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CLASSICAL SOLUTIONS FOR A CLASS
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Abstract. We study a class of initial value problems subject to nonlinear
partial differential equations of hyperbolic type. A new topological approach
is applied to prove the existence of nontrivial nonnegative solutions. More
precisely, we propose a new integral representation of the solutions for the
considered initial value problems and using this integral representation we
establish existence of classical solutions for the considered classes of nonlinear
wave equations.

1. Introduction and auxiliary results

Wave equations arise in mathematical models which describe wave phenomena
in fields like fluid dynamics and electromagnetics. Many authors such as H. Brésiz,
J. Mawhin, and K. C. Chang have developed topological tools, index theory, and
variational methods to get some existence results for the one-dimensional problem
with various nonlinearities. The related results are [1, 2, 4–7] and the references
therein. The fixed point theory for sums of operators has recently been developed
(see [3, 6, 7, 13, 15, 17, 18] and the references therein). In [7], the authors have
developed a new fixed point index for the sum of an expansive mapping and a 𝑘-set
contraction defined in cones of Banach spaces. Nonlinear wave processes are usually
modeled using nonlinear partial differential equations. For nonlinear analogs of the
wave equation, let 𝑓 be a nonlinear function, the structure of which is determined
by the geometric and (or) physical features of the problem, where non-linear ripple
effects are many and varied. A very important model of nonlinear waves is the
nonlinear Klein-Gordon equation [16]

𝑢𝑡𝑡 − 𝑢𝑥𝑥 = 𝜑(𝑢),

where 𝜑(𝑢) is some smooth or discontinuous function that describes distributed
nonlinear restoring forces. In the linear approximation 𝜑(𝑢) = −𝜅𝑢(𝜅 > 0), we
have the well-known string model on an elastic bed.
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The main aim of this paper is to investigate the following initial value prob-
lem (IVP)

(1.1)

𝑢𝑡𝑡 −Δ𝑢 = 𝑓(𝑡, 𝑥, 𝑢), 𝑡 ⩾ 0, 𝑥 ∈ R𝑛,

𝑢(0, 𝑥) = 𝑢0(𝑥), 𝑥 ∈ R𝑛,

𝑢𝑡(0, 𝑥) = 𝑢1(𝑥), 𝑥 ∈ R𝑛,

where 𝑛 ⩾ 3, 𝑢0 ∈ 𝒞2(R𝑛,R+), 𝑢1 ∈ 𝒞1(R𝑛,R−) and 𝑓 ∈ 𝒞(R+×R𝑛×R) satisfying
a general growth condition. Here R+ = [0,∞) and R− = (−∞, 0].

When 𝑓(𝑡, 𝑥, 𝑢) = ∓𝑢5, 𝑛 = 3, we get the three-dimensional energy-critical
nonlinear wave equation.

Throughout this work, by a solution we mean a nonnegative function 𝑢 ∈
𝒞2(R+ × R𝑛) with 𝑢(𝑡, 𝑥) ⩾ 0 on R+ × R𝑛.

In [11], the problem (1.1) is investigated in the case when 𝑛 = 3 and 𝑓 =
𝑓(𝑡, 𝑥, 𝑦, 𝑧, 𝑢, 𝑢𝑡, 𝑢𝑥, 𝑢𝑦, 𝑢𝑧), where the authors give an integral representation of
the solutions to the problem (1.1). In this paper, we propose a new integral repre-
sentation of the solutions to the problem (1.1) for arbitrary 𝑛 ⩾ 3, different than
the integral representation of the solutions for the case 𝑛 = 3. Note that the inves-
tigations in this paper can be applied to the case 𝑛 ⩾ 3 and 𝑓 = 𝑓(𝑡, 𝑥, 𝑢, 𝑢𝑡, 𝑢𝑥),
where 𝑢𝑥 = (𝑢𝑥1 , . . . , 𝑢𝑥𝑛).

In [12] a Cauchy problem for a class of nonlinear wave equations in the case
𝑛 = 2 is investigated. The authors give an integral representation of the solutions
using the Green function for the wave equations in the case 𝑛 = 2.

In [8], the authors considered the following IBVP subjected to a parabolic
equation

𝑢𝑡 = Δ𝑢+ 𝑓(𝑡, 𝑥, 𝑢), (𝑡, 𝑥) ∈ [0, 𝑇 ]× Ω,

𝑢(0, 𝑥) = 𝜑(𝑥), 𝑥 ∈ Ω,

𝜕𝑢

𝜕𝑛
= 𝑎𝑢+ 𝑔 on [0, 𝑇 ]× 𝜕Ω,

where Ω ⊂ R𝑛 is a bounded open set, 𝜕Ω is smoothed, 𝑔 ∈ 𝒞([0, 𝑇 ]× 𝜕Ω,R+) and
𝑓 ∈ 𝒞([0, 𝑇 ]× Ω̄× R,R+) satisfying a general polynomial growth condition.

In [9], an IVP for the Burgers–Fisher equation has been studied

𝑢𝑡 − 𝑢𝑥𝑥 + 𝛼(𝑡)𝑢𝑢𝑥 = 𝛽(𝑡)𝑢(1− 𝑢), 𝑡 > 0, 𝑥 ⩾ 0,

𝑢(0, 𝑥) = 𝑢0(𝑥), 𝑥 ⩾ 0,

where 𝑢0 ∈ 𝒞2(R+), 𝛼, 𝛽 ∈ 𝒞(R+), 𝛼 < 0, 𝛽 ⩾ 0 on R+.
Next, in [10], the following IVP subjected to a nonlinear PDE of hyperbolic

type was investigated
𝑢𝑡𝑡 − 𝑢𝑥𝑥 = 𝑓(𝑡, 𝑥, 𝑢𝑡), 𝑡 > 0, 𝑥 > 0,

𝑢(0, 𝑥) = 𝑢0(𝑥), 𝑢𝑡(0, 𝑥) = 𝑢1(𝑥), 𝑥 ⩾ 0,

where 𝑢0 ∈ 𝒞2(R+), 𝑢1 ∈ 𝒞1(R+) and 𝑓 ∈ 𝒞(R+ × R+ × R) satisfying a general
polynomial growth condition.

Since this work is based upon a recent theoretical result, its novelty lies primar-
ily in extending some of these contributions in the case of nonlinear PDEs. This
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work is concerned with the existence of bounded nontrivial nonnegative solutions
for an IVP subject to an 𝑛-dimensional nonlinear hyperbolic equation, 𝑛 ⩾ 3. An
interesting point of the result is that the nonlinearity is of nonpositive sign. More-
over, it satisfies general polynomial growth conditions. New existence results of
nontrivial nonnegative solutions are proved using a recent fixed point index theory
on cones. We propose a new integral representation of the solutions to the con-
sidered initial value problems and using this integral representation we establish
existence of classical solutions for the considered classes of nonlinear wave equa-
tions.

In what follows, 𝒫 will refer to a cone in a Banach space (𝐸, ‖.‖). The following
Proposition 1.1 will be used to prove our main result.

Proposition 1.1. [7,9] Let Ω be a subset of 𝒫 and 𝑈 be a bounded open subset
of 𝒫 with 0 ∈ 𝑈 . Assume that the mapping 𝑇 : Ω ⊂ 𝒫 → 𝐸 is such that (𝐼 − 𝑇 )
is Lipschitz invertible with constant 𝛾 > 0, 𝑆 : �̄� → 𝐸 is a 𝑘-set contraction with
0 ⩽ 𝑘 < 𝛾−1, and 𝑆(�̄�) ⊂ (𝐼 − 𝑇 )(Ω). If

𝑆𝑥 ̸= (𝐼 − 𝑇 )(𝜆𝑥) for all 𝑥 ∈ 𝜕𝑈
⋂︁

Ω, 𝜆 ⩾ 1 and 𝜆𝑥 ∈ Ω,

then the fixed point index 𝑖* (𝑇 + 𝑆,𝑈
⋂︀

Ω,𝒫) = 1.

The structure of the paper is as follows. In the next Section we give some
preliminary results. In Section 3, we present and prove our main result. In the last
section, Section 4, we give an example to illustrate our results.

2. Preliminary Result

Let
𝑠 = (𝑠1, . . . , 𝑠𝑛), 𝑑𝑠 = 𝑑𝑠𝑛 . . . 𝑑𝑠1,

𝑛∏︁
𝑗=1

∫︁ 𝑥𝑗

0

(𝑥𝑗 − 𝑠𝑗)
2(·)𝑑𝑠 =

∫︁ 𝑥1

0

· · ·
∫︁ 𝑥𝑛

0

(𝑥1 − 𝑠1)
2 . . . (𝑥𝑛 − 𝑠𝑛)

2(·)𝑑𝑠𝑛 . . . 𝑑𝑠1,

𝛼(𝑛) be the volume of the unit ball in R𝑛.
We will start with the following useful lemma. In it we propose a new integral

representation of the solutions to the considered class of IVPs for the considered
nonlinear wave equations. To the best of our knowledge, there is no such integral
representation of the solutions for the IVP (1.1) in the existing references.

Lemma 2.1. If 𝑢 ∈ 𝒞2(R+ × R𝑛) is a solution to the integral equation

(2.1) 0 =
1

2𝑛+1𝑛(𝑛− 2)𝛼(𝑛)

∫︁ 𝑡

0

𝑛∏︁
𝑗=1

∫︁ 𝑥𝑗

0

(𝑥𝑗 − 𝑠𝑗)
2(𝑡− 𝑡1)

2𝑔(𝑡1, 𝑠)

∫︁
R𝑛

1

|𝑠− 𝑦|𝑛−2

×
(︂
−
∫︁ 𝑡1

0

(𝑡1 − 𝑡2)𝑓(𝑡2, 𝑦, 𝑢(𝑡2, 𝑦))𝑑𝑡2 + 𝑢(𝑡1, 𝑦)− 𝑢0(𝑦)− 𝑡1𝑢1(𝑦)

)︂
𝑑𝑦𝑑𝑠𝑑𝑡1

+
1

2𝑛+1

∫︁ 𝑡

0

𝑛∏︁
𝑗=1

∫︁ 𝑥𝑗

0

(𝑥𝑗 − 𝑠𝑗)
2(𝑡− 𝑡1)

2𝑔(𝑡1, 𝑠)

∫︁ 𝑡1

0

(𝑡1 − 𝑡2)𝑢(𝑡2, 𝑠)𝑑𝑡2𝑑𝑠𝑑𝑡1,

then it is a solution to the IVP (1.1).
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Proof. Let 𝑢 ∈ 𝒞2(R+ ×R𝑛) be a solution to the integral equation (2.1). We
differentiate the integral equation (2.1) three times in 𝑡, three times in 𝑥1, three
times in 𝑥𝑛 and so on, and we find

0 =
1

𝑛(𝑛− 2)𝛼(𝑛)
𝑔(𝑡, 𝑥)

∫︁
R𝑛

1

|𝑥− 𝑦|𝑛−2

(︂
−
∫︁ 𝑡

0

(𝑡− 𝑡1)𝑓(𝑡1, 𝑦, 𝑢(𝑡1, 𝑦))𝑑𝑡1

+ 𝑢(𝑡, 𝑦)− 𝑢0(𝑦)− 𝑡𝑢1(𝑦)

)︂
𝑑𝑦

+ 𝑔(𝑡, 𝑥)

∫︁ 𝑡

0

(𝑡− 𝑡1)𝑢(𝑡1, 𝑥)𝑑𝑡1, (𝑡, 𝑥) ∈ R+ × R𝑛,

whereupon

(2.2) 0 =
1

𝑛(𝑛− 2)𝛼(𝑛)

∫︁
R𝑛

1

|𝑥− 𝑦|𝑛−2

(︂
−

∫︁ 𝑡

0

(𝑡− 𝑡1)𝑓(𝑡1, 𝑦, 𝑢(𝑡1, 𝑦))𝑑𝑡1

+ 𝑢(𝑡, 𝑦)− 𝑢0(𝑦)− 𝑡𝑢1(𝑦)

)︂
𝑑𝑦

+

∫︁ 𝑡

0

(𝑡− 𝑡1)𝑢(𝑡1, 𝑥)𝑑𝑡1, (𝑡, 𝑥) ∈ R+ × R𝑛.

Now we differentiate twice in 𝑡 the last equation and we obtain

0 =
1

𝑛(𝑛− 2)𝛼(𝑛)

∫︁
R𝑛

1

|𝑥− 𝑦|𝑛−2
(−𝑓(𝑡, 𝑦, 𝑢(𝑡, 𝑦)) + 𝑢𝑡𝑡(𝑡, 𝑦))𝑑𝑦 + 𝑢(𝑡, 𝑥),

(𝑡, 𝑥) ∈ R+ × R𝑛,

or

𝑢(𝑡, 𝑥) = − 1

𝑛(𝑛− 2)𝛼(𝑛)

∫︁
R𝑛

1

|𝑥− 𝑦|𝑛−2
(−𝑓(𝑡, 𝑦, 𝑢(𝑡, 𝑦)) + 𝑢𝑡𝑡(𝑡, 𝑦))𝑑𝑦,

(𝑡, 𝑥) ∈ R+ × R𝑛. Hence, using the main representation of the solutions to the
Poisson equation, we arrive at

−Δ𝑢(𝑡, 𝑥) = 𝑓(𝑡, 𝑥, 𝑢(𝑡, 𝑥))− 𝑢𝑡𝑡(𝑡, 𝑥), (𝑡, 𝑥) ∈ R+ × R𝑛.

Now, we put 𝑡 = 0 in the equation (2.2) and we find

0 =
1

𝑛(𝑛− 2)𝛼(𝑛)

∫︁
R𝑛

1

|𝑥− 𝑦|𝑛−2
(𝑢(0, 𝑦)− 𝑢0(𝑦))𝑑𝑦, 𝑥 ∈ R𝑛,

and by the Poisson equation, we obtain

𝑢(0, 𝑥) = 𝑢0(𝑥), 𝑥 ∈ R𝑛.

We differentiate once in 𝑡 the equation (2.2) and we get

0 =
1

𝑛(𝑛− 2)𝛼(𝑛)

∫︁
R𝑛

1

|𝑥− 𝑦|𝑛−2

(︂
−

∫︁ 𝑡

0

𝑓(𝑡1, 𝑦, 𝑢(𝑡1, 𝑦))𝑑𝑡1 + 𝑢𝑡(𝑡, 𝑦)− 𝑢1(𝑦)

)︂
𝑑𝑦

+

∫︁ 𝑡

0

𝑢(𝑡1, 𝑥)𝑑𝑡1, (𝑡, 𝑥) ∈ R+ × R𝑛.
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We put 𝑡 = 0 in the last equation and we find

0 =
1

𝑛(𝑛− 2)𝛼(𝑛)

∫︁
R𝑛

(𝑢𝑡(0, 𝑦)− 𝑢1(𝑦))𝑑𝑦, 𝑥 ∈ R𝑛.

From here and from the Poisson equation, we obtain

𝑢𝑡(0, 𝑥) = 𝑢1(𝑥), 𝑥 ∈ R𝑛.

This completes the proof. □

3. Main result

We first list the assumptions we will use in this paper:
(H1): 𝑓 ∈ 𝒞(R+ × R𝑛 × R) is such that

0 ⩽ −𝑓(𝑡, 𝑥, 𝑢) ⩽
𝑙∑︁

𝑗=1

𝑐𝑗(𝑡, 𝑥)|𝑢|𝑝𝑗 , (𝑡, 𝑥, 𝑢) ∈ R+ × R× R,

𝑝𝑗 > 0 are given constants, 𝑐𝑗 ∈ 𝒞(R+ × R𝑛) are given functions, 𝑗 ∈
{1, . . . , 𝑙}, 𝑙 ∈ N.

(H2): There exists an 𝑟 > 0 such that 0 ⩽ 𝑢0,−𝑢1 ⩽ 𝑟
2 on R+ × R𝑛, and

(3 + 2𝑛)

(︂ 𝑙∑︁
𝑗=1

𝑟𝑝𝑗 + 2𝑟

)︂
𝑙 < 1,

for some given constant 𝑙 > 1.
Let

𝑔𝑘(𝑡, 𝑥) =

∫︁
R𝑛

1

|𝑥− 𝑦|𝑛−2

∫︁ 𝑡

0

𝑐𝑘(𝑡1, 𝑦)𝑑𝑡1𝑑𝑦, 𝑘 ∈ {1, . . . , 𝑙}, (𝑡, 𝑥) ∈ R+ × R𝑛.

Below, we suppose
(H3): there exists a nonnegative function 𝑔 ∈ 𝒞(R+ × R𝑛) that is positive

almost everywhere on R+ × R𝑛 and a positive constant 𝐵 such that

𝑡2(2 + 𝑡)(1 + 𝑡+ 𝑡2)

∫︁ 𝑡

0

𝑛∏︁
𝑗=1,𝑗 ̸=𝑚

𝑥2
𝑗 (1 + 𝑥𝑚 + 𝑥2

𝑚)

∫︁ 𝑥𝑗

0

∫︁ 𝑥𝑚

0

𝑔(𝑡1, 𝑠)(1 + 𝑔𝑘(𝑡1, 𝑠)

+ log |𝑠|)𝑑𝑠𝑑𝑡1 ⩽ 𝐴, 𝑘 ∈ {1, . . . , 𝑙}, 𝑚 ∈ {1, . . . , 𝑛}, (𝑡, 𝑥) ∈ R+ × R𝑛,

𝐵

2𝑛+1𝑛(𝑛− 2)𝛼(𝑛)

∫︁ 3
2

1

𝑛∏︁
𝑗=1

∫︁ 3
2

1

(2− 𝑠𝑗)
2(2− 𝑡1)

2𝑔(𝑡1, 𝑠)

∫︁
𝑛⩽|𝑦|⩽2𝑛

1

|𝑠− 𝑦|𝑛−2
𝑑𝑦𝑑𝑠𝑑𝑡1 ⩾

𝐴

𝑙
.

Our main result is as follows.

Theorem 3.1. Suppose (H1)–(H3) hold. Then the IVP (1.1) has at least one
nontrivial nonnegative solution 𝑢 ∈ 𝒞2(R+ × R𝑛) satisfying ‖𝑢‖ < min(𝑟,𝑅) and

𝑢(𝑡, 𝑥) ⩾ 𝑢0(𝑥), (𝑡, 𝑥) ∈ R+×R𝑛, 𝑢(𝑡, 𝑥) ⩾ 𝑢0(𝑥)+𝐵, 𝑡 ∈ [1, 2], 𝑥𝑗 ∈ [1, 2],

𝑗 ∈ {1, . . . , 𝑛}, 𝑥 = (𝑥1, . . . , 𝑥𝑛).
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Let 𝐸 = 𝒞2(R+ × R𝑛) be endowed with the norm

‖𝑢‖ = ‖𝑢‖∞ + ‖𝑢𝑡‖∞ + ‖𝑢𝑡𝑡‖∞ +

𝑛∑︁
𝑗=1

‖𝑢𝑥𝑗
‖∞ +

𝑛∑︁
𝑗=1

‖𝑢𝑥𝑗𝑥𝑗
‖∞,

provided it exists, where

‖𝑣‖∞ = sup
(𝑡,𝑥)∈R+×R𝑛

|𝑣(𝑡, 𝑥)|.

For 𝑢 ∈ 𝐸, define the operator

𝐹𝑢(𝑡, 𝑥) =
1

2𝑛+1𝑛(𝑛− 2)𝛼(𝑛)

∫︁ 𝑡

0

𝑛∏︁
𝑗=1

∫︁ 𝑥𝑗

0

(𝑥𝑗−𝑠𝑗)
2(𝑡−𝑡1)

2𝑔(𝑡1, 𝑠)

∫︁
R𝑛

1

|𝑠− 𝑦|𝑛−2

×
(︂
−
∫︁ 𝑡1

0

(𝑡1 − 𝑡2)𝑓(𝑡2, 𝑦, 𝑢(𝑡2, 𝑦))𝑑𝑡2 + 𝑢(𝑡1, 𝑦)− 𝑢0(𝑦)− 𝑡1𝑢1(𝑦)

)︂
𝑑𝑦𝑑𝑠𝑑𝑡1

+
1

2𝑛+1

∫︁ 𝑡

0

𝑛∏︁
𝑗=1

∫︁ 𝑥𝑗

0

(𝑥𝑗 − 𝑠𝑗)
2(𝑡− 𝑡1)

2𝑔(𝑡1, 𝑠)

∫︁ 𝑡1

0

(𝑡1 − 𝑡2)𝑢(𝑡2, 𝑠)𝑑𝑡2𝑑𝑠𝑑𝑡1,

(𝑡, 𝑥) ∈ R+ × R𝑛.

Lemma 3.1. Suppose (H1), (H2) and (H3) hold. For 𝑢 ∈ 𝐸, ‖𝑢‖ ⩽ 𝑟, we have

‖𝐹𝑢‖ ⩽ (3 + 2𝑛)

(︂ 𝑙∑︁
𝑗=1

𝑟𝑝𝑗 + 2𝑟

)︂
𝐴.

Proof. We have

|𝐹𝑢(𝑡, 𝑥)| ⩽ 1

2𝑛+1𝑛(𝑛− 2)𝛼(𝑛)

∫︁ 𝑡

0

𝑛∏︁
𝑗=1

∫︁ 𝑥𝑗

0

(𝑥𝑗 − 𝑠𝑗)
2(𝑡− 𝑡1)

2𝑔(𝑡1, 𝑠)

∫︁
R𝑛

1

|𝑠− 𝑦|𝑛−2

×
(︂∫︁ 𝑡1

0

(𝑡1 − 𝑡2)

𝑙∑︁
𝑘=1

𝑐𝑘(𝑡2, 𝑦)|𝑢(𝑡2, 𝑦)|𝑝𝑘𝑑𝑡2

+ 𝑢(𝑡1, 𝑦) + 𝑢0(𝑦)− 𝑡1𝑢1(𝑦)

)︂
𝑑𝑦𝑑𝑠𝑑𝑡1

+
1

2𝑛+1

∫︁ 𝑡

0

𝑛∏︁
𝑗=1

∫︁ 𝑥𝑗

0

(𝑥𝑗 − 𝑠𝑗)
2(𝑡− 𝑡1)

2𝑔(𝑡1, 𝑠)

∫︁ 𝑡1

0

(𝑡1 − 𝑡2)|𝑢(𝑡2, 𝑠)|𝑑𝑡2𝑑𝑠𝑑𝑡1

⩽
1

2𝑛+1𝑛(𝑛− 2)𝛼(𝑛)

∫︁ 𝑡

0

𝑛∏︁
𝑗=1

∫︁ 𝑥𝑗

0

(𝑥𝑗 − 𝑠𝑗)
2(𝑡− 𝑡1)

2𝑔(𝑡1, 𝑠)

∫︁
R𝑛

1

|𝑠− 𝑦|𝑛−2

×
(︂ 𝑙∑︁

𝑘=1

𝑟𝑝𝑘
∫︁ 𝑡1

0

(𝑡1 − 𝑡2)𝑐𝑘(𝑡2, 𝑦)𝑑𝑡2 + (2 + 𝑡1)𝑟

)︂
𝑑𝑦𝑑𝑠𝑑𝑡1

+
1

2𝑛+1
𝑟

∫︁ 𝑡

0

𝑛∏︁
𝑗=1

𝑡21

∫︁ 𝑥𝑗

0

(𝑥𝑗 − 𝑠𝑗)
2(𝑡− 𝑡1)

2𝑔(𝑡1, 𝑠)𝑑𝑠𝑑𝑡1
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⩽
𝑙∑︁

𝑘=1

𝑟𝑝𝑘
𝑡4

2𝑛+1𝑛(𝑛− 2)𝛼(𝑛)

∫︁ 𝑡

0

𝑛∏︁
𝑗=1

𝑥2
𝑗

∫︁ 𝑥𝑗

0

𝑔(𝑡1, 𝑠)𝑔𝑘(𝑡1, 𝑠)𝑑𝑠𝑑𝑡1

+ 𝑟
𝑡3(2 + 𝑡)

2𝑛+1𝑛(𝑛− 2)𝛼(𝑛)

∫︁ 𝑡

0

𝑛∏︁
𝑗=1

𝑥2
𝑗

∫︁ 𝑥𝑗

0

𝑔(𝑡1, 𝑠)

∫︁
R𝑛

1

|𝑠− 𝑦|𝑛−2
𝑑𝑠

+ 𝑟
1

2𝑛+1
𝑡4

∫︁ 𝑡

0

𝑛∏︁
𝑗=1

𝑥2
𝑗

∫︁ 𝑥𝑗

0

𝑔(𝑡1, 𝑠)𝑑𝑠𝑑𝑡1

⩽

(︂ 𝑙∑︁
𝑘=1

𝑟𝑝𝑘 + 2𝑟

)︂
𝐴, (𝑡, 𝑥) ∈ R+ × R𝑛,

and⃒⃒⃒ 𝜕
𝜕𝑡

𝐹𝑢(𝑡, 𝑥)
⃒⃒⃒
⩽

1

2𝑛𝑛(𝑛− 2)𝛼(𝑛)

∫︁ 𝑡

0

𝑛∏︁
𝑗=1

∫︁ 𝑥𝑗

0

(𝑥𝑗−𝑠𝑗)
2(𝑡−𝑡1)𝑔(𝑡1, 𝑠)

∫︁
R𝑛

1

|𝑠− 𝑦|𝑛−2

×
(︂∫︁ 𝑡1

0

(𝑡1 − 𝑡2)

𝑙∑︁
𝑘=1

𝑐𝑘(𝑡2, 𝑦)|𝑢(𝑡2, 𝑦)|𝑝𝑘𝑑𝑡2

+ 𝑢(𝑡1, 𝑦) + 𝑢0(𝑦)− 𝑡1𝑢1(𝑦)

)︂
𝑑𝑦𝑑𝑠𝑑𝑡1

+
1

2𝑛

∫︁ 𝑡

0

𝑛∏︁
𝑗=1

∫︁ 𝑥𝑗

0

(𝑥𝑗 − 𝑠𝑗)
2(𝑡− 𝑡1)𝑔(𝑡1, 𝑠)

∫︁ 𝑡1

0

(𝑡1 − 𝑡2)|𝑢(𝑡2, 𝑠)|𝑑𝑡2𝑑𝑠𝑑𝑡1

⩽
1

2𝑛𝑛(𝑛− 2)𝛼(𝑛)

∫︁ 𝑡

0

𝑛∏︁
𝑗=1

∫︁ 𝑥𝑗

0

(𝑥𝑗 − 𝑠𝑗)
2(𝑡− 𝑡1)𝑔(𝑡1, 𝑠)

∫︁
R𝑛

1

|𝑠− 𝑦|𝑛−2

×
(︂ 𝑙∑︁

𝑘=1

𝑟𝑝𝑘

∫︁ 𝑡1

0

(𝑡1 − 𝑡2)𝑐𝑘(𝑡2, 𝑦)𝑑𝑡2 + (2 + 𝑡1)𝑟

)︂
𝑑𝑦𝑑𝑠𝑑𝑡1

+
1

2𝑛
𝑟

∫︁ 𝑡

0

𝑛∏︁
𝑗=1

𝑡21

∫︁ 𝑥𝑗

0

(𝑥𝑗 − 𝑠𝑗)
2(𝑡− 𝑡1)𝑔(𝑡1, 𝑠)𝑑𝑠𝑑𝑡1

⩽
𝑙∑︁

𝑘=1

𝑟𝑝𝑘
𝑡3

2𝑛𝑛(𝑛− 2)𝛼(𝑛)

∫︁ 𝑡

0

𝑛∏︁
𝑗=1

𝑥2
𝑗

∫︁ 𝑥𝑗

0

𝑔(𝑡1, 𝑠)𝑔𝑘(𝑡1, 𝑠)𝑑𝑠𝑑𝑡1

+ 𝑟
𝑡2(2 + 𝑡)

2𝑛𝑛(𝑛− 2)𝛼(𝑛)

∫︁ 𝑡

0

𝑛∏︁
𝑗=1

𝑥2
𝑗

∫︁ 𝑥𝑗

0

𝑔(𝑡1, 𝑠)

∫︁
R𝑛

1

|𝑠− 𝑦|𝑛−2
𝑑𝑠

+ 𝑟
1

2𝑛
𝑡3
∫︁ 𝑡

0

𝑛∏︁
𝑗=1

𝑥2
𝑗

∫︁ 𝑥𝑗

0

𝑔(𝑡1, 𝑠)𝑑𝑠𝑑𝑡1

⩽

(︂ 𝑙∑︁
𝑘=1

𝑟𝑝𝑘 + 2𝑟

)︂
𝐴, (𝑡, 𝑥) ∈ R+ × R𝑛,

and
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⃒⃒⃒ 𝜕2

𝜕𝑡2
𝐹𝑢(𝑡, 𝑥)

⃒⃒⃒
⩽

1

2𝑛𝑛(𝑛− 2)𝛼(𝑛)

∫︁ 𝑡

0

𝑛∏︁
𝑗=1

∫︁ 𝑥𝑗

0

(𝑥𝑗 − 𝑠𝑗)
2𝑔(𝑡1, 𝑠)

∫︁
R𝑛

1

|𝑠− 𝑦|𝑛−2

×
(︂∫︁ 𝑡1

0

(𝑡1 − 𝑡2)

𝑙∑︁
𝑘=1

𝑐𝑘(𝑡2, 𝑦)|𝑢(𝑡2, 𝑦)|𝑝𝑘𝑑𝑡2

+ 𝑢(𝑡1, 𝑦) + 𝑢0(𝑦)− 𝑡1𝑢1(𝑦)

)︂
𝑑𝑦𝑑𝑠𝑑𝑡1

+
1

2𝑛

∫︁ 𝑡

0

𝑛∏︁
𝑗=1

∫︁ 𝑥𝑗

0

(𝑥𝑗 − 𝑠𝑗)
2𝑔(𝑡1, 𝑠)

∫︁ 𝑡1

0

(𝑡1 − 𝑡2)|𝑢(𝑡2, 𝑠)|𝑑𝑡2𝑑𝑠𝑑𝑡1

⩽
1

2𝑛𝑛(𝑛− 2)𝛼(𝑛)

∫︁ 𝑡

0

𝑛∏︁
𝑗=1

∫︁ 𝑥𝑗

0

(𝑥𝑗 − 𝑠𝑗)
2𝑔(𝑡1, 𝑠)

∫︁
R𝑛

1

|𝑠− 𝑦|𝑛−2

×
(︂ 𝑙∑︁

𝑘=1

𝑟𝑝𝑘

∫︁ 𝑡1

0

(𝑡1 − 𝑡2)𝑐𝑘(𝑡2, 𝑦)𝑑𝑡2 + (2 + 𝑡1)𝑟

)︂
𝑑𝑦𝑑𝑠𝑑𝑡1

+
1

2𝑛
𝑟

∫︁ 𝑡

0

𝑛∏︁
𝑗=1

𝑡21

∫︁ 𝑥𝑗

0

(𝑥𝑗 − 𝑠𝑗)
2𝑔(𝑡1, 𝑠)𝑑𝑠𝑑𝑡1

⩽
𝑙∑︁

𝑘=1

𝑟𝑝𝑘
𝑡2

2𝑛𝑛(𝑛− 2)𝛼(𝑛)

∫︁ 𝑡

0

𝑛∏︁
𝑗=1

𝑥2
𝑗

∫︁ 𝑥𝑗

0

𝑔(𝑡1, 𝑠)𝑔𝑘(𝑡1, 𝑠)𝑑𝑠𝑑𝑡1

+ 𝑟
𝑡(2 + 𝑡)

2𝑛𝑛(𝑛− 2)𝛼(𝑛)

∫︁ 𝑡

0

𝑛∏︁
𝑗=1

𝑥2
𝑗

∫︁ 𝑥𝑗

0

𝑔(𝑡1, 𝑠)

∫︁
R𝑛

1

|𝑠− 𝑦|𝑛−2
𝑑𝑠

+ 𝑟
1

2𝑛
𝑡2
∫︁ 𝑡

0

𝑛∏︁
𝑗=1

𝑥2
𝑗

∫︁ 𝑥𝑗

0

𝑔(𝑡1, 𝑠)𝑑𝑠𝑑𝑡1

⩽

(︂ 𝑙∑︁
𝑘=1

𝑟𝑝𝑘 + 2𝑟

)︂
𝐴, (𝑡, 𝑥) ∈ R+ × R𝑛,

and

⃒⃒⃒ 𝜕

𝜕𝑥𝑚
𝐹𝑢(𝑡, 𝑥)

⃒⃒⃒
⩽

1

2𝑛𝑛(𝑛− 2)𝛼(𝑛)

∫︁ 𝑡

0

𝑛∏︁
𝑗=1,𝑗 ̸=𝑚

∫︁ 𝑥𝑗

0

(𝑥𝑗 − 𝑠𝑗)
2

∫︁ 𝑥𝑚

0

(𝑥𝑚 − 𝑠𝑚)(𝑡− 𝑡1)
2𝑔(𝑡1, 𝑠)

×
∫︁
R𝑛

1

|𝑠− 𝑦|𝑛−2

(︂∫︁ 𝑡1

0

(𝑡1 − 𝑡2)

𝑙∑︁
𝑘=1

𝑐𝑘(𝑡2, 𝑦)|𝑢(𝑡2, 𝑦)|𝑝𝑘𝑑𝑡2

+ 𝑢(𝑡1, 𝑦) + 𝑢0(𝑦)− 𝑡1𝑢1(𝑦)

)︂
𝑑𝑦𝑑𝑠𝑑𝑡1
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+
1

2𝑛

∫︁ 𝑡

0

𝑛∏︁
𝑗=1,𝑗 ̸=𝑚

∫︁ 𝑥𝑗

0

(𝑥𝑗 − 𝑠𝑗)
2

×
∫︁ 𝑥𝑚

0

(𝑥𝑚 − 𝑠𝑚)(𝑡− 𝑡1)
2𝑔(𝑡1, 𝑠)

∫︁ 𝑡1

0

(𝑡1 − 𝑡2)|𝑢(𝑡2, 𝑠)|𝑑𝑡2𝑑𝑠𝑑𝑡1

⩽
1

2𝑛𝑛(𝑛− 2)𝛼(𝑛)

∫︁ 𝑡

0

𝑛∏︁
𝑗=1,𝑗 ̸=𝑚

×
∫︁ 𝑥𝑗

0

(𝑥𝑗 − 𝑠𝑗)
2

∫︁ 𝑥𝑚

0

(𝑥𝑚 − 𝑠𝑚)(𝑡− 𝑡1)
2𝑔(𝑡1, 𝑠)

×
∫︁
R𝑛

1

|𝑠− 𝑦|𝑛−2

(︂ 𝑙∑︁
𝑘=1

𝑟𝑝𝑘

∫︁ 𝑡1

0

(𝑡1 − 𝑡2)𝑐𝑘(𝑡2, 𝑦)𝑑𝑡2 + (2 + 𝑡1)𝑟

)︂
𝑑𝑦𝑑𝑠𝑑𝑡1

+
1

2𝑛
𝑟

∫︁ 𝑡

0

𝑛∏︁
𝑗=1,𝑗 ̸=𝑚

𝑡21

∫︁ 𝑥𝑗

0

(𝑥𝑗 − 𝑠𝑗)
2

∫︁ 𝑥𝑚

0

(𝑥𝑚 − 𝑠𝑚)(𝑡− 𝑡1)
2𝑔(𝑡1, 𝑠)𝑑𝑠𝑑𝑡1

⩽
𝑙∑︁

𝑘=1

𝑟𝑝𝑘
𝑡4

2𝑛𝑛(𝑛− 2)𝛼(𝑛)

∫︁ 𝑡

0

𝑛∏︁
𝑗=1,𝑗 ̸=𝑚

𝑥2
𝑗𝑥𝑚

∫︁ 𝑥𝑗

0

∫︁ 𝑥𝑚

0

𝑔(𝑡1, 𝑠)𝑔𝑘(𝑡1, 𝑠)𝑑𝑠𝑑𝑡1

+ 𝑟
𝑡3(2 + 𝑡)

2𝑛𝑛(𝑛− 2)𝛼(𝑛)

∫︁ 𝑡

0

𝑛∏︁
𝑗=1,𝑗 ̸=𝑚

𝑥2
𝑗𝑥𝑚

∫︁ 𝑥𝑗

0

∫︁ 𝑥𝑚

0

𝑔(𝑡1, 𝑠)

∫︁
R𝑛

1

|𝑠− 𝑦|𝑛−2
𝑑𝑠

+ 𝑟
1

2𝑛
𝑡4
∫︁ 𝑡

0

𝑛∏︁
𝑗=1,𝑗 ̸=𝑚

𝑥2
𝑗𝑥𝑚

∫︁ 𝑥𝑗

0

∫︁ 𝑥𝑚

0

𝑔(𝑡1, 𝑠)𝑑𝑠𝑑𝑡1

⩽

(︂ 𝑙∑︁
𝑘=1

𝑟𝑝𝑘 + 2𝑟

)︂
𝐴, (𝑡, 𝑥) ∈ R+ × R𝑛, 𝑚 ∈ {1, . . . , 𝑛},

and

⃒⃒⃒⃒
𝜕2

𝜕𝑥2
𝑚

𝐹𝑢(𝑡, 𝑥)

⃒⃒⃒⃒
⩽

1

2𝑛𝑛(𝑛− 2)𝛼(𝑛)

∫︁ 𝑡

0

𝑛∏︁
𝑗=1,𝑗 ̸=𝑚

×
∫︁ 𝑥𝑗

0

(𝑥𝑗 − 𝑠𝑗)
2

∫︁ 𝑥𝑚

0

(𝑡− 𝑡1)
2𝑔(𝑡1, 𝑠)

∫︁
R𝑛

1

|𝑠− 𝑦|𝑛−2

×
(︂∫︁ 𝑡1

0

(𝑡1 − 𝑡2)

𝑙∑︁
𝑘=1

𝑐𝑘(𝑡2, 𝑦)|𝑢(𝑡2, 𝑦)|𝑝𝑘𝑑𝑡2 + 𝑢(𝑡1, 𝑦) + 𝑢0(𝑦)− 𝑡1𝑢1(𝑦)

)︂
𝑑𝑦𝑑𝑠𝑑𝑡1

+
1

2𝑛

∫︁ 𝑡

0

𝑛∏︁
𝑗=1,𝑗 ̸=𝑚

×
∫︁ 𝑥𝑗

0

(𝑥𝑗 − 𝑠𝑗)
2

∫︁ 𝑥𝑚

0

(𝑡− 𝑡1)
2𝑔(𝑡1, 𝑠)

∫︁ 𝑡1

0

(𝑡1− 𝑡2)|𝑢(𝑡2, 𝑠)|𝑑𝑡2𝑑𝑠𝑑𝑡1

⩽
1

2𝑛𝑛(𝑛− 2)𝛼(𝑛)

∫︁ 𝑡

0

𝑛∏︁
𝑗=1,𝑗 ̸=𝑚

×
∫︁ 𝑥𝑗

0

(𝑥𝑗 − 𝑠𝑗)
2

∫︁ 𝑥𝑚

0

(𝑡− 𝑡1)
2𝑔(𝑡1, 𝑠)

∫︁
R𝑛

1

|𝑠− 𝑦|𝑛−2
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×
(︂ 𝑙∑︁

𝑘=1

𝑟𝑝𝑘

∫︁ 𝑡1

0

(𝑡1 − 𝑡2)𝑐𝑘(𝑡2, 𝑦)𝑑𝑡2 + (2 + 𝑡1)𝑟

)︂
𝑑𝑦𝑑𝑠𝑑𝑡1

+
1

2𝑛
𝑟

∫︁ 𝑡

0

𝑛∏︁
𝑗=1,𝑗 ̸=𝑚

𝑡21

∫︁ 𝑥𝑗

0

(𝑥𝑗 − 𝑠𝑗)
2

∫︁ 𝑥𝑚

0

(𝑡− 𝑡1)
2𝑔(𝑡1, 𝑠)𝑑𝑠𝑑𝑡1

⩽
𝑙∑︁

𝑘=1

𝑟𝑝𝑘
𝑡4

2𝑛𝑛(𝑛− 2)𝛼(𝑛)

∫︁ 𝑡

0

𝑛∏︁
𝑗=1,𝑗 ̸=𝑚

𝑥2
𝑗

∫︁ 𝑥𝑗

0

∫︁ 𝑥𝑚

0

𝑔(𝑡1, 𝑠)𝑔𝑘(𝑡1, 𝑠)𝑑𝑠𝑑𝑡1

+ 𝑟
𝑡3(2 + 𝑡)

2𝑛𝑛(𝑛− 2)𝛼(𝑛)

∫︁ 𝑡

0

𝑛∏︁
𝑗=1,𝑗 ̸=𝑚

𝑥2
𝑗𝑥𝑚

∫︁ 𝑥𝑗

0

∫︁ 𝑥𝑚

0

𝑔(𝑡1, 𝑠)

∫︁
R𝑛

1

|𝑠− 𝑦|𝑛−2
𝑑𝑠

+ 𝑟
1

2𝑛
𝑡4
∫︁ 𝑡

0

𝑛∏︁
𝑗=1,𝑗 ̸=𝑚

𝑥2
𝑗

∫︁ 𝑥𝑗

0

∫︁ 𝑥𝑚

0

𝑔(𝑡1, 𝑠)𝑑𝑠𝑑𝑡1

⩽

(︂ 𝑙∑︁
𝑘=1

𝑟𝑝𝑘 + 2𝑟

)︂
𝐴, (𝑡, 𝑥) ∈ R+ × R𝑛, 𝑚 ∈ {1, . . . , 𝑛}.

Hence,

‖𝐹𝑢‖ ⩽ (3 + 2𝑛)

(︂ 𝑙∑︁
𝑗=1

𝑟𝑝𝑗 + 2𝑟

)︂
𝐴.

This completes the proof. □

3.1. Proof of the main result. For 𝑢 ∈ 𝐸, define the operators

𝑇𝑢(𝑡, 𝑥) = (1− 𝜖)𝑢(𝑡, 𝑥),

𝑆𝑢(𝑡, 𝑥) = 𝜖𝑢(𝑡, 𝑥) + 𝐹𝑢(𝑡, 𝑥) (𝑡, 𝑥) ∈ R+ × R𝑛.

Note that if 𝑢 ∈ 𝐸 is a fixed point of the operator 𝑇 + 𝑆, then it is a solution to
the IVP (1.1). Really, let 𝑢 ∈ 𝐸 be a fixed point of 𝑇 + 𝑆. Then

𝑢(𝑡, 𝑥) = (1− 𝜖)𝑢(𝑡, 𝑥) + 𝜖𝑢(𝑡, 𝑥) + 𝐹𝑢(𝑡, 𝑥)

= 𝑢(𝑡, 𝑥) + 𝐹𝑢(𝑡, 𝑥), (𝑡, 𝑥) ∈ R+ × R𝑛

or
𝐹𝑢(𝑡, 𝑥) = 0, (𝑡, 𝑥) ∈ R+ × R𝑛.

Hence, by Lemma 2.1, we conclude that 𝑢 is a solution to the IVP (1.1). Define,
for 𝑅 > 1, ̃︀𝒫 = {𝑢 ∈ 𝐸 : 𝑢(𝑡, 𝑥) ⩾ 0, (𝑡, 𝑥) ∈ R+ × R𝑛},
and 𝒫 is the set of all equi-continuous families in ̃︀𝒫 (an example for an equi-
continuous family is the family {(3 + sin(𝑡 + 𝑚))

∏︀𝑛
𝑖=1(4 + sin(𝑥𝑖 + 𝑚)) : 𝑡 ∈

R+, 𝑥𝑖 ∈ R, 𝑖 = 1, . . . , 𝑛}𝑚∈N),

Ω = {𝑢 ∈ 𝒫 : ‖𝑢‖ ⩽ 𝑅},
𝑈 = {𝑢 ∈ 𝒫 : 𝑢(𝑡, 𝑥) ⩾ 𝑢0(𝑥), (𝑡, 𝑥) ∈ R+ × R𝑛,

𝑢(𝑡, 𝑥) ⩾ 𝑢0(𝑥) +𝐵, 𝑡 ∈ [1, 2], 𝑥𝑗 ∈ [1, 2],
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𝑗 ∈ {1, . . . , 𝑛}, 𝑥 = (𝑥1, . . . , 𝑥𝑛), ‖𝑢‖ < 𝑟}.

For 𝑢 ∈ 𝑈 , we have that 𝐹𝑢(𝑡, 𝑥) ⩾ 0.
(1) For 𝑢 ∈ Ω, we have

(𝐼 − 𝑇 )𝑢(𝑡, 𝑥) = 𝜖𝑢(𝑡, 𝑥), (𝑡, 𝑥) ∈ R+ × R𝑛,

and
‖(𝐼 − 𝑇 )𝑢‖ = 𝜖‖𝑢‖ ⩾

𝜖

𝑙
‖𝑢‖.

Thus, 𝐼 − 𝑇 : Ω → 𝐸 is Lipschitz invertible with a constant 𝛾 ⩽ 𝑙
𝜖 .

(2) By Lemma 3.1, for 𝑢 ∈ �̄� , we find

‖𝑆𝑢‖ ⩽ 𝜖‖𝑢‖+ ‖𝐹𝑢‖ ⩽ 𝜖𝑟 + (3 + 2𝑛)

(︂ 𝑙∑︁
𝑗=1

𝑟𝑝𝑗 + 2𝑟

)︂
𝐴.

Therefore, 𝑆 : �̄� → 𝐸 is uniformly bounded. Since 𝑆 : �̄� → 𝐸 is con-
tinuous, we obtain that 𝑆(�̄�) is equi-continuous and then 𝑆 : �̄� → 𝐸 is
relatively compact. Consequently, : �̄� → 𝐸 is a 0-set contraction.

(3) Let 𝑢 ∈ �̄� . For 𝑧 ∈ Ω, define the operator

𝐿𝑧 = 𝑇𝑧 + 𝑆𝑢.

For 𝑧 ∈ Ω, we get

‖𝐿𝑧‖ = ‖𝑇𝑧 + 𝑆𝑢‖
⩽ ‖𝑇𝑧‖+ ‖𝑆𝑢‖

⩽ (1− 𝜖)𝑅+ 𝜖𝑟 + (3 + 2𝑛)

(︂ 𝑙∑︁
𝑗=1

𝑟𝑝𝑗 + 2𝑟

)︂
𝐴

⩽ (1− 𝜖)𝑅+
𝜖

2𝑙
< (1− 𝜖)𝑅+ 𝜖𝑅

= 𝑅.

Therefore, 𝐿 : Ω → Ω. Next, for 𝑧1, 𝑧2 ∈ Ω, we have

‖𝐿𝑧1 − 𝐿𝑧2‖ = ‖𝑇𝑧1 − 𝑇𝑧2‖
= (1− 𝜖)‖𝑧1 − 𝑧2‖,

i.e., 𝐿 : Ω → Ω is a contraction mapping. Hence, there exists a unique
𝑧 ∈ Ω such that

𝑧 = 𝐿𝑧

= 𝑇𝑧 + 𝑆𝑢

or
(𝐼 − 𝑇 )𝑧 = 𝑆𝑢.

Consequently, 𝑆(�̄�) ⊂ (𝐼 − 𝑇 )(Ω).
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(4) Assume that there are 𝑢 ∈ 𝜕𝑈 and 𝜆 ⩾ 1 such that

𝑆𝑢 = (𝐼 − 𝑇 )(𝜆𝑢), 𝜆𝑢 ∈ Ω.

We have
𝜖𝑢+ 𝐹𝑢 = 𝜖𝜆𝑢

or
𝜖(𝜆− 1)𝑢 = 𝐹𝑢.

Hence,

𝜖(𝜆− 1)𝑟 = 𝜖(𝜆− 1)‖𝑢‖
= ‖𝐹𝑢‖

⩽ (3 + 2𝑛)

(︂ 𝑙∑︁
𝑗=1

𝑟𝑝𝑗 + 2𝑟

)︂
𝐴.

Thus,

(3 + 2𝑛)

(︂ 𝑙∑︁
𝑗=1

𝑟𝑝𝑗 + 2𝑟

)︂
𝐴 ⩾ 𝜖(𝜆− 1)‖𝑢‖ = ‖𝐹𝑢‖

⩾
𝐵

2𝑛+1𝑛(𝑛− 2)𝛼(𝑛)

∫︁ 3
2

1

𝑛∏︁
𝑗=1

∫︁ 3
2

1

(2− 𝑠𝑗)
2(2− 𝑡1)

2𝑔(𝑡1, 𝑠)

×
∫︁
𝑛⩽|𝑦|⩽2𝑛

1

|𝑠− 𝑦|𝑛−2
𝑑𝑦𝑑𝑠𝑑𝑡1 ⩾

𝐴

𝑙
,

i.e.,

(3 + 2𝑛)

(︂ 𝑙∑︁
𝑗=1

𝑟𝑝𝑗 + 2𝑟

)︂
⩾

1

𝑙
,

which is a contradiction.
By (1), (2), (3), (4) and Proposition 1.1, we conclude that the operator 𝑇 + 𝑆 has
a fixed point in 𝑈

⋂︀
Ω. This completes the proof.

4. Example

Let

ℎ(𝑥) = log
1 + 𝑠11

√
2 + 𝑠22

1− 𝑠11
√
2 + 𝑠22

, 𝑙(𝑠) = arctan
𝑠11

√
2

1− 𝑠22
, 𝑠 ∈ R, 𝑠 ̸= ±1.

Then

ℎ′(𝑠) =
22

√
2𝑠10(1− 𝑠22)

(1− 𝑠11
√
2 + 𝑠22)(1 + 𝑠11

√
2 + 𝑠22)

,

𝑙′(𝑠) =
11
√
2𝑠10(1 + 𝑠20)

1 + 𝑠40
, 𝑠 ∈ R.
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Therefore,

−∞ < lim
𝑡→∞

𝑡2(2 + 𝑡)(1 + 𝑡+ 𝑡2)ℎ(𝑡) < ∞,

−∞ < lim
𝑡→∞

𝑡2(2 + 𝑡)(1 + 𝑡+ 𝑡2)𝑙(𝑡) < ∞,

−∞ < lim
𝑠→±∞

𝑠2(1 + 𝑠+ 𝑠2)ℎ(𝑠) < ∞,

−∞ < lim
𝑠→±∞

𝑠2(1 + 𝑠+ 𝑠2)𝑙(𝑠) < ∞.

Hence, there exists a positive constant 𝐶1 such that

𝑡2(2 + 𝑡)(1 + 𝑡+ 𝑡2)

(︂
1

44
√
2
log

1 + 𝑡11
√
2 + 𝑡22

1− 𝑡11
√
2 + 𝑡22

+
1

22
√
2
arctan

𝑡11
√
2

1− 𝑡22

)︂
⩽ 𝐶1,

𝑠2(1 + 𝑠+ 𝑠2)

(︂
1

44
√
2
log

1 + 𝑠11
√
2 + 𝑠22

1− 𝑠11
√
2 + 𝑠22

+
1

22
√
2
arctan

𝑠11
√
2

1− 𝑠22

)︂
⩽ 𝐶1,

𝑡 ∈ R+, 𝑠 ∈ R. Note that by [14, p. 707, Integral 79], we have∫︁
𝑑𝑧

1 + 𝑧4
=

1

4
√
2
log

1 + 𝑧
√
2 + 𝑧2

1− 𝑧
√
2 + 𝑧2

+
1

2
√
2
arctan

𝑧
√
2

1− 𝑧2
.

Let

𝑔1(𝑡, 𝑥) =
𝑡10

1 + 𝑡44

𝑛∏︁
𝑗=1

𝑥10
𝑗

1 + 𝑥44
𝑗

1

(1 + 𝑔𝑘(𝑡, 𝑠) + log |𝑠|)4
,

where

𝑔𝑘(𝑡, 𝑠) =

∫︁
R𝑛

1

|𝑠− 𝑦|𝑛−2

∫︁ 𝑡

0

1

(1 + |𝑦|)3𝑛(1 + 𝑡21)
10
𝑑𝑡1𝑑𝑦,

(𝑡, 𝑠) ∈ R+ × R𝑛, 𝑘 ∈ {1, . . . , 𝑛}, 𝑛 ⩾ 3. Moreover, there exists a positive constant
𝐶2 such that

1

2𝑛+1𝑛(𝑛− 2)𝛼(𝑛)

∫︁ 3
2

1

𝑛∏︁
𝑗=1

∫︁ 3
2

1

(2− 𝑠𝑗)
2(2− 𝑡1)

2𝑔1(𝑡, 𝑠)

∫︁
𝑛⩽|𝑦|⩽2𝑛

1

|𝑠− 𝑦|𝑛−2
𝑑𝑦𝑑𝑠𝑑𝑡1 ⩾ 𝐶2.

|Take

𝑔(𝑡, 𝑠) =
𝑔1(𝑡, 𝑥)

𝐶𝑛+1
1

, 𝐴 = 2, 𝑙 = 1, 𝑟 =
1

10000(3 + 2𝑛)
, 𝜖 =

1

2
, 𝐵 =

3

𝐶2
.

Hence,

2

(︂
𝜖𝑟 + (3 + 2𝑛)

(︂ 𝑙∑︁
𝑗=1

𝑟𝑝𝑗 + 2𝑟

)︂
𝐴

)︂
<

𝜖

𝑙
,

i.e., (𝐻3) holds. Next,

𝑡2(2 + 𝑡)(1 + 𝑡+ 𝑡2)

∫︁ 𝑡

0

𝑛∏︁
𝑗=1,𝑗 ̸=𝑚

𝑥2
𝑗 (1 + 𝑥𝑚 + 𝑥2

𝑚)

×
∫︁ 𝑥𝑗

0

∫︁ 𝑥𝑚

0

𝑔(𝑡1, 𝑠)(1 + 𝑔𝑘(𝑡1, 𝑠) + log |𝑠|)𝑑𝑠𝑑𝑡1 ⩽ 1 ⩽ 𝐴,
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𝑘 ∈ {1, . . . , 𝑙}, 𝑚 ∈ {1, . . . , 𝑛}, (𝑡, 𝑥) ∈ R+ × R𝑛, and

𝐵

2𝑛+1𝑛(𝑛− 2)𝛼(𝑛)

∫︁ 3
2

1

𝑛∏︁
𝑗=1

∫︁ 3
2

1

(2−𝑠𝑗)
2(2−𝑡1)

2𝑔(𝑡1, 𝑠)

∫︁
𝑛⩽|𝑦|⩽2𝑛

1

|𝑠− 𝑦|𝑛−2
𝑑𝑦𝑑𝑠𝑑𝑡1 ⩾ 3 ⩾

𝐴

𝑙
.

Therefore, (𝐻4) holds. Consider the IVP

𝑢𝑡𝑡 −Δ𝑢 = − 1

(1 + |𝑥|)30(1 + 𝑡2)10
|𝑢|𝑝, (𝑡, 𝑥) ∈ R+ × R𝑛,

𝑢(0, 𝑥) =
1

30000(3 + 2𝑛)(1 + |𝑥|2)4𝑛
,(4.1)

𝑢𝑡(0, 𝑥) = − 1

30000(3 + 2𝑛)(1 + |𝑥|2)5𝑛
, 𝑥 ∈ R𝑛,

where 𝑛 ⩾ 3, 𝑝 > 1. Here

𝑢0(𝑥) =
1

30000(3 + 2𝑛)(1 + |𝑥|2)4𝑛
,

𝑢1(𝑥) = − 1

30000(3 + 2𝑛)(1 + |𝑥|2)5𝑛
, 𝑥 ∈ R𝑛.

We have 0 ⩽ 𝑢0,−𝑢1 < 𝑟
2 and

(3 + 2𝑛)(𝑟𝑝 + 2𝑟)𝑙 < 1.

Hence, by using Theorem 3.1, it follows that the IVP (4.1) has at least one nontrivial
nonnegative solution 𝑢 ∈ 𝒞2(R+ × R𝑛).
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КЛАСИЧНА РЕШЕЊА JЕДНЕ КЛАСЕ
НЕЛИНЕАРНИХ ТАЛАСНИХ JЕДНАЧИНА

Резиме. Проучавамо класу парциjалних jедначина хиперболичког типа
са задатим почетним граничним условима. Примењен jе нови тополошки при-
ступ да се докаже постоjање нетривиjалних ненегативних решења. Тачниjе,
предлажемо нову интегралну репрезентациjу решења и утврђуjемо постоjање
класичних решења за разматране класе нелинеарних таласних jедначина.

Department of Differential Equations (Received 23.11.2020.)
Faculty of Mathematics and Informatics (Revised 01.10.2021.)
University of Sofia (Available online 16.12.2021.)
Sofia
Bulgaria
svetlingeorgiev1@gmail.com

Laboratory of Applied Mathematics
Faculty of Exact Sciences
University of Bejaia
Bejaia
Algeria
mebarqi_karima@hotmail.fr

Department of Mathematics
College of Sciences and Arts
Qassim University
Ar-Rass
Saudi Arabia

Laboratoire de Mathématiques Appliquées et de Modélisation
Université 8 Mai 1945 Guelma
Guelma
Algérie
khaledzennir4@gmail.com


	1. Introduction and auxiliary results
	2. Preliminary Result
	3. Main result
	4. Example
	Acknowledgements
	References

