T

L(1+ M?k) cosh (3v/1+ M2k)

The constants ¢, to and t3 are given by the explicit expressions (3.11), (3.16) and
(3.25), respectively. Recall that we had to choose (nonzero) values of constants
tm to ensure that the proposed boundary-layer correctors vanish exponentially.
Consequently, as we can clearly see from (4.2), those constants end up contributing
to the velocity approximation far from the corrugated boundary as well. All the
constants are computed in terms of the stabilizations constants (namely, W, Do,
N3 N3:2 and E,,) which have all been computed in the explicit form. This means
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that the proposed asymptotic solution is amenable for numerical simulations and
could improve the current engineering practice.

The higher-order approximation (4.2) acknowledges all the effects relevant for
the considered filtration process. The effects of the oscillating boundary are clearly
seen through the average boundary roughness ¢ and the constants ¢, (m = 1,2, 3).
It should be observed that the constant t3 depends on the prescribed pressure drop
and on the Reynolds number as well (see (3.25)). This means that, if the magnitude
of the Reynolds number is significant, i.e. Re ~ 2 - 103, then the term £3t3 does
not have to be negligible with respect to the remaining part of the asymptotic
solution. Consequently, if ¢ is not too small (e.g. ¢ = 1071), the inertia effects
should definitely be taken into account. Finally, the effects of the applied magnetic
field are clearly observed already in the zero-order approximation, through the
appearance of the Hartmann number M. Putting M = 0, we get the approximate
solution proposed in [23].
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O MX/, TOKY ¥ ITIOPO3HOM KAHAJIY

PE3UME. V¥ oBoM pajiy mpoydaBaMoO TOK BHCKO3HOT HECTHIIL/BIBOT IIPOBOIHOT (DJIy-
uga Kpo3 pedpacTu KaHaJ UCIYIbeH MOPO3HOM cpeauHoM. Tok (diynmga y KaHaIy
jé IOoJI JIejCTBOM IIOIPEYHOI MArHETHOT I10Jha U BODEH je IaJIOM IIPUTUCKA U3Me-
Dy mBuna kanasia. Kopucrehiu anajmsy rpaHMdHOr CjI0ja, U3BOAUMO ACUMIITOTCKH
MOJIEJT BUIIEr pefia y3umajyhu y 003up yTuilaj HHEpIMje U XParnaBoCTh Ha Op3uHY
duarparnmyje.
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