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CLASSICAL SOLUTIONS FOR A CLASS
OF NONLINEAR WAVE EQUATIONS

Svetlin Georgiev, Karima Mebarki, and
Khaled Zennir

ABsTrRACT. We study a class of initial value problems subject to nonlinear
partial differential equations of hyperbolic type. A new topological approach
is applied to prove the existence of nontrivial nonnegative solutions. More
precisely, we propose a new integral representation of the solutions for the
considered initial value problems and using this integral representation we
establish existence of classical solutions for the considered classes of nonlinear
wave equations.

1. Introduction and auxiliary results

Wave equations arise in mathematical models which describe wave phenomena
in fields like fluid dynamics and electromagnetics. Many authors such as H. Brésiz,
J. Mawhin, and K. C. Chang have developed topological tools, index theory, and
variational methods to get some existence results for the one-dimensional problem

with various nonlinearities. The related results are [1,2,4-7] and the references
therein. The fixed point theory for sums of operators has recently been developed
(see [3,6,7,13,15,17,18] and the references therein). In [7], the authors have

developed a new fixed point index for the sum of an expansive mapping and a k-set
contraction defined in cones of Banach spaces. Nonlinear wave processes are usually
modeled using nonlinear partial differential equations. For nonlinear analogs of the
wave equation, let f be a nonlinear function, the structure of which is determined
by the geometric and (or) physical features of the problem, where non-linear ripple
effects are many and varied. A very important model of nonlinear waves is the
nonlinear Klein-Gordon equation [16]

Uty — Ugy = ¢(u)’
where ¢(u) is some smooth or discontinuous function that describes distributed

nonlinear restoring forces. In the linear approximation ¢(u) = —xu(k > 0), we
have the well-known string model on an elastic bed.
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The main aim of this paper is to investigate the following initial value prob-
lem (IVP)

ugp — Au = f(t,z,u), t>0, x € R",
(1.1) u(0,2) = up(z), =z e€R",
ut(ov'r) :Ul(l'), IGR”,

where n > 3, up € C2(R",R,), u; € C1(R",R_) and f € C(Ry x R" x R) satisfying
a general growth condition. Here R, = [0,00) and R_ = (—o00,0].

When f(t,z,u) = Fu®, n = 3, we get the three-dimensional energy-critical
nonlinear wave equation.

Throughout this work, by a solution we mean a nonnegative function u €
C%*(Ry x R™) with u(t,z) > 0 on Ry x R™.

In [11], the problem (1.1) is investigated in the case when n = 3 and f =
f(t,z,y, 2, u, Uy, Uy, Uy, u,), where the authors give an integral representation of
the solutions to the problem (1.1). In this paper, we propose a new integral repre-
sentation of the solutions to the problem (1.1) for arbitrary n > 3, different than
the integral representation of the solutions for the case n = 3. Note that the inves-
tigations in this paper can be applied to the case n > 3 and f = f(t,x, u, us, uz),
where uy; = (Ugyy ..., Uz, ).

In [12] a Cauchy problem for a class of nonlinear wave equations in the case
n = 2 is investigated. The authors give an integral representation of the solutions
using the Green function for the wave equations in the case n = 2.

In [8], the authors considered the following IBVP subjected to a parabolic
equation

uy = Au+ f(t,z,u), (t,x)€[0,T]xQ,

u(0,2) = ¢(z), =€,

u =au+g on [0,T]x 00,
on

where (2 C R™ is a bounded open set, 99 is smoothed, g € C([0,7] x 9Q, R ) and
f€C(0,T] x Q x R, R, ) satisfying a general polynomial growth condition.

In [9], an IVP for the Burgers—Fisher equation has been studied

Ut — Uy + () uuy, = B(t)u(l —u), t>0, x>0,
u(0,2) = uo(x), x>0,

where up € C2(R4), a,3 € C(Ry), a <0, >0 on R,.

Next, in [10], the following IVP subjected to a nonlinear PDE of hyperbolic
type was investigated

Upp — Uz = f(t,x,ue), t>0, >0,
w(0,2) = up(x), u(0,2) = ui(x), x>0,

where ug € C3(R4), u1 € CH(R4) and f € C(Ry x Ry x R) satisfying a general
polynomial growth condition.

Since this work is based upon a recent theoretical result, its novelty lies primar-
ily in extending some of these contributions in the case of nonlinear PDEs. This
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work is concerned with the existence of bounded nontrivial nonnegative solutions
for an IVP subject to an n-dimensional nonlinear hyperbolic equation, n > 3. An
interesting point of the result is that the nonlinearity is of nonpositive sign. More-
over, it satisfies general polynomial growth conditions. New existence results of
nontrivial nonnegative solutions are proved using a recent fixed point index theory
on cones. We propose a new integral representation of the solutions to the con-
sidered initial value problems and using this integral representation we establish
existence of classical solutions for the considered classes of nonlinear wave equa-
tions.

In what follows, P will refer to a cone in a Banach space (E, ||.||). The following
Proposition 1.1 will be used to prove our main result.

PROPOSITION 1.1. [7,9] Let Q be a subset of P and U be a bounded open subset
of P with 0 € U. Assume that the mapping T: Q C P — E is such that (I —T)
is Lipschitz invertible with constant v > 0, S: U — E is a k-set contraction with
0<k<~y and S(U)C (I-T)Q). If

Sz # (I —T)A\x) forallx e 3Uﬂ§27 A>21 and Az € Q,
then the fized point index i, (T + S, U Q,P) = 1.
The structure of the paper is as follows. In the next Section we give some
preliminary results. In Section 3, we present and prove our main result. In the last
section, Section 4, we give an example to illustrate our results.

2. Preliminary Result

Let
(81,1, 8n), ds=ds,...dsy,

H/ 75] d,s,/ / (1 —s51)%. . (xp — 50)2()dsy, . .. ds1,

a(n ) be the volume of the unit ball in R™.

We will start with the following useful lemma. In it we propose a new integral
representation of the solutions to the considered class of IVPs for the considered
nonlinear wave equations. To the best of our knowledge, there is no such integral
representation of the solutions for the IVP (1.1) in the existing references.

LEMMA 2.1. Ifu € C?*(Ry x R") is a solution to the integral equation
2.1) 0= I/ st —t3ets) | —-
’ ~2ntlp(n - 2)a 1 o gt n|s—y|n2
ty
X (— / (t1 = t2) f (2, y, u(t2,y))dt2 + u(ty, y) — uo(y) — th(?J))ddedh

ty
+ — 2n+1 / / t - tl) g(tl, S) / (tl — tg)u(tg, S)dtgdsdth
0

then it is a solution to the IVP (1.1).
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PROOF. Let u € C2(Ry x R™) be a solution to the integral equation (2.1). We
differentiate the integral equation (2.1) three times in ¢, three times in x7, three
times in x, and so on, and we find

1 1 '
0= a0 [ g (- - it

T ulty) - uoly) - tu1<y>) dy

t
+g(t,x)/ (t — tl)u(tl,x)dth (t,l’) S RJr X Rn7
0

whereupon

(2.2) 0= n(n—12)a(n) /]R” \x—1y|"*2 <_/0 (t —t1) f(t1, y, u(t1, y))dt1

T ult, ) — uoly) — tu1<y>)dy

t
+/ (t — tl)u(tl,m)dth (t7l‘) € RJr x R™.
0

Now we differentiate twice in ¢ the last equation and we obtain

1 1
0 it o Ty ) e 9))y + ),
(t,z) e Ry x R,
1 1
U(ﬁ,l‘) = 77’1(7’7/ _ 2)0((71) /]R"’ ‘JJ _ y\”_2 (7f(t7ya u(tvy)) + Utt(tay))dya

(t,z) € Ry x R™. Hence, using the main representation of the solutions to the
Poisson equation, we arrive at

—Au(t,z) = f(t,z,u(t,z)) —uu(t,z), (tz)€ Ry xR™
Now, we put ¢ = 0 in the equation (2.2) and we find

: / 1
0 u(0,y) —uo(y))dy, =€R",
’I’L(’I’L 2)04(71) R™ |ZIJ — y|n—2( ( ) ( ))
and by the Poisson equation, we obtain

u(0,2) = up(x), x€R".

We differentiate once in ¢ the equation (2.2) and we get

1 1 t
0=t~ Dam) /R g2 ( - /0 Fltr,y,ult, y))diy +we(t y) = ul(y)) dy

t
+/ u(tl,x)dtl, (t71') € RJr x R™.
0
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We put t = 0 in the last equation and we find

1 n
B m/n(“t(oﬂ) —ui(y))dy, ze€R™

From here and from the Poisson equation, we obtain
u(0,z) =uy(z), = e€R™

This completes the proof. O

3. Main result

We first list the assumptions we will use in this paper:
(H1): f € C(R4y x R™ x R) is such that

!
0< —f(t,z,u) Z:cjtas|u|pJ (t,z,u) € Ry x R xR,
Jj=1

p; > 0 are given constants, ¢; € C(R; x R™) are given functions, j €
{1,...,1},leN.
H2): There exists an r > 0 such that 0 < ug, —u; < £ on Ry x R™, and
2 +

l
(3—|—2n)<ZTPJ +2r>l< 1,

j=1
for some given constant [ > 1.
Let

1 t
gi(t,z) = / 7/ cx(t1,y)dtrdy, ke {l,...,1}, (t,z) € Ry x R".
R 0

)
n |z =yl
Below, we suppose

(H3): there exists a nonnegative function g € C(R4 x R™) that is positive
almost everywhere on R, x R™ and a positive constant B such that

t2(2+1t) 1+t—|—t2/ H 2(1+ @ + 22, // gty s)(1+ gr(t, s)

j=lj#m
+log|s|)dsdt; < A, ke{l,...,l}, me{l,...,n}, (t,x) e Rp xR",

A

1
2—t1 gtl,s/ —————dydsdt; > —.
2n+1n<n—2 / H/ Voltns) | a2 l

Our main result is as follows.

THEOREM 3.1. Suppose (H1)—(H3) hold. Then the IVP (1.1) has at least one
nontrivial nonnegative solution u € C?(Ry x R™) satisfying ||u|| < min(r, R) and

u(t,z) = up(z), (t,z) € Ry xR™, wu(t,z) > uo(z)+ B, te(l,2], z; €[1,2],
je{l,...,n}, x=(21,...,2,).
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Let E = C?(R; x R™) be endowed with the norm

n n
[ull = lJulloo + luelloo + llusefloo + Z l[wa; oo + Z l|wa;; [l o>
j=1 j=1

provided it exists, where

vl = sup  fo(t, z)].
(t,z)ER4L xR™

For u € F, define the operator

Fut,z) = o (nl_ Do / / 2(t—t1)%g(t1, s) /Rn W

X ( B /0 1(751 —ta) f(ta,y, u(te,y))dts + u(t,y) — uo(y) — tlul(y)>dydsdt1

ty
2n+1 / / —55) t_ t1) g(tl,s)/ (t1 — ta)u(te, s)dtadsdty,
0

(t,z) € Ry x R™.
LEMMA 3.1. Suppose (H1), (H2) and (H3) hold. Foru € E, ||lu|| <, we have
!
[ Ful| < (3 + 2n)(z7«w + 2r> A.
j=1

ProoF. We have

o) 1
Fu(t,z)| < = sa) (=) gt ls—yn2
1PU,2)] € e / / (@5 = s =0 a09) [ s

1
X (/0 (t1 _t2)ch(t27y)|u(t2,y)|pkdt2

k=1

T ultn,y) + uoly) — t1U1(y))dyd5dt1

t1
2n+1 / / i — SJ t — tl) g(tl,s)/ (tl — t2)|u(t2, S)|dt2d$dt1
0

< 1 / / vy — ;)2 (t— 1) gt s)/é
= 2ntlip(n — 2)a(n 2 Vgt ge |8 —y|" 2

l

ty
x <§ :rm/ (t1 — ta)e(ta, y)dtz + (2 +t1)r>dydsdt1
0

k=1

2n+1 /Htl/ zj — 85)°(t — t1)°g(t, s)dsdt:
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l

t4 t n 9 z
< Pr : t t1, s)dsdt
ZT 2n+1n(n_2)a(n) /; ngmj/o g( 175)gk( 173) Saty

k=1
£2(2+1) 1 [T 1
ey jl“"/o W) [Ty ®
PR tﬁz " g(t1,s)dsdt
r2n+1 ; jzlx] . 1, 8)asaty
!
<<er’“+2r>A, (t,z) € Ry x R™,
k=1
and
‘ Fu(t, ‘ ! / / 2(t—t1)g(t )/ x
’LL X S T o n—2
ot = 27n(n — 2)a(n) VI fonTs — g2
t1
X (/ (t1 —t2) ch (t2, y)|u(tz, y) [P dts
0 k=1

- ults, ) + woly) — t1u1<y>) dydsdty

ty
/ 753 t*tl)g(tl,s)/o (tl —t2)|u(t2,5)|dt2dsdt1

—F—F — —t1)g(t1,s) L
=S s - -
an TL—2 ] 19\t R ‘S—y|”_2

l

X (Z R / (t1 — to)ek(ta, y)dts + (2 + tl)r> dydsdt,
/ Ht2/ J (z; — Sj)2(t—t1) (t1,s)dsdt;
l
Z M S = Dam) 2nn / / g(t1, s)gr(t1, s)dsdty
k=1 -
t2 2+t t n 1
2" TL—2 / / (t17 )/n st
t 7L
—|—7“—t3/ / g(t1, s)dsdty

1
< <er’“ +27‘)A, (t,z) e Ry x R™,
k=1

and
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0? 1
—F < ) P
‘3152 u(t,x)‘ 2nn(n — 2)a(n) / / 9t )/Rn s — y|n—2

X </0 1(t1 _t2)gck(t%yﬂu(tz,y)\?’kdtQ

k=1

- ults, ) + uoly) — tlm(y)) dydsdty

t1
/ — Sj tl, )/ (tl — t2)|u(t2,s)|dt2dsdt1
0
1
{— g(t I
e , 1 @t [ i
l t1
X (Zr”’“ / (t1 — ta)cg(ta, y)dta + (2 + tl)r> dydsdty
_ 0
t n j
/ th/ l‘j— ) (tl, )dsdt1
l
< Z N Tt Da / / g(t1, 8)gr(t1, s)dsdty
t(241) 1
r——— + / / tl,s)/ ————ds
2nn(n — 2)a re |8 —y|? 2
J
+r—t2/ / g(t1, s)dsdt,

1
< (Zr”’“ —|—2r)A, (t,z) € Ry x R,
k=1

and
%Fu(t x)’
<oz | 1L [T@-sr [ sne -t o,

j=1.j#m
t1 l
X e (t1 —t2) (ta,y)|u(t Prdt
4n|s_y|n2</ 3ttt

- ulty, ) + oly) — t1u1(y)> dydsdiy
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I

j=1,7#m
X / (ZL‘m — Sm)(t — tl) g(tl, )/ (tl — t2)|u(t2, S)|dt2d8dt1
0
t
{—
2mn(n — 2)a /0 11_gl¢m
<[5 [ o st t)Pgle,5)
0 0
1
X / | |n 5 (Z’Fpk / tl — tz)ck(tg,y)dtz + (2 + tl)T> dydsdt1
R[S Y

/ H t2/ =) /L”(xm—sm)(tftl) g(t1, s)dsdt,
l

Jj=Llj#m
er" T / H x’ J:m/ / 9(t1, 8)gk(t1, s)dsdty
k=1 Jj=1,5#m
t3 2 + t / H / / / 1
n x iTm tl) n72d3
"onn(n — 2)a(n) ] #m R |S — Y
+7‘7t4/ H x4 xm/ / tl, detl
Jj=Llj#m
< <Zr1”“ +2T>A, (t,z) e Ry xR", me{l,...,n},
k=1
and
2

<2n Y /J 11:[7% / z;— ;) /Im(t—tl)2g(t1,8)/n|s_;n_2
X (/tl(tl—tz)

/ H / Tj—5;) /x (t—t1)%g(t1, s) /Otl(tl —ta)|u(te, 8)|dtadsdts

Jj=1j#m

<2n n(n—2 / H / Tj = 5;) /r'(t—tl)zg(tl,s)/ﬂww

Jj=1,j#m

!
cr(te, y)u(te, y)[Pedts + ulty, y) + uo(y) — tlul(y)>dyd8dt1
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(Zrm/ (t1 — to)ek(ta, y)dta + (2 +t1)r )dydsdtl

/ H t2/ 5 —5) /w (t —t1)g(t1, s)dsdty

Jj=Lj#m
I T
p
Zr k2"n CED / H / / g(t1, 8)gr(t1, s)dsdty
=1 j=1,7#m
=t IAARCEY|
+r— H x T g(t1,s) 2
2nn(n — 2)a —lj#m R™ |5_ |n
+r—t4/ H / / g(t1, s)dsdt;
Jj=1,j#m
l
< (Zr”k +2r>A, (t,z) e R xR", me{l,...,n}.
k=1
Hence,
l
| Ful| < (3 + 2@(2 rPi 4 27’> A.
j=1
This completes the proof. O

3.1. Proof of the main result. For u € F, define the operators
Tu(t,z) = (1 — e)u(t, x),
Su(t,x) = eu(t,z) + Fu(t,z) (t,x) € Ry x R™.

Note that if uw € E is a fixed point of the operator 7'+ S, then it is a solution to
the IVP (1.1). Really, let u € E be a fixed point of T+ S. Then

u(t,x) = (1 — e)u(t, x) + eu(t,x) + Fu(t, x)
=u(t,z) + Fu(t,z), (t,z) e Ry xR"”
or
Fu(t,z) =0, (t,z) e Ry xR™
Hence, by Lemma 2.1, we conclude that u is a solution to the IVP (1.1). Define,
for R > 1,

P={ueE:u(t,z) >0, (tz)ecRyxR"},
and P is the set of all equi-continuous families in P (an example for an equi-
continuous family is the family {(3 + sin(t + m)) [[;—,(4 + sin(z; + m)) : ¢ €
R+7 xieR,izl,...7n}meN),
={ueP:|ull <R},
U={ueP: u(t x) = up(x), (t,z) € Ry xR",
(t"r>/ 0( )+B7 te [172]3 zj € [172]a
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jeflion), o= (on.oza) [l <r}.

For u € U, we have that Fu(t,z) > 0.

(1)

For u € Q, we have
(I —Tu(t,z) =eu(t,z), (t,z)€ Ry xR",
and

€
(I = T)ull = ellu] = Zlull.
!

Thus, I —T: Q — E is Lipschitz invertible with a constant v <
By Lemma 3.1, for u € U, we find

z
-

l
|Sul| < ellull + | Ful < er+ 3+ 2n)<2r”j + 2r>A.

j=1

Therefore, S: U — FE is uniformly bounded. Since S: U — E is con-
tinuous, we obtain that S(U) is equi-continuous and then S: U — E is
relatively compact. Consequently, : U — E is a 0-set contraction.

Let uw € U. For z € Q, define the operator

Lz=Tz+ Su.
For z € 0, we get

[Lz]| = [Tz + Sul
< T2 + ([ Sull

!
< (1—6)R+er+(3+2n)<2r’)j +2r)A

j=1
€
< (11— —
<(l-¢R+ 5
<(l-¢)R+e€R
= R.

Therefore, L: Q — Q. Next, for 21, 25 € €, we have
HL2’1 — LZQH = HTZl - TZQ”
=1 —e)llzr — 2],

ie, L: Q — Q is a contraction mapping. Hence, there exists a unique
z € Q) such that

z=1Lz
=Tz+ Su
or
(I -T)z= Su.

Consequently, S(U) C (I —T)(%).
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(4) Assume that there are w € OU and A > 1 such that
Su=(I—-T)Au), IueQ.

We have
eu~+ Fu=e\u
or
e(A—1)u = Fu.
Hence,
e —1)r = e(A— 1) Jul
= [|Fu|
l
< (3+2n)<27’”i +27’>A.
j=1
Thus,

l

3+ 2n)(2r1’j + 2r>A > e\ —1)||ul| = || Ful

j=1

P 2n+1n(nB_ 2)a(n) /15 Jl:[l /15(2 — Sj)2(2 — 751)2.‘](7517 s)

1 A
x / —dydsdt; > >,
n<|y|<2n |S_y|n !

ie.,

: 1
3+2 P or) >,
3+ n)(Zr + r) ;

Jj=1

which is a contradiction.

By (1), (2), (3), (4) and Proposition 1.1, we conclude that the operator T + S has
a fixed point in U [ Q. This completes the proof.

4. Example

14 s'1/2 4+ 522 I(s) . s11/2
og —mM——— s) = arctan ———=
g17511\@+822’ 1 — 227

seR, s# £1.
, 221/2510(1 — 522)
h (S) = )

(1— s114/2 + 522)(1 + 5112 + 522)
_11V2s10(1 4 s20)
B 1+ 540

I'(s)

, sER.
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Therefore,
—00 < lim #*(2+t)(1 +t + t*)h(t) < oo,
t—o00
—00 < lim 22+ )1+t +12)I(t) < oo,
—00

—00 < lim s*(1+4 s+ s?)h(s) < oo,

s—+oo

—00 < lim s*(1+ s+ s%)l(s) < oo.

s—+oo

Hence, there exists a positive constant C; such that

1 14 t"1y/2 422 1 t'1y/2
t2(2 + 1+t+t2< lo + arctan —— | < (1,
( ) ) 44V2 gl—t11\/§+t22 22v/2 1—¢22 !
1 1+ s1y/2 4 522 1 511\/5)
2 2
s(14+s+s o) + arctan ——— | < (Y,
( )<44\/§ El—siVa+s2 | 22 1— 522 !
t € Ry, s € R. Note that by [14, p. 707, Integral 79|, we have
/ dz 1 ) 1+Z\/§+22+ 1 ¢ V2
= 0 arctan —.
1120 02 P12+ 23 12
Let
o I zlo 1
t,x) = z
gt 2) 1+t44j1;[11+x§4<1+gk(t,s)+1og|sl)4’
where

1 ¢ 1
gk(t,s):/ — / dt1dy,
re |8 —y["=2 Jo (L4 ]y[)3n(1413)10

(t,s) e Ry xR™, ke {1,...,n}, n > 3. Moreover, there exists a positive constant
(5 such that

3 n 3
2

2—s55)7(2—-1¢ t,s ————dydsdt; > Cs.
=2 H/ L S
| Take
g1(t, ) 1 1 3
t,s) ="—-—=—, A=2, [=1 =— =—-, B=—.
g( 78) C{I+1 ) Y ) T 10000(3+2n)7 € 27 02
Hence,

l

2(er+ (3+2n)<zr”j +2r>A> < %

j=1
i.e., (H3) holds. Next,

n

t
t2(2+t)(1+t+t2)/0 I z50+am+a3)

j=1.j#m

x; Tom
X / / g(t1, 8)(1 4+ gi(t1,s) + log|s|)dsdty < 1 < A,
o Jo
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kEe{l,....l},me{1,...,n}, (t,z) € Ry xR, and

)
3
2

3 n
B /5 / 9 2 1 A
(2—s;)°(2—t1) g(tl,s)/ ——————dydsdt1 >3 > —.
2ntin(n — 2)a(n) /, ]1;[1 1 ! n<|y|<2n |s — y|n—2 l

Therefore, (H4) holds. Consider the IVP

1 n
Uy — Au = —(1+|x|)30(1{_t2)10|u|p7 (t,x) € Ry x R™,
1
4.1 0,2) = ,
(41) w0:2) = 355003 T 2m) (1 - 22
1
0 = — R™
w(0.2) = — 0B e T e R
where n > 3, p > 1. Here
(@) =
Upg\x) =
0 30000(3 + 2n)(1 + |z|2)4n”
1
uy(z) = r € R™.

30000(3 + 2n)(1 + |x[2)5"’
We have 0 < ug, —u; < 5 and
(342n)(r? +2r) < 1.

Hence, by using Theorem 3.1, it follows that the IVP (4.1) has at least one nontrivial
nonnegative solution u € C2(R; x R™).
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KJIACNYHA PEIIEIHA JEJIHE KJIACE
HE/JIMHEAPHUX TAJIACHUX JEITHAYMHA

PE3uME. IIpoyvaBamMo Kjacy mapiujajHAX jeTHATNHA XUTIEPOOJTUIKOr THUIIA
ca 3aJaTUM IIOYEeTHUM I'PAHUYHUM yCJIOBUMA. [[pUMeEmeH je HOBU TOIOJIOIIKY IIPU-
CTYIl J1a Ce JIOKayKe I0CTOjarhe HEeTPUBUjAJIHUX HEHEraTUBHHUX pellera. 1adnHuje,
[IPEJIJIa2KEMO HOBY MHTETDAJIHY PEIPE3eHTAIIN]y PeIlema U yTBphyjeMo mocTojame
KJIACHIHUX PEIIerba 338 pa3MaTpaHe Kjlace HEJMHEAPHUX TAJACHUX jeTHATNHA.
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