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ABsTRACT. In this paper, we investigate a nonlinear viscoelastic equation. By
assuming time-varying delay feedback acting on the boundary, under certain
assumptions on the given data, the general decay estimates for the energy
are established by introducing suitable Lyapunov functionals. This model
improves earlier ones in the literature in which only the dissipative term in the
feedback condition is considered.

1. Introduction

The nonlinear viscoelastic wave equation with time-varying delay in the bound-
ary feedback is written in the form of partial integro-differential equations

(1.1) ug(z,t) — Au(z, t) +/O g(t — s)Au(z,s)ds =0 in Q x (0,+00),

(1.2) u=0 on I x(0,+00),

(1.3) %(m,t} —/0 g(t — s)%u(m,s)ds

+ prhy(ug(z,t)) + poho(ug(z, t —7(t))) =0 on Ty x (0,400),
(1.4) u(z,0) =up(z), wu(z,0)=ui(x), x €,
(1.5) ut(x,t — 7(0)) = jo(z,t —7(0)), in Tq x (0,7(0)),
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where

up(z,t) — Aulz, t) + fotg(t — s)Au(z, s)ds = 0 in Q x (0,400) represents the
non-linear viscoelastic wave equation;

u=0on I'y x (0,400) designates the Dirichlet boundary condition on the
portion of T';

9u (z,t) —fgg(t—s)a%u(z, s)ds + prhy(ue(z, t))+poha(u(z, t—7(t))) = 0 on
Iy x (0, 4+00) indicates the non-linear external feedback dynamical boundary;

hi(u¢(z,t)) represents the linear localized frictional damping;

ha(ut(x,t — 7(t))) denotes the time-varying delay term,

where 2 is a bounded domain of R™ (n > 1) with a sufficiently smooth boundary
I' =ToUT; of class C2. Here I'y and I'; are closed and disjoint, with Ty # 0, v
is the outward normal to I', g(¢) is a positive function that represents the kernel
of the memory term, hq, he are some functions which will be specified later (see
Section 2), u1, o are fixed real constants, with u; > 0, ps # 0, 7(¢) > 0 represents
the time delay, and ug, w1, jo are given functions belonging to suitable spaces.

This model appears in viscoelasticity (see [26]). In the case of velocity-depen-
dent material density (i.e., p = 0) as well as the presence of us = 0 and the absence
of the memory effect (i.e., hy = 0), (1.1)—(1.5) reduces to the wave equation. There
is a vast literature on the global existence and uniform stabilization of the wave
equations. We refer the readers to [27].

Our equation can be regarded as a spring of an elastic constant £ model for a
viscoelastic material in the presence of a delay response in the boundary. Such a
model can be represented by a Volterra equation connecting stress and strain:

t
U(‘T7 t) - Einst,relaxg(xa t) - / g(t - S)E((E7 3)d87
0

where t is time, o(t) is stress, e(t) is strain, Ej,s relax are instantaneous elastic
moduli for relaxation, and, ¢(t) is the relaxation function.

For small deformations, the strain is proportional to the deformation gradient
€ = kVu. Hence, by substituting

ug(x,t) = divo(x,t),

in the motion equation, we obtain our equation (1.1). We refer the reader to [56]
for application of the model in biological tissues.

Such boundary conditions (1.3) are usually called dynamic boundary condi-
tions. They are not only important from the theoretical point of view but also
arise in several physical applications. For instance, in one space dimension, in the
absence of delay (1o = 0), when Q = (0, L), problem (1.1)—(1.5), can be seen as a
model of the dynamic evolution of motion for a body made of viscoelastic material,
with a long memory, which occupies the interval [0, L] and such that one of its ends
is clamped while the other is free and subject to the action of nonlinear dissipation
(see [1,31,43] and the references therein). The analysis of stabilization when the
damping is effective only on a subset of the domain € is much more subtle than
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that on the whole domain. Such problems have been extensively investigated in the
context of wave equations and the literature on the subject is quite impressive (see
for instance [5, 6], and the references therein). The same problems have also been
addressed for plate equations. But the corresponding results are not many and we
refer the reader to [7-9].

Problem (1.1)—(1.5) has been studied by many authors in the absence of the
viscoelastic term (i.e. if g = 0), when hy = 1, and h; = 1. For instance, Nicaise

et al. [38] considered the wave system with a linear boundary damping term and a
boundary time-varying delay

uge — Au =0 (z,t) € Q x (0,00),
(1.6) u=0 (z,t) € Ty x (0, +00),

, T
%(x,t) = —pug(z,t) — poug(x, t — 7(t)) (z,t) € T'y x (0, 400),

where 7(t) is a positive bounded function. The authors examined system (1.6)and
proved under the assumption puo < pg that the energy is exponentially stable. In the
other situation, they constructed a sequence of delays for which the corresponding
solution is unstable. The main approach used there is an observability inequality
together with a Carleman estimate. In the presence of the viscoelastic term (i.e. if
g # 0), and time-varying delay, Zhang et al. [25] investigated the global existence
and asymptotic behavior of a nonlinear viscoelastic equation with interior time-
varying delay and nonlinear dissipative boundary feedback:

t
ugy — Au —|—/ g(t — s)Au(s)ds + pour(z,t —7(1)) =0 z€Q, t>0,
0

u(z,t) =0, on Ty x (0,00),
ou
0 + prh(ue(z,t)) =0, on I'y x [0,00),
u(z,0) = up(x), u(x,0) =ui(x), T €,

u(z,t —7(t) = folz, 1), e, —7(0) <t <O,

where  is a bounded domain of R"(n > 1) with a smooth boundary 9§ of C?,
and 7(t) > 0 represents the time-varying delay effect and the initial data. This
type of equation usually arises in the theory of viscoelasticity. It is well known
that viscoelastic materials have memory effects, which is due to the mechanical
response influenced by the history of the materials themselves. From the math-
ematical point of view, their memory effects are modeled by integrodifferential
equations. Hence, equations related to the behavior of the solutions for the PDE
system have attracted considerable attention in recent years. We can refer to re-
cent work in [17,18,58]. The dynamic boundary conditions are not only important
from the theoretical point of view, but also arise in numerous practical problems.
Recently, some authors have studied the existence and decay of solutions for a
wave equation with dynamic boundary conditions [19,20]. Time-delay system is a
class of systems in which the evolution tendency depends not only on the current
state but also on a certain or occurrence. It often appears in mechanical applica-
tions, electronic circuit, biological, chemical, and economical phenomena because
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these phenomena depend not only on the present state but also on the history
of the system in a more complicated way, and are produced by various factors,
such as the variable measurement of the system and slow chemical reaction pro-
cess. Time-delay is very often encountered in various technical systems, such as
electric, pneumatic and hydraulic networks, chemical processes, long transmission
lines, etc. The existence of pure time lag, regardless of whether it is present in the
control or/and the state, these hereditary effects are sometimes unavoidable, and
they may turn a well-behaved system into a wild one, and may also cause undesir-
able system transient response, or even instability; see [21,22]. The stability issue
of the systems with delay is, therefore, of theoretical and practical importance. In
recent years, differential equations with time delay effects have become an active
area of research; see for example [23,24] and the references therein. To stabilize
a hyperbolic system involving input delay terms, additional control terms will be
necessary. During the last three decades, the problem of stability analysis of time-
delay systems has received considerable attention and many papers dealing with
this problem have appeared. In the literature, various stability analysis techniques
have been utilized to derive stability criteria for asymptotic stability of time-delay
systems by many researchers. Time delay is the property of a physical system by
which the response to an applied force is delayed in its effect (see [2]). Whenever
material, information, or energy is physically transmitted from one place to another,
there is a delay associated with the transmission. In recent years, PDEs with time
delay effects have become a popular field of research and arise in many practical
real-world problems (see, for example, Abdallah et al. [3], Suh and Bien [4], as well
as [13,15,34]). There is an extensive literature on stabilization of the wave equa-
tion with a delay in the internal /boundary feedback (see, for instance, [13,34] and
the references therein). However, to the best of the author’s knowledge, only a few
papers [14,16,36] address the stabilization of the plate equation with delay effects.
To stabilize a hyperbolic system involving delay terms, additional control terms are
necessary (see Nicaise and Pignotti [34], Xu et al. [55]). Nicaise and Pignotti [14]
obtained stability results for the Euler—-Bernoulli plate equation with time delay re-
garding the plate equation as a particular case of more general systems. It is worth
mentioning the work of Cavalcanti et al. [32] concerning the following problem

o — Ay + [o h(t — 7)Ay(T)dr = 0 in Q x (0, 00),
y—Oonflx(O oo)

fo t—r (7)dT 4+ g(y:) = 0 on T'g x (0, 00),
(%0)* °(x), yt(w,o)fy( ) in Q,

in which the uniform stability of (1.7) has been proved, with a more general as-
sumption on the relaxation function A and no growth assumption on the boundary
frictional damping function g. They established explicit decay rate results, depend-
ing on h and g, for some special cases and implicitly for the general case. It should
be mentioned that problem (1.7) was later improved by many authors, who proved
the uniform stability and explicit decay rate results for some special cases, see [32].
Considering the time-varying delay term pohs(us(z, t—7(t))) in boundary feedback,

(1.7)
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the problem is different from those in the existing literature. Time delays arise in
many physical, chemical, biological, thermal, and economical phenomena because
these phenomena depend not only on the present state but also on the previous
history of the system in a more complicated way (see, for example, [37,42, 44]).
In recent years, systems with time delay effects have become an active area of
research, see for example [45,52] and the references therein. In [53], the authors
showed that a small delay in boundary control is a source of instability. To stabilize
a hyperbolic system involving input delay, additional conditions or control terms
have been used, see [21,33,34,55]. For instance, considering a wave equation with
a delay of the form

(1.8)  uy(z,t) — Aulz,t) + poo(t)hi(u(x, b)) + pro(t)ho(u(z, t — 7(t))) = 0,

Nicaise and Pignotti [34] proved that the energy of the problem is exponentially sta-
ble when o(t) = 1, g, 1 > 0, 7(t) = 7(constant), and hy(s) = ha(s) = s. On the
other hand, the case of time-varying delay in the wave equation in one-dimensional
space has been studied recently by Nicaise et al. in [35], were the authors proved
an exponential stability result under the condition 0 < po < v/1 — duy, where the
function 7(t) satisfies 7/(t) < d,Vt > 0, for the constant d < 1. In [38], Nicaise,
Pignotti, and Valein extended the above result to higher-dimensional space and es-
tablished an exponential decay. In [54], the authors studied a nonlinear viscoelastic
wave equation with strong damping, time-varying delay, and a dynamical bound-
ary condition. They proved a general decay result of the energy, from which the
usual exponential and polynomial decay rates are only special cases. For the re-
lated problems, we also refer to [46-49]. In this paper, inspired by these results, we
investigate a viscoelastic problem with time-varying delay appearing in the control
term in (1.1)—(1.5) by dropping the restriction g1 > 0 and establishing suitable
Lyapunov functionals, and we prove a general decay estimate for the energy, which
depends on the behavior of h;. The paper is organized as follows. In Section 2, we
give some assumptions that will be needed for our work and state the main results.
We establish the general decay result of the energy in Section 3.

2. Preliminaries and main results

In this section, we present some material that we shall use in order to present
our results. We use the notation

(u,v) = /Q u(z, t)v(z, t)dz, and (u,v)r, = /FO u(x)v(x)dT,

and we mean by .||z the L?(Q) norm, and by ||.|l2.r, the L?(Ty) norm. Also we
denote by

H} (Q)={ue H'(Q), u=0o0nT},
the closed subspace of H!(Q) equipped with the norm equivalent to the usual norm

in H'(Q). The Poincaré inequality holds on H{ (), i.e. there exits a constant C,
such that:

Vu € Hy, (), [[u(t)ll2 < CullVu(t)ll2,
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and there exists a constant C, > 0 such that
lull2,r, < C.||Vul2, for all u € H%l(Q)

For studying the problem (1.1)—(1.5), we will need the following assumptions.
(H1) Hypothesis on g: g: RT — R* is a bounded C! function satisfying

(2.1) g(0)=go >0, lp= / g(s)ds < o0, 1—/ g(s)ds=1>0, VteRT,
0 0

and there exists a nonincreasing differentiable function v: R — RT with
(2.2) y(t) >0, ¢'(t) < —v(t)g(t), forallt>0.

(H2) Hypothesis on hy: h;: R — R is a non-decreasing function of the
class C'(R) such that there exist positive constants r < 1, ay, s satisfying

(2.3) aq]s| < |hi(s)] < azls| for |s| = r.

Moreover, assume that there exists a convex increasing function Hy : Ry —
R of class C1(R1) N C?%((0,00)) satisfying

(2.5) Hj is linear on (0,7], or H{(0) =0 and H;'(t) > 0 on (0,7].
(2.6) hi(s) < Hy'(shi(s)) for |s| < r.

(H3) Hypothesis on ha: hy: R — R is an odd non-decreasing function
of the class C'(R) such that there exist positive constants «;, i = 3,4,5
satisfying

(2.7) |h5(s)| < az  for s € R,

(2.8) aysha(s) < Ha(s) < asshy(s) for s € R,
where Ha(s) = [ ho(t)dt.

(H4) Hypothesis on 7(.): For the time-varying delay 7, we assume as
in [38] that 7 € W?2°°([0,T)), YT > 0 and there exist positive constants
To, 71 and d satisfying

(2.9) O<to<7(t) <™, 7T(t)<d<]1, Ve > 0.
(H5) Hypothesis on p1, pe: The weight of dissipation and the delay
satisfy
Ck4(]. — d)
2.10 0< < ————— 1.
(2.10) ol < oot

REMARK 2.1. The condition (H2) was originally introduced by Lasiecka and
Tataru [57].
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In order to deal with the delay feedback term, motivated by [36], we introduce
the following new dependent variable,

z(x, p,t) = z(p,t) = we(x,t — p7(t)), (w,p,t) €T x(0,1) x (0, 00).
By computation we have
T(t)z + (1 =7 (t)p)z, =0, in T x (0,1) x (0, 00).

Therefore, problem (1.1)—(1.5) can be transformed into

2 t
% — Au —|—/ g(t — s)Au(s)ds =0 in Q x (0, +00),
0

(2.11)
(2.12) u=0, onT;x(0,+0),

(2.13) % - /0 g(t — s)%u(s)ds + prh (ue(z, t))

+ p2ha(z(x,1,t)) =0 , on I’y x (0,400),

(2.14) T(t)z + 2,(L—7'(t)p) =0, inTyx(0,1) x (0,00),
(2.15) u(z,0) = uo(z), w(x,0)=1uq(x), x €,
(2.16) zi(x, p,0) = jo(x, —p7(0)), in Ty x (0,1.

First, we begin with the well-posedness result for problem (1.1)—(1.5), which
can be obtained by using the Faedo-Galerkin method and combining the ideas
from [31,41] with the ones from [39] (see also [40,42]).

THEOREM 2.1. Assume that (2.1) and (H1) — —(H3) hold. Then for he given
(uo,u1,jo) € Hp () N H(Q) x Hp () x L*(To, H'(0,1)), there exist T > 0 and
a unique weak solution (u(t), z(t)) to problem (1.1)—(1.5) such that

u(t) € C([0,T] : Hy, (),
uy(t) € C([0,T] - L*(Q)) N C([0,T] : Hy, (),
un(t) € C([0,T] : L*(92)),
z € C([0,T): L*(To, H'(0,1))).

It is of interest, for proving our main result, to know the following lemma.

LEMMA 2.1 (Jensen’s Inequality). If H is a convex function on [a,b], h: D —
[a,b] and q are integrable functions on D, q(x) > 0 and fD q(z)de = Q > 0, then

H(é?/Dh(x)q(x)dm) < %/E)H(h(x))q(x)dx
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3. General decay of the energy

In this section, we shall investigate the asymptotic behavior of the energy
function E. For this, we construct a Lyapunov functional L equivalent to F, with
which we can show the desired result given by Theorem 3.1. We define the modified
energy functional F associated with problem (2.11)—(2.16) by

5(0) = 31 + 5 (1~ [ ote)as ) [ul?

+ g /1"0 /;T(t) Y Hy (uy (2, 5))ds AT + %(g o Vu)(t),
where ,
oV ®) = [ glt=s) [ [Tuls) - Vult)Pdeds,
and A, ¢ are positive constantsosatisfying !
2(p1 — |p2las)

2|p2|(1 — au)
ay(1—d) <&< s ’
1 2”2(1 — 044)
3.2 A< —|In——2
( ) T1 €a4(1 — d)
Note that (3.1) makes sense thanks to (2.10).
The purpose of this paper is to prove the following result.

(3.1)

THEOREM 3.1. Under the conditions of Theorem 2.1, there exist positive con-
stants w, K, to, and g such that the energy for problem (2.11)—(2.16) satisfies

(3.3) E(t) < nHl{w<1 + /t'y(s)ds)} for t>to,
with ’

(3.4) H{t) = /t 1 %(s)ds,

and

(3:5) Ho(9) = {iH{(eot) ZZ ghﬁ; li”?iif 1&22) >0 on (0,7],

The following three lemmas are essential to prove the main result given in
Theorem 2.1.

LEMMA 3.1. Let (u,z) be the solution to (2.11)-(2.16). Then, for some two
positive constants B1 and B2, we have

(36)  E0)<-p1 | Hiwudl = | ha(a(1,)=(1,1)a0

To
t
=Y 0 / O ) + UG
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1
= 39OIVu®)3.
PrOOF. Multiplying Eq. (2.11) by u;, integrating over 2, multiplying equation

Eq. (2.14) by ze *®¢ integrating the result over (0,1) x I’y with respect to p
and z, using integration by parts and adding them up, we obtain

(3.7 E'(t)= —ul/r ha (ug)udl —ug/r ho(z(1,t))udx

t
_ &/ / eA(S’t)H2(Ut($75))deF+§ Hy (ut(x, 1))l
2 Jro Ji—r@ 2 Jrg

_¢ A e MO (1 — 7 (t)) Hy (uy (2, t — 7(t)))dD
+ 500 0 V@) () — 5 IVu(t) Bo(r).
From (2.8) and (2.9), using z(1,t) = u¢(t — 7(t)), we can see that
(3.8) — g A e M1 — 7/ (4)) Hy (ug(, t — 7(¢)))dl + g A Hy (uy (2, ))dT

N

_%e—/\ﬂ (1—7'(t)) /1“0 ho(z(x,1,t))z(z,1,t)dT

+ &% /FO ha(ug(z,t))ug(z, t)dl

<51 a) [ haCeL s odr + 550 [ .
2 1"0 2 F()

To estimate the second term on the right hand side of (3.7), let G* be the conjugate
function of the convex function G defined by G*(s) = sup,>(st — G(t)); Then G*
is Legendre transform of G which is given by (see Arnold [50, pp.61-62])

(3.9) G*(s) = s(G")"}(s) = G((G")7(s)) Vs =0,
and satisfies the inequality
(3.10) st < G*(s)+ G(t) for s, t>0.
Taking the definition of Hy into account and (3.9), we get
(3.11) Hj(s) = shy '(s) — Ho(hy'(s)) for s > 0.
Using (3.11), we can easily check that
312) - ﬂ2/ ha(2(1,8))uedl’ < [pa| | (ha(z(z,1,1))2(2, 1,1)

F() FO

— Hy(z(z,1,t)) + Ha(u (2, t)))dT,

which, together with (2.8), leads to

(3.13) — g ha(2(1,8)udl < |po|(1 — ag) g ha(z(1,1))2(1,¢t)dl
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+|M2|a5/ hi (g )ugdT .
o

Substituting (3.8) and (3.13) into (3.7) yields

20 = (10 = 552 = lialos) [ hu)unar

- (%e—m (1= d) ~ a1~ ) [ hala(1.0)2(L )T
To

+ %(g’ o V(u))(t) - %Hvu(b‘)H%g(t)
_ % /FO /tT(t) eA(S*t)HQ(Ut(xv s))dsdr.

Putting 81 = p1 — 2% — |pofas > 0 and B = 4™ (1 — d) — |p2|(1 — ay) > 0,
we complete the proof of Lemma 3.1. O

Next, let us define the perturbed energy by
(3.14) L(t) = ME(t) + eV (t) + ®(t) + £(¢),

where M is a positive constant to be chosen later, and

¥() = [ wltyu(oyis,
O(t) = —/0 /Qg(t — s)u(t) — u(s)u(t)dx ds,
E(t) = /F /ti T 9)dsar.

The functional L is equivalent to the energy function E by the following lemma.

LEMMA 3.2. For M > 0 large enough, there exist two positive constants Cy
and Cy such that

C1E(t) <L(t) < CLE(t), t>0.

PRrOOF. Integrating by parts, using Young’s inequality and Poincare’s Theo-
rem, we have

1 1
B0 < 5l + 5C-)| Ve

< ghul?+ 5 (1= [ atonas) Ivul? < e
201 < ylual? + 5 ( [ ot~ 9luto) - u(s)las )

=;WF+;(AE@—ﬂM@—M$M§2

1-1
2

N

1
Sllll® + —-Culg 0 V(w) < eB(),
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and
|E(t)] < cE(t).

Choosing M > 0 large enough, we obtain
|L(t) = ME(t)| < cE(?),
and the proof of Lemma 3.2 is concluded. O

LEMMA 3.3. There exist positive constants Cs, Cy, C5 and ty > 0 such that
(3.15) L'(t) < —=C3E(t) + Cal|hy (wr) |2, + Cs(g 0 Vu)(t), > to.
PRrROOF. Using problem (2.11)—(2.16), we have

(3.16) /(1) = /Q wudz + /Q w2dz
:/Q(Au—/otg(t—s)Au(s)ds— Otg(t—s)Au>udx
+ /Fo{—mhl(ut) — pisha(ug(t — (1)) Judl + /Q 2dz
= —||Vul?2 + /Q /Otg(t — 5)Vu(s)dsVudr — g /FO hi(ug)udl
— iz /FO hg(ut(t—T(t)))udFJr/ uldx

Q

+ /Q /Ot g(t — s)Vu(s)dsVu(t)dx

By using Holder’s inequality and Young’s inequality, the second term on the right-
hand side of (3.16) is estimated as follows

(3.17) // (t = $)Vu(s)dsVude
([ (] forreenfe)
U UL
(e o) ([ o)
<1 /|Vu|2dz/ s)ds+§/9/0 ot — )| Vu(s)[2ds dz
< [vurar [Coias g [ [ ot Ivuts) - Vue) + VutoPdsa

We use Young’s inequality, and (H1) to obtain for every n > 0

t

g(t — s)Vu(s)ds
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(3.18) // (t — 5)[Vu(s) — Vau(t) + Vu(t)]*ds dz

3 /Q/O g(t — 8)((Vu(s) — Vu(t))? + 2|Vu(s) — Vu()||Vu| + |Vul?)ds dz

:;/Q/Otg(t—s)Wu(s)—Vu(t)|2dsdx+;/a/otg(t—s)|Vu|2dsdx
// (t — s)|Vu(s) — Vu(t)||Vulds dz

2(90Vu)() / ds/ |Vul?dz
+727/0tg(s)ds/ﬂ|Vu|2dx+;n(goVu)(t)
(1 +n)/t (s)ds/Q|Vu|2dx+%(I—F%)(goVu)(t)
(1+n)(1 l)/w |2dz + = ( +717>(goVu)(t).

l\J\»—A

Combining (3.17) and (3.18), we get

/ /t g(t — s)Vu(s)dsVudz

da + )

(4 [ [FuPds+ 5 @+;)wovmu

=@+n%1 Liwul? + 5 (14 ) o Vo

By taking n = ﬁ, we infer that

(3.19) // (t — 5)Vu(s)dsVude < (1—7>||Vu||2 (90 Vu)(0)

For the third and forth terms, Young’s inequality gives

320 g1 | Ba(ue)udl + po / B (e (t — 7(£)))udl
o

IMWMWMWHQ/IMUﬁ—TUDWMx
To
< puallulle o) o + pazllullmg (e (¢ — 7(2))) g

2 2
0 0
< nllullf, + 4—717||h1(ut)||%0 +nlull?, + Zf}llhz(ut(t —r())E,

2 2
0 0
<nCE|Vul? + 4717||hl(ut)|l%0 +nC2||Vul® + Z;th(ut(t —7()))1%,
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— 2OVl + Bk ()12, + 2 a1, 1)
= 2n0 477 1\Ut )T, 477 2 ’ To*
Substituting these estimates into (3.16), we get
2—1 1
(321)  9(0) < IVuld+ 2 IVl + (g0 Vu)@) + ful?
2 2
+ 2902 ||Vul|? + %th(ut)\\%o + Z—;th(z(l,mu%o
/ﬁ 2 H% 2
< luel® + s (w2, + a1 )1,
l
+ 590 Vu)(t) = (5 —20C2) |Vl
Besides,
t t
(3.22) (1) = ( / g(s)ds) I = [/ = 9)ult) — uls), w0
0 0
t
v / ot — $)(Vult) — Vu(s), Vu(t))ds
t 0 t
- / g(t—s) (Vu(t) - Vu(s),/ g(t — 5)Vu(s)ds> ds
0 0
t
4 / ot —3) / (ult) — u(s))(ua b (e (£)) + pizha(=(1, £)))dT s
0 1)

=L +lb+ I3+ 1+ Is.

We are now going to estimate the I;(j = 1,2,3,4,5) terms in (3.22). Applying
Young’s inequality and employing a usual computation we have for every n > 0

(] < il - £ (50 Tu)(e)
Bl <alvu@l + Lo vuy

| 14| :/Q (/Ot g(t —s)(Vu(t) — Vu(S))dS) </Ot g(t — s)(Vu(t) — Vu(s) — Vu(t))ds) da
g/g (/ o= )Ivuto) - Vu(s)ids) ( / 9t )(Vut) - Tu(s)| + |w<t>\>ds) da

0
2

<n / ( / tg(t—s)(Wu(t)—Vu<s>|2+|w<t>|>ds) da

+ ﬁ i </Otg(t )| Vult) Vu(s)ds)zdac

< (277 + %) /Q (/Otg(t —5)|Vu(t) — Vu(s)|ds) 2dx
+ 217/n (/Ot g(t — s)|Vu(t)|ds>2dx
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< (204 3) (= Dlg Va(®) + 20(1 ~ [ Vu(t) |
and

|I5] < mpaal|ha (ue (0)) I, + nlpz][[h2(=(1, ))H%o

Plugging these estimates into (3.22), we get

/ k 2 9(0) /
(3.23) ¢(t><—( / g(s)ds—n)mtn - e (g0
14201 - )7}V

+ {1(1477 Dy (217 + %)(1 — )+ (o + |“2£7(1 —DC, }(g o Vu)(t)
+ g [l (ue ()7, + nlpaha(2(1, 1)) 17, -

Moreover, analogous to (3.8), we can see that

(3.24) &'(t) < —&(t) — age” ™ (1 — d)/F ho(z(1,t))z(1,t)dl" 4+ 045/F hy(ug)uedl

From (3.14), (3.6), (3.21), (3.23), and (3.24), we have

(
25 U< ( [ oas -]l + (5 - 42c) 6 o varn
1 +200 - D% = el = (1 + (1 = 1) — 2] [Tu®)?

2
€ QT = 2
T (c T 7477)(9 o Vu)(t) + <77,u1 1 c*) ([ (ue) |15,

e -
+ (el + G20 a1, )12, = (V51 =) [ ha(us)uedr

To

— (MBa + as(l — d)efﬁ)/ ho(z(1,t))z(1,t)dl" — E(¢).

o
Making use of (2.7), we find

1h2(2(L, £)1F, < Oés/r ha(z(1,1))z(1,)dT.

Owing to (2.9), it can be seen that

1
/ / O Hyz(z, p,t)dpdl < ””/ / Hy(z(w, p,t))dpdl.
To T'o JO

Since g is positive and continuous, then there exists ty > 0 such that

t to
/ g(s)dr > / g(s)ds :=go forallt >ty
0 0
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Applying these to (3.25), we get

V) < = (0 -n-llul* + (5 - £2.)(g o Va0

— (1= @+ n) =0 =20} — {1 +2(1 = )*}|Vu()|*

(et £)toov0® + (mn + L) I o),

eiTlp/ / Hy(2(z, p, t))dpdl — (M B1 — as) / ha (ug)udl
o To

— {Mﬁz =+ 054(1 — d)eiT1 — Qg (77‘,[1,2‘ + — / h2 1 t)dF
To

for all t > tg
At this point, we choose € > 0 small enough such that gy — € > 0, and then we
pick n > 0 sufficiently small such that

1-14+n—-1)—2n>0,
el =1+ =120} —n{l+2(1-1)%} >0,
go—€—n>0,
e—n>0.
Then we choose M > 0 so large that
M g(0)

o T T YU 7M - )
D) 477 C,>0 51 as >0
MBo + as(1 — d)e™ —ag(nmzu c)
and we complete the proof. O

With this preparation, we are ready to prove Theorem 3.1.

PROOF OF THEOREM 3.1. Multiplying (3.15) by ~(¢), it follows from (2.2) and
(3.6) that
(3:26) (DL (1) < ~Csr(DE() + Cor(®)| (wa®)|I2, + Cav(t)(g 0 Vu(t)
~Csy()E(t) + Coy()|[ha (e (1)) [IE, — Cs(g" 0 Vu)(t)

—Coy(OE() + Coy(®) [l (wn (D)2, — 2C5E' (1) for ¢ > to.

INCININ

Now, we define
L(t) = v()L(t) + 2C5 E(t).
As v is noincreasing, we can see from (3.26) that
(3.27) L'(t) < (L) — Coy()E(t) + Cay()|[ha (ue (1)) 17,
~Csy (O E(t) + Cay ()|l (we))[IF, for ¢ > to.

In order to obtain the desired results, we needed to estimate the term
y(t)||ha (ue (1)) |17, in (3.27). For this, the arguments of [51] are adapted.
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Let
F(lJ ={zxeTy:|u] >r|} and Fg ={zely:|u] <r}.

For 61 = %1(0), (2.3) and (3.6) imply that

(328) (1) /F i () PdT < 027(0) /F ughs ()AL < 5, /(1)

]

Two cases are distinguished

CASE 1: H;j is linear on [0, 7]. Then according to (2.3) and (2.6), we can easily
check that there exist o > 0 and d3 > 0 such that

Oa|s| < hi(s)| < dsls| for all |s| <,

and, thus, for §, = a37(0)

B2,
(3.29) v(t) /Fg |h (ug)|2dD < d37y(t) /Fg ughy (ug)dD
< 857(0) /F g uphy (u)dD < —8,E'(£).
By substituting (3.28) and (3.29) into (3.27), we get
(3.30)  (L(t) +3E®)) < —Cay(H)E() = —Cw(t)HO( ];E((é))) for > to,

where § = Cy(d1 + d4), C7 = C3E(0) and Hj is the function given in (3.5).
CASE 2: H1(0) =0 and H{ > 0 on (a,r]. From (2.6) and (3.6) it follows that

v(t) [ ha(u)?dT < ~(t) | Hy *(ughy(ug))dD
rg r3

_ 1
<O (o [ whtuor)
|F0‘ r2
E'(t)
<A (- ).
()| 0| 1 Bl‘F(Q)‘
where Jensen’s inequality 2.1 for a concave function, with D = TZ, ¢(z) = 1,

H = H; and f(x) = H; ' (us(x)hi(us(x))) in the second inequality is used.
Adapting this and (3.28) to (3.27), for § = C4d; and Cg = C4|T'3|, we get

(3.31) (L(t) +SE(t) < —Car(t)E(t) + Con(t)Hi ( - ;: |(Ft§ )

For 0 < eg < r and ¢g > 0, inequalities (3.31), (3.10), together with (3.9),
lead to

(3.32) {H; (60 g(t)

)(E(t) FOE()) + coE(t)}/
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LA w+0me(w§8)m*(xﬂpQ+%Ew

~Car O (oo ) B + Cort)H; (i (o)) - gj}(fm)mfs’(t)
E(t))

= —C3v(t)H] (60 E(0) ) + Coy(t) H, (60 o ) 0

E(0)/°E(0)
- ot (o gg) - St

~(CsB(0) ~ Coln O (ev g3 ) T + (0 — Gad ) 0

Taking ¢ sufficiently small such that C3FE(0) — Cgeg > 0 and choosing ¢y > 0

Cs7(0)
B.I02] > 0, we obtain

E'(t) + coE'(t)

suitably such that ¢y —

(3.33) {H{ (eo g((é)) ) (L(t) +SE(t)) + COE(t)}' < —Csy(DH] (60

E(t) ) E(t)
E(0)

E(0)
= —Cs"y(t)Ho(g(é)) for ¢ = to,

where Cs = C3E(0) — Cgeq is a positive constant.
Now, let

,Czt) ( )+ 0E(t) if Hy is linear on [0, 7],

Hi (o 38 ) (L(t) + 8E(1)) + CoE(t) if H{(0) = 0 and H{ >0 on (0,7].
Then from (3.30) and (3.33) we can see that
(3.34) L) < —Cg'y(t)Ho( g((é))) for ¢ > to,

where Cy = min{C7, Cs}. Since EZt) is equivalent to E(t), there exist two positive
constants a3 and a4 such that

(3.35) asL(t) < E(t) < auL(t).
Let us define

L(1)
SE(0)

(3.36) I =a

It is to be noted that
E(t)
3.37 1)< 5 <1 3.395)).
(3.37) J(t) E) © (see (3.35))
From (3.36), (3.34), (3.37) and the fact that Hy is increasing, we arrive at

(3.38) T'(6) < —Og’(€§7(t)Ho(%> < —Croy(t)Ho(e()),

where Cqg = ‘E’(%Y?
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Integrating this over (tg,t) and using H'(t) = —ﬁ(t) (see (3.4)), we observe
that

H(J(t)) — H(J(to)) > cw/ v (s)ds.

to
Since H~! is decreasing, we infer

7 <H1<H(5(0)>+cm / t7(5>ds) for ¢ to.

to

This completes the proof from the equivalent relation of 7 and FE. O

4. Conclusion

It is well known that viscoelastic materials have memory effects, which is due
to the mechanical response influenced by the history of the materials themselves.
As these materials have a wide application in the natural sciences, their dynamics
are interesting and of great importance. Also, the dynamic boundary conditions
are not only important from the theoretical point of view but also arise in numerous
practical problems and the acoustic boundary conditions are related to noise control
and suppression in practical applications. Moreover, time delay so often arises
in many physical, chemical, biological, and economic phenomena because these
phenomena depend not only on the present state but also on the history of the
system in a more complicated way. Motivated by the approaches from [24,34,
with the ones from [10-12,28] and [29,30], under the assumption |us| < u1v1 —d,
the general decay estimates for the solution energy are established. In achieving
our goal, the energy method combined with the choice of a suitable Lyapunov
functional L equivalent to the associate energy E is employed.
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Algeria.

References

1. L.Q. Lu, S.J. Li, S.G. Chai, On a viscoelastic equation with nonlinear boundary damping
and source terms: global existence and decay of the solution, Nonlinear Anal., Real World
Appl. 12(1) (2011), 295-303.

2. F.G. Shinskey, Process Control Systems, McGraw-Hill Book Company, New York, 1967.

3. C. Abdallah, P. Dorato, J. Benitez-Read, R. Byrne, Delayed positive feedback can stabilize os-
cillatory systems’, Proceedings of the American Control Conference, 2—4 June, San Francisco,
CA., 1993, 3106-3107.

4. I.H. Suh, Z. Bien, Use of time delay action in the controller design, IEEE Trans. Autom.
Control 25 (1980), 600-603.

5. M. Nakao, J.J. Bae, Energy decay and periodic solution for the wave equation in an exterior
domain with half-linear and nonlinear boundary dissipations, Nonlinear Anal. 66 (2007),
301-323.

6. E. Zuazua, Exponential decay for the semilinear wave equation with locally distributed damp-
ing, Commun. Partial Differ. Equations 15 (1990), 205-235.



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

ASYMPTOTIC STABILITY WITH TIME-VARYING DELAY IN BOUNDARY FEEDBACK 85

. J.Y. Park, J.R. Kang, Energy decay estimates for the Bernoulli—-FEuler-type equation with a

local degenerate dissipation, Appl. Math. Lett. 23 (2010), 1274-1279.

. L. Tebou, Well-posedness and stability of a hinged plate equation with a localized nonlinear

structural damping, Nonlinear Anal. 71 (2009), €2288-¢2297.

. M. Tucsnak, Semi-internal stabilization for a mon-linear Bernoulli—-Fuler equation, Math.

Methods Appl. Sci. 19(11) (1996), 897-907.

K. Ammari, S, Gerbi, Interior feedback stabilization of wave equations with dynamic boundary
delay, Z. Anal. Anwend. 36 (2017), 297-327.

K. Ammari, S. Nicaise, C. Pignotti, Stability of an abstract-wave equation with delay and a
Kelvin-Voigt damping, Asymptotic Anal. 95(1-2) (2015), 21-38.

E. Fridman, S. Nicaise, J. Valein, Stabilization of second order evolution equations with
unbounded feedback with time-dependent delay, SIAM J. Control Optim. 48(8) (2010),
5028-5052.

J. Li, S.G. Chai, Energy decay for a nonlinear wave equation of variable coefficients with
acoustic boundary conditions and a time-varying delay in the boundary feedback, Nonlinear
Anal. 112 (2015), 105-117.

S. Nicaise, C. Pignotti, Stabilization of second-order evolution equations with time delay,
Math. Control Signals Syst. 26 (2014), 563-588.

Z.H. Ning, C. X. Shen, X. P. Zhao, Stabilization of the wave equation with variable coefficients
and a delay in dissipative internal feedback, J. Math. Anal. Appl. 405 (2013), 148-155.

Z.F. Yang, Ezistence and energy decay of solutions for the Fuler—Bernoulli viscoelastic equa-
tion with a delay, Z. Angew. Math. Phys. 66 (2015), 72-745.

M. M. Cavalcanti, V. N. Domingos Cavalcanti, J. A. Soriano, Exponential decay for the solu-
tion of semilinear viscoelastic wave equations with localized damping, Electron. J. Differ. Equ.
44 (2002), 1-14.

J, Hao, L. Cai, Uniform decay of solutions for coupled viscoelastic wave equations, Electron.
J. Differ. Equ. 72 (2016), 1-11.

M. M. Cavalcanti, A. Khemmoudj, M. Medjden, Uniform stabilization of the damped Cauchy-
Ventcel problem with variable coefficients and dynamic boundary conditions, J. Math. Anal.
Appl. 328 (2007), 900-930.

W. Liu, B. Zhu, G. Li, D. Wang, General decay for a viscoelastic Kirchhoff equation with
Balakrishnan-Taylor damping, dynamic boundary conditions and time-varying delay term,
Evol. Equ. Control Theory 6(2) (2017), 239-260.

R. Datko, Not all feedback stabilized hyperbolic systems are robust with respect to small time
delays in their feedbacks, SIAM J. Control Optim. 26(3) (1998), 697-713.

R. Datko, J. Lagnese, M. P. Polis, An example on the effect of time delays in boundary feedback
stabilization of wave equations, SIAM J. Control Optim. 24 (1986), 152-156.

M. J, Lee, J. Y, Park, Y. H. Kang, Asymptotic stability of a problem with Balakrishnan-Taylor
damping and a time delay, Comput. Math. Appl. 70 (2015), 478-487.

S. Nicaise, C. Pignotti, Interior feedback stabilization of wave equations with time dependent
delay, Electron. J. Differ. Equ. 41 (2011), 1-20.

Z.Zhang, J. Huang, Z. Liu, M. Sun, Boundary stabilization of a nonlinear viscoelastic equation
with interior time-varying delay and monlinear dissipativ boundary feedback, Abstr. Appl.
Anal. 2014 (2014), 1-15.

7Z.Y. Zhang, Z.H. Liu, X.Y. Gan, Global existence and general decay for a nonlinear vis-
coelastic equation with nonlinear localized damping and velocity-dependent material density,
Appl. Anal. 92 (2013), 2021-2048.

Z.Y. Zhang, X. J. Miao, Global existence and uniform decay for wave equation with dissipative
term and boundary damping, Comput. Math. Appl. 59 (2010), 1003-1018.

P.J. Graber, B. Said-Houari, On the wave equation with semilinear porous acoustic boundary
conditions, J. Differ. Equ. 252 (2012), 4898-4941.

T. Kato, Nonlinear semigroups and evolution equations, J. Math. Soc, Japan 19 (1967),
508-520.



86

30

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

RAHMOUNE

. L. Gongwei, D. Lin, Energy decay of the Solution for a weak viscoelastic equation with a

time-varying delay, Acta Appl. Math. 155 (2018), 9-19.

M. M. Cavalcanti, D. Cavalcanti, V. Filho, J. Soriano, Ezxistence and uniform decay rates

for wviscoelastic problems with nonlinear boundary damping, Differ. Integr. Equ. 14 (2001),

85—116.

M. M. Cavalcanti, D. Cavalcanti, P. Martinez, General decay rate estimates for viscoelastic

dissipative systems, Nonlinear Anal., Theory Methods Appl., Ser. A, Theory Methods 68(1)

(2008), 177-193.

K. Liu, Locally distuibuted control and damping for the conservative systems, SIAM J. Control

Optim. 35 (1997), 1574-1590.

S. Nicaise, C. Pignotti, Stability and instability results of the wave equation with a delay term

in the boundary or internal feedback, SIAM J. Control Optim. 45 (2006), 1561-1585.

S. Nicaise, J. Valein, E. Fridman, Stability of the heat and the wave equations with boundary

time-varying delays, Discrete Contin. Dyn. Syst. 2(3) (2009), 559-581.

S. H. Park, Decay rate estimates for a weak viscoelastic beam equation with time-varing delay,

Appl. Math. Lett. 31 (2014), 46-51.

W.J. Liu, W.F. Zhao, Stabilization of a thermoelastic laminated beam with past history,

Appl. Math. Optim. 80 (2019), 103-133.

S. Nicaise, C. Pignotti, Interior feedback stabilitation of wave equations with time dependent

delay, Electron. J. Differential Equations. 41 (2011), 1-20.

D. Hanna, A. Andrii, P. Michael, On a Kelvin-voight viscoelastic wave equation with strong

delay, SIAM J. Math. Anal. 51 (2019), 4382-4412.

L. Wenjun, General decay of the solution for a viscoelastic wave equation with a time-varying

delay term in the internal feedback, J. Math. Phys. 54 (2013), 043504.

Y.P. Jong, G.H. Tae, Existence and asymptotic stability for the semilinear wave equation

with boundary damping and source term, J. Math. Phys. 49 (2008), 053511.

7Z.Y. Zhang, X. J. Miao, Stability analysis of heat fow with boundary time varying delay effect,

Nonlinear Anal. 59 (2010), 1878-1889.

M. Renardy, W.J. Hrusa, J. A. Nohel, Mathematical Problems in Viscoelasticity, Pitman

Monogr. Surv. Pure Appl. Math. 35, John Wiley and Sons, New York, 1987.

J. H. Hao, F. Wang, Energy decay in a timoshenko-type system for thermoelasticity of type

15 with distributed delay and past history, Electron. J. Differential Equations 75 (2018), 1-27.

S.H. Park, Energy decay for a von Karman equation with time-varying delay, Appl. Math.

Lett. 55 (2016), 10-17.

M. J. Lee, J. Y. Park, Y. H. Kang, Asymptotic stability of a problem with Balakrishnan-Taylor

damping and a time delay, Comput. Math. Appl. 70 (2015), 478-487.

S. H. Park, Decay rate estimates for a weak viscoelastic beam equation with time-varying

delay, Appl. Math. Lett. 31 (2014), 46-51.

S. T. Wu, Asymptotic behavior for a viscoelastic wave equation with a delay term, Taiwanese

J. Math. 17(3) (2013), 765-784.

Z. Yang, Existence and energy decay of solutions for the Euler—Bernoulli viscoelastic equation

with a delay, Z. Angew. Math. Phys. 66 (2015), 727-745.

V.1. Arnold, Mathematical Methods of Classical Mechanics, Grad. Texts Math. DOI: https:
doi.org/10.1007/978-1-4757-2063-1, 1989.

J.Y. Park, S.H. Park, General decay for quasilinear viscoelastic equations with nonlinear

weak damping, J. Math. Phys. 50 (2009), 083505.

C. Abdallah, P. Dorato, J. Benitez-Read, R. Byrne, Delayed positive feedback can stabilize

oscillatory system, ACC San Francisco (1993), 3106—-3107.

R. Datko, J. Lagnese, M. P. Polis, An ezample on the effect of time delays in boundary feedback

stabilization of wave equations, SIAM J. Control Optim. 24 (1986), 152-156.

G. Li, B. Zhu, D. Wang, General decay for a viscoelastic wave equation with dynamic boundary

conditions and a time-varying delay, http://arxiv.org/abs/1505.07060v6, 2015.


https://doi.org/10.1007/978-1-4757-2063-1
https://doi.org/10.1007/978-1-4757-2063-1

55

56

57

58

ASYMPTOTIC STABILITY WITH TIME-VARYING DELAY IN BOUNDARY FEEDBACK 87

. C. Q. Xu, S. P. Yung, L. K. Li, Stabilization of the wave system with input delay in the
boundary control. ESAIM: Control Optim Calc Var. 12 (2006), 770-785.

. N. Ozkaya, M, Nordin, Mechanical Properties of Biological Tissues, in: N. C)zkaya, M. Nordin,
D. Goldsheyder, D.Leger (eds.), Fundamentals of Biomechanics Equilibrium, Springer, 2012,
195-218.

. I. Lasiecka, D. Tataru, Uniform boundary stabilization of semilinear wave equations with
nonlinear boundary damping, Differ. Integral Equ. 6 (1993), 507-533.

. A. Rahmoune, B. Benabderrahmane, Semsi linear hyperbolic boundary value problem for linear
elasticity equations, Appl. Math. Inf. Sci. 7(4) (2013), 1417-1424 .



88 RAHMOUNE

ACUMIITOTCKA CTABMNJIHOCT BUCKOEJIACTUNYHOT
ITPOBJIEMA CA ITPOMEH/BUBUM BPEMEHOM
KAIMTBEB A ITIOBPATHE CIIPETE HA TPAHUIINA

PE3UME. ¥V oBOM pajiy HCTpazKyjeMo HeJIMHeapHy BUCKOEJACTUIHY jeTHAYNHY.
IIpernocraB/bameM TPOMEH/BUBOI BPEMEHA KAIHEHha [TOBPATHE CIIPere Koja JIeJry-
je Ha rpaHunM, moj ofpeleHMM mpeTnocTaBKaMa Ha JIATUM TOAaIuMa, YTBPhyjy
ce OIIIITe MPOIEHe IIpOoMeHe eHepruje yBohemem omroapajyhmx JbamyHoB/beBIX
dyukimonasa. OBaj Mojes1 MoOOJbITABA PaHUje MOJeNe JOCTYIHE Y JUTEPATYPH Y
KOjuMa ce y3uMa y 003up caMo JMCUIATHUBHU YJaH y IIOBPATHO] CIIPE3H.
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