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A TIME-DEPENDENT METRIC GRAPH WITH A
FOURTH-ORDER OPERATOR ON THE EDGES

I. V. Blinova, A. S. Gnedash, and I. Y. Popov

ABsTRACT. The metric graph model is suggested for description of elastic
vibration in a network of rods under the assumption that the rod lengths vary
in time. A single rod and star-like graph are considered. Influence of the length
variation law on the vibration distribution is investigated. For high-frequency
length variation one observes a fast transition to high-frequency amplitude
distribution.

1. Introduction

The metric graph is a widely used low-dimensional model. To introduce the
metric graph, one should define firstly its geometric structure, i.e. a set of edges
(segments or curves) and a set of vertices (coupling and boundary points for edges).
Then, one defines a space of functions at the edges satisfying some coupling con-
ditions at the vertices and a differential operator acting in the space. A particular
choice of the metric graph is related to the properties of the modelled physical sys-
tem. Initiated in the 1930’s as modelling of macromolecules, the approach became
a powerful and, at the same time, simple tool for investigation of network-like sys-
tems. The largest class of such models, so-called quantum graphs, is presented in
quantum theory [1,2]. In this case, the Schrodinger or Dirac operator is considered
at the edges. As for other applications, e.g., in optics, hydrodynamics, elasticity,
etc., various operators at the edges are studied [3—8]. Recently, great attention
has been devoted to time-depending metric graphs, i.e. graphs having character-
istics (e.g., edge lengths) varying in time [9—-16]. This problem is in relation to
time-dependent boundary conditions and time dependent potentials [17-21]. In
the present paper we consider with varying edge lengths for the case of the fourth-
order operator at the edges:

0? o*
As for the scattering problem on a line or half-line, we can mention the works
[22,23]. In order to describe this system, we firstly solve the problem for graphs
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with constant edge lengths, and then proceed to the dynamic problem, where the
lengths depend on time. The lengths of the edges of the graphs in these models
depend on time according to a harmonic law:

Lo(t) =1L(t), L(t) =a+ bcos(wt),
where w = 277! is the oscillation frequency, T is the period of oscillation, and

a, b are real parameters.

2. Segment graph

Let us consider the equations on a segment graph. It is the simplest graph which
consists of two vertices and an edge between them. Firstly, we solve a problem with
a constant length [ of the edge. To obtain the eigenfunctions of the system we have
to find the solutions for the following equation:

4
g;f@»ZM¢@»

where ¢(y) is an eigenfunction satisfying boundary conditions:
{¢(0) =¢'(0)=0
o(l) = ¢'(l) = 0.
The solution for (2.1) has the form:
¢(y) = Cy sinh(ky) + Cy cosh(ky) + Cs sin(ky) + Cy cos(ky).
Boundary conditions (2.2) give the following system for coefficients C;:
Co+Cy =0,
Ch+Cs =0,
Cy sinh(kl) + Cs cosh(kl) 4+ Cs sin(kl) 4+ Cy cos(kl) = 0,
C cosh (kl)) + Cy sinh(kl) — C4 cos(kl) + Cq sin(kl) = 0.
The condition for the existence of non-trivial solutions for (2.3) (spectral equa-
tion) is as follows
(2.4) cosh(kl) cos(kl) — 1 = 0.
Let k,, be the n—th positive root of (2.4). The eigenfunction corresponding to the
eigenvalue k2 has the form:

(2.1)

(2.2)

(2.3)

sinh(k,l) — sin(k,1)
cos(kpl) — cosh(k,l)
sinh(k,l) — sin(k,!)
- k
cos(knl) — cosh(k,l) cos( "y)}’
where the coefficient C] is determined from the normalization condition:
Cy = [20k,,0 + 2sin(2kyl) — 16 cos(ky,l) sinh(k,l) + sinh(2k,1) (cos(2k,1) + 2)

— 16sin(ky1) cosh(ky,l) 4 sin(2k,1) cosh(2k,1)] /2.

(2:5) duly) = C1 | sinh(kny) + cosh(kyy) — sin(kny)
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The next step is to solve the problem of a graph with edges of variable length. In
order to use the results of calculations from the stationary problem, it is necessary
to make a change of variables.

Y= 1@
t1 =t.

Below we use the same notation ¢ for ¢;.
The equation and the boundary conditions for the dynamical problem are as
follows:

2 4
(2.6) gtz\ll( t) = 8(14\11(%]5)
o {wo» v(0,1) =
U(Lo(t),t) = W'(L <> ) = 0.

After replacement of the variables in (2.6) and (2.7), we seek the wave function
in the form of a Fourier series:

(2.8) U(y,t) =Y Cult)dn(t)

where ¢,, is the n—th eigenfunction of the stationary problem (2.5). Below we use
2 . .
the notations 86@5” =1L, aggf,) = L, L(t) = L and replace t; = t. We substitute
(2.8) in the equation and reduce it to the system of ordinary differential equations.
One can find the details of the equation transformation in the Appendix.
As a result, we obtain the following system of differential equations for the

coefficients of the Fourier series:

2L — LL(t) L?
Iy Zn: Cal)h + 73 zn: Co(t) 1

4
LZC )+ C, L4ZC”(“

Here I, I, are matrices having the following entries:

l a () (y Lo 924

We solve system (2.9) using the ode4b function built into GNU Octave. Corre-
spondingly, we present (2.9) as a system of differential equations of the first order
by introducing a new variable:

(2.9)

D, = C,.

Consequently, system (2.9) transforms to a system of 2N equations, where N is
the number of eigenvalues taken into account (i.e. we cut series (A.2) at the N—th
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term). One obtains the following system in matrix form:

D=C,
C=%cqolnp- Lo Lic

Here K,C, D,C, D are matrices of dimension [N, 1] and I, I are matrices of
dimension [N, N]. For simulation, we take the following length variation law and
the initial conditions

L(t)=a+becos(wt), a=1, b=01, w=50, =1, N =10,
U(y,0) =1 — cos(2my).

The result of simulation is shown in Figures 1 and 2.
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FIGURE 1. Modules |¥| on the edge of the graph. From top to
bottom: ¢t =0,t = 0.2T, t = 0.4T, where the period of oscillation
of the length is T' = 27 /w.

We took a smooth slowly varying initial condition and the length variation law
of high frequency. Comparison of Figures 1 and 2 shows that, at first, the length
variation does not lead to a change of the amplitude distribution. But later the
distribution is determined mainly by the high-frequency variation of the segment
length. There is a very fast transition from a smooth distribution of amplitude to
a high-frequency one. The details of this transition are shown in Figure 3.
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FIGURE 2. Modules |¥| on the edge of the graph. From top to

bottom: t = 0.67, t = 0.8T, t =T, where the period of oscillation

of the length is T = 27 /w.
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FIGURE 3. Modules |¥| on the edge of the graph. From top to

bottom: t = 0.47T, t = 0.475T, t = 0.48T, where the period of

oscillation of the length is T' = 27 /w.
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3. Star-like graph

Let us consider the corresponding star like graph with three edges of varying
lengths L;(t), j ( =1,2,3):

Lj(t) = [ L(1).

We will take a harmonic law for L(t). The procedure is the same as for the segment.
Firstly, we solve the problem for the edges of constant length. The operator acts as
the fourth derivative at each edge. The operator domain consists of functions from
the Sobolev space Wy at each edge satisfying the boundary conditions (3.1). To
obtain the eigenfunctions of the operator, we should find solutions ¢;(y) for equa-
tion (2.1) at each edge (j = 1,2,3) and ensure satisfying the boundary conditions
(3.1):

¢1(0) = ¢2(0) = ¢3(0) = 0

P1(l1) = ¢2(l2) = ¢3(l3),
(3.1) ¢1(0) = ¢5(0) = ¢5(0) = 0
P (h) = ¢5(l2) = ¢3(l3) = 0,
&' (L) + ¢5'(I2) + ¢5'(I3) = 0.
The solution for (2.1) at the j—th edge has the form:

¢ (y) = Ci sinh(ky) + CJ cosh(ky) + C} sin(ky) + C] cos(ky).

Correspondingly, (3.1) gives one
$;(0)=C] +C| =0=C} =—-C1,

¢}(0) = k[C] + C}] = 0= Cf = -Cj,

#, (1) = Cj (cosh(kly) — cos(kly)) + Cy (sinh(kly) + sin(kly)) = 0, =
1 cos(kly) — cosh(kly)
Y sinh(kly) + sin(kly)

Cy =

For convenience, we put:
cos(kl;) — cosh(kl;)

@ = sinh(kl,) + sin(kl;)

Conditions (3.1) give the following equation for eigenvalues:

i cosh(kl;) sin(kl;) + cos(kl;) sinh(kl;)

sinh(kl;) + sin(kl,) =0

j=1

The eigenfunction corresponding to the eigenvalue k, at the j-th edge takes the
form:

¢§")( ) = C(”)[smh( kny) + Q(") cosh(k,y) — sin(k,y) — Q(") cos(kny)l,
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where Q§»n) denotes @); corresponding to the eigenvalue &, and C{n) is the normal-

izing coefficient:
> [ e wra=1

o _ > [—sin(anlj) + sinh(2ky1;)
v« 4kn
Jj=1
N cos(kyl;) sinh(kyl;) — sin(kyl;) cosh(ky,l;) 420 (sin(ky,l;) — sinh(kyl;))?
kn, J 2k,
(msa ( Ainl; + Sin(2k, ;) + sinh(2k,1;)
+(@Q;7) ( ik,
_cos(knlj) sinh(knly) + sin(k,l;) cosh(knl;) )}
kn, .

Let us turn to the problem with a variable length of edges. We solve the
problem analogously to the segment case. A difference appears in the integrals I;
and Iy due to the existence of three edges:

1 /F Uy o™ (y)dy ;1/0 U ¢; " (y)dy,

2 (") 82

For simulation, we take the length variation law and the initial conditions as
follows

L(t) = a + bcos(wt)
a=1, b=01 w=10
Lh=1 1lx=2, I3=3 N=15
Uy (y,0) =1 — cos(2my)
U,(y,0) =0, Jj=2,3.
Results of the simulation were shown in Figures 4 and 5.
We can see that a transition from a smooth amplitude distribution to a high-
frequency one takes place for a very small value of time (at the moment of time

0.2T only a high-frequency distribution is observed. If one chooses different initial
characteristics, it is possible to look into this transition in detail in Figures 6 and 7).

L(t) = a + bcos(wt)
a=1, b=05 w=30
=1, lb=3, l3=5 N=15
Uy (y,0) =1 — cos(2my)
U,(y,00=0, j=2,3
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FIGURE 4. Modules |¥;| on the edge of the graph. From top to
bottom: ¢ =0,t = 0.2T, t = 0.4T, where the period of oscillation
of the length is T = 27 /w.
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FIGURE 5. Modules |¥;| on the edge of the graph. From top to
bottom: ¢t = 0.6, t = 0.87, t =T, where the period of oscillation
of the length is T' = 27 /w.
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FIGURE 6. Modules |¥;| on the edge of the graph. From top to
bottom: ¢ =0,t = 0.2T, t = 0.4T, where the period of oscillation
of the length is T = 27 /w.
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FIGURE 7. Modules |¥;| on the edge of the graph. From top to
bottom: ¢t = 0.6, t = 0.87, t =T, where the period of oscillation
of the length is T' = 27 /w.
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4. Conclusion

The metric graph model is suggested for description of elastic waves propaga-
tion in a rod and star-like system of rods. It is assumed that the rod lengths vary
in time. The law of the length variation has a strong influence on the distribution
of the vibration amplitude. If the frequency of the length vibration is essentially
high, a fast transition to high-frequency distribution of the amplitude is observed.
The model can be used for description of vibration of networks.
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Appendix

Let us find the expressions for the first spatial derivative in terms of new vari-
ables:

o 0 0 oy 0 ot
%\I](.T,t) - %\I’(y<$,t)7t1($7t)) - \I](y7t1)7 + 7\I](yat1)

Ay o | oty Oz
= ;;@(y7t1)Lzlf) + %\I’(y,h) 0= ngaay‘l’(y»tl)-
Similarly, we find the second, third, and fourth derivatives:
(%22\1:(9;,15) ;;( E 5 (,i/wy,tl)) - i )8855 aayllf(y,tl)
- j;ﬂ(aa;\l/(y,tl)gz + aj;l\lf(y,h)zt;) = Lzl(t) ;);‘I’(y,tl)v
O?—;\I/(x,t) - L;@)(f;wy,tl),
(A.1) aa—;\lf(x,t) = L:@)(f,a;\ll(y,tl)-

We calculate the derivative of the variable
@ B g r 1 OL(¢) _ 1 OL(t) L(t) = _L@L(t)
at — otL(t) L) ot - L2ty ot U\ T TLey ot

Then the first and the second time derivatives are as follows:

%\P(w,t) = %\If(y(%t),h(:c,t)) (y7t1) 821\Ij(y’t1)a%
= a%‘l’(%tl)(* % 5 )y) 5 —U(y,ty)-1
1 OL(t)

0
:—mw oy (Y, )+§\I/(y,t1)7
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o2 9, 1 L) 0 0
@‘I’(%t) = &(‘ I ot y@@(yvtl) + 871\1](%“))
1 OL(t) & 0

O (= L OLO ) D gy gy LOLO, D0y

(A.2)

T at\ L(t) Ay L(t) ot Yotoy

L) ot Yoy
9 0 2(20)* - ZEO L) 9
6L(t) 2 2

0 Ay 0 oty
‘I’(yah)a‘i‘m‘l’(yah)ﬁ)

ot
L(t) "\oy?
2 0 2 ot
U(y,t1) Y —=

Ly
tanay T WG tap ),

2(259)* - S0 2, o
= 20) ya—ylll(y,tl) + 210 Y oy U(y,t1)
Bgit) 2 52

(A.2) and (A.l), and substitute them in (1.1):

We can substitute (2.8) in

6(_L)3§yzm%@—§%i%§;%m%m

o\~ V) 3y .
+ %a% ;Cn(t)qbn(t) = Wyaay Zn:Cn(tﬁb (t)
L (;222 <>¢n<>+aj;2 ()cbn()atl)
+£%Z mmbtmi}? 605
e 13y T 00 739" L e 00l
- Zya ot ZC 87%2,;0”(% "
- )

We multiply the resulting expression by ¢("), integrate from 0 to [ over dy and
apply condition (2.1). Then, we come to the following equation

2L% — LL(t) 0 L 9o (y
N

L ' a0 () om
+p;@w4fiw@¢wm
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L. ! ¢("( ) (m) du+ ¢
—232njcn(t> — " W)dy + C

4 1
- % zn: Cou(t) /O ™ ()™ (y)dy.

Integrals in the obtained equation are independent of time; therefore, they can

be denoted as I, Is and counted once:

10.

11.

12.

13.

14.

15.

16.

17.

l 8 (n) l 52 (n)

Eigenfunctions form an orthogonal and normalised system, i.e.
l
| @™ w)dy = o
0
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BPEMEHCKUW-ZABUCHU METPUYKU I'PA® CA
OITEPATOPOM YETBPTOI' PEJA HA TEMEHVMA

PE3UME. Ilpemioxken je Momes MEeTPUUIKOT Tpada 3a OIUC eTACTHIHUX BUOPa-
[yja y MPeXKH IITAaIloBa 10T IPETIIOCTABKOM JIa je JTy>KUHA IIITalloBa IPOMEHJbUBA Y
BpeMeny. Pazmarpanu cy jenan ciaydajeBu rpada ca jeJJHOM UBUIOM U 3BE3/aCTOr
rpada. Ncrpakyje ce yrunaj 3aKona Bapujalnje Jy>KuHe Ha PACIIOIeIy BHOpaIuja.
3a Bapujaryjy JyKuHe BHCOKe (pekBeHnuje npuMeliyje ce 6p3 mpesia3 Ha pacro-
JleJly aMILINTY/1a BUCOKe (bpeKBEHIHje.
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