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EXISTENCE AND STABILITY RESULTS OF
A NONLINEAR TIMOSHENKO EQUATION
WITH DAMPING AND SOURCE TERMS

Amar Ouaoua, Aya Khaldi, and Messaoud Maouni

ABsTRACT. In this paper, we consider a nonlinear Timoshenko equation. First,
we prove the local existence solution by the Faedo—Galerkin method, and, un-
der suitable assumptions with positive initial energy, we prove that the local
existence is global in time. Finally, the stability result is established based on
Komornik’s integral inequality.

1. Introduction
We consider the following boundary value problem:
wg + A% — Au A+ Jug ™ 2wy = Jul" "2, (2,t) € Q% (0,T)
(1.1) u(zx,t) =0, (z,t) € 02 x (0,T)
w(z,0) = up(z), u(z,0) = u (), x €,
where (Q is a bounded domain in R™,n > 1 with the smooth boundary 992, m > 2

and 2 <r < oo (n=1,2) or 2 <r<22=L(n>3).
The equation

(1.2) up + A%+ g(ug) = |u"Pu
is a special case of (1.1), which has been discussed by many authors. Timoshenko
[13], a pioneer in the strength of materials, developed a theory in 1921, which

was an amendment to the Euler beam theory. The modified theory is called the
Timoshenko beam theory. For g(u;) = |u¢|P~2uy, the global existence and blow-up
results can be found in [8]. Messaoudi [11] studied the following equation

(1.3) gy + A%+ alu [P uy = blu|"u.

He proved the local existence and blow-up of the solution. Also, Wu and Tsai [14]
obtained the global existence and blow-up of the solution to the problem (1.3).
Later, Chen and Zhou [2] studied the blow-up of the solution to the problem (1.3)
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for positive initial energy. Equation (1.1), without the fourth-order term AZu,
which is replaced by —Auwu, can be written in the following form

(1.4) wpt — Au 4wy = ul""u.

Many authors have studied the existence and blow-up in finite time of solutions for

(1.4); see e.g., [3,5,6,10,12].

This paper is organized as follows. In Section 2, some notations, assumptions
and preliminaries are introduced, the global existence of the solution is proved in
Section 3 and the main results of this article are shown in Section 4.

2. Preliminaries

We begin this section with some notations and definitions. Denote by ||.||, the
LP(£2) norm of a Lebesgue function u € LP(§)) endowed with the norm

ful = [ futz)pds,
Q
We also consider the Sobolev space equipped with the scalar product
(’LL, v)H2(Q) = (uv 'U) + (AU, Av)

We define the subspace of H?(Q2), denoted by HZ()), as the closure of C§°(Q) in
the strong topology of H?(Q). This space HZ(f2) endowed with the norm induced
by the scalar product

(u, U)Hg(ﬂ) = (Au, Av)
is a Hilbert space.
LEMMA 2.1 (Holder’s Inequality). Suppose that p,q,s > 1 are measurable func-

tions defined on € such that
1 1 1

s P g
Ifu e LP(Q) and v € LI(Y), then uv € L*(QY), with

[uvls < ellullplv]lq-

LEMMA 2.2 (Sobolev—Poincare inequality [1]). Let p be a number with 2 < p <
0o (n=1,2) or2 < p < 2% (n > 3). Then there is a constant Cy, = C.(p, Q) such
that

lull, < CullVull2,  for ue Hy(Q).

THEOREM 2.1. Suppose that (ug,uy) € HZ(Q)NH*(Q) x L*(Q). Then problem
(1.1) has a unique weak local solution

u e Lo((0,T), H3(Q)NH(Q)),
ug € L>=((0,T), L*(Q)NL™(Q x (0,T)),
uy € L*°((0,7), L2(Q))~
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In order to state and prove our result, we define the potential energy functional
and Nehari’s functional in the following way

(2.1) E(t) = E(u(t)) = %(Ilut(t)H% +Vu(®)]3 + [Au®)]3) - %IIU(t)IIL
(2.2) I(t) = I(u(t)) = [ Vu(®) 3 + [Au@®)|5 = llu®)I},

1 1 ”
(2.3) J(t) = J(u(t)) = 5(\\VU(15)||§ + [ Au(®)]3) - @l
LEMMA 2.3. Under the assumptions of Theorem 2.1, we have
E(t) < E(0).

ProoF. We multiply the first equation of (1.1) by u; and, integrating over the
domain 2, we get

& (513 + 1763 + 18R ~ ;) = ~lhue(e) 7
and then
(2.4) E'(t) = —[lus ()] < 0.

Integrating (2.4) over (0,t), we obtain
E(t) < E(0).
LEMMA 2.4. Assume that (ug,u1) € HZ(Q)NH*(Q) x L3(Q), E(0) > 0, I(0) >
0 and
(2.5) 01+ 6, <1,
where

2

2 p0) T i (- ) (2sE0) T

with 0 < a < 1, and c¢1,, and ca . are the best embedding constants of HJ(Q) —
L7 () and HZ(Q) — L"(2) respectively. Then I1(t) > 0, for all t € [0,T].

. T
0 = acy (

PrROOF. By continuity, there exists T, such that
(2.6) I(t) >0, forall tel0,Ty].
Now, we have for all ¢ € [0, T,]:

J(t) = J(u(t)) = %(IIW(t)H% +lAut)3) - %IIU(t)Ili

1 1 1
> §|\W(t)||§ + §||AU(t)II§ - ;(IIVU(t)Hi + |Au(t)]l3 = 1(t))
r—2
Z
2r

and, using (2.6), we obtain

(IVu®)lI3 + | Au®)]3) + %I(t),

2r
r—2

(2.7) Vu(t)]3 + [|Au(t)]3 < J(t), forall tel0,T.].
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By Lemma 2.3, we get

(2.8) IVu@3 + [Au®]E < —
On the other hand, we have
[u(®)];: = allu@®)]; + (1 = a)u@)];-
By the embedding of H}(Q) < L"(Q2) and HZ(Q) < L"(), we obtain
[u(®)];: < act [Vu(@)lz + (1 — a)cy . [[Au(t)]]
<adh [Vu®)]372 x [[Vu(®)]3
+ (1= a)ds [|Au(®) ][5 x [[Au(t)]l3

2r
-2

r—2

E0)) T x [Vu(t)]3

T
< acly*(
r

2

F-a)es, (25 E0) T < au)]}

Then, we get
(2.9) lu(@®l} < O:lIVu@)[l3 + 2| Au(t)]3, forall ¢e[0,T4].
Since 0 + 65 < 1, then
(2.10) lu@lz < IVu(t) |3 + |Au@)Z, forall te[o,T.].
This implies that
I(t) >0, forall tel0,Ty].
By repeating the above procedure, we can extend T} to T O

3. Local existence

In this section we are going to obtain the existence of the local solution to the
problem (1.1). We will use Faedo—Galerkin’s method approximation. Let {v;}°,
be a basis of HZ(Q) which constructs a complete orthonormal system in L?().
Denote by Vi, = span{vy,va,..., v} the subspace generated by the first k vectors
of the basis {v;};°,. Applying the normalization, we have [|v;|| = 1 for any given
integer k.

Consider the approximation solution

k
uk(t) = Z ulk(t)vl,
=1
where wuy is the solution to the following Cauchy problem
(3.1) (g (t), v) + (A%uk(t), o) — (Aug(t), v1) + (Jug, (6)| ™ i (8), )
= (|uk(t)|r_2uk(t),vl), 1=1,2,...,k,

k
(3.2) ur(0) = uor = ¥ _(ur(0),v)v; — ug in HF(Q) N H*(Q),

i=1
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k

(3.3) ul(0) = uyy = Z(uﬁc(O),vl)vl —uy in L*(9).
=1

Note that we can solve the system (3.1)—(3.3) by Picard’s iteration method in
ordinary differential equations. Hence, there exists a solution in [0, T}] for some
T, > 0 and we can extend this solution to the whole interval [0, 7] for any given
T > 0 by making use of the prior estimates below.

STEP 1. (The prior estimate) Multiplying equation (3.1) by u], (¢) and summing
over [ from 1 to k, we get

34 (I3 + IVl g Il uel) = k()]
Then
E' (ug(t)) = —|Jup ()l < 0.
Integrating (3.4) over (0,t), we obtain the estimate

1 1 1 1 . K .
33) Il 51Vl + plAulE - Jhalt+ [l )ds < E0)
Then, from (2.10), the inequality (3.5) becomes

1
(3.6) > sup [lui3 + sup || Vug3
2 te01) 2r teom)

r—2 m
#152 sw dul+ [ 10l < B0
T te(0,T)

From (3.6), we conclude that

(3.7) {uy} is uniformly bounded in L>°(]0, T, HZ(2)),
’ {u}.} is uniformly bounded in L*(0,¢, L?(2)) N L™ (2 x [0, T7).

Since {u}.} is uniformly bounded in L™ (2 x [0, T7), then {\uk|m_2 /.} is bounded in
L#=T (2% [0,T]); hence, up to a subsequence, |u} | 2u}, — ® weakly in L#-1 (Q x
[0,T)).

We have to show that ® = |u/|™ 2/,

Furthemore, it follows from Lemma 2.3 and (3.7) that
(3.8) {Jug|""%ug} is uniformly bounded in L>([0, T], L*(Q2)).

By (3.7) and (3.8), we infer that there exists a subsequence of uy, (still denoted
by the same symbol) and a function u such that
(3.9)
uy, — u weakly star in L>°([0,T], H3()),
u), — u’ weakly star in L>°([0, 7], L*(2)) and weakly in L™(Q x [0,T),
|ug|"~2up — ¥ weakly in L°°([0,T], L*(Q)).
By the Aubin-Lions theorem [7], we conclude from (3.9) that

up, — u strongly in C([0,T], HZ()),
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which implies

(3.10) up — u everywhere in [0,77] x Q.
It follows from (3.9) and (3.10) that
(3.11) Jug|" " 2up, — |u|""*u weakly in L>([0, T, L*(2)).

Now, we would like to get more estimates. In doing so, differentiating (3.1)
with respect to ¢, we get

(3.12)  (u(t),v1) + (A2u (1), ;)
— (Aug(t),v0) + ((m = 1)|u (6)]™ 2wl (t), vr)
= ((r — D]ur(®)|"™ 2uk(t),vl), 1=1,2,...,k.

Next, multiplying the equation (3.12) by uf}.(t) and summing over [ from 1 to
k, we get

1d
(3.13) 2d</ |ug|2dx+/|Au§€|2da:+/ Vu§€|2dx)
t\ Ja Q Q
+/(m—1)\u§g|m*2u%2dx:/(r—l)\uk|“2u;€u%daﬂ.
Q Q

It follows from Holder’s inequality that
/(7“ — D)|ug|"?ujulde| <
Q

We have uy, € L>=([0,T), H3(€)), and then

(3.14)

< (= Dllunlpe? gl - g2

Jug|*" ~2dx < 400,
Q

since 2(r — 1) < 215
The mequahty 3 14) becomes

3.15) = Dladugaas] < el
It follows from Poincare’s inequality and Young’s inequality that
(3.16) \ [ = Dl afias] < cslVh + S

Substituting (3.16) into (3.13) and integrating over (0,t) for all ¢ € [0,T], we
obtain

(3.17) /|u 2dz+/ \Auk|2dx+/ |Vl |2da

t

< 013 + [Aui (0)13 + [ Vui (0)113 + 02/ (Vg3 + lug13)ds

It follows from (3.2), (3.3) and the fact that ||[Vu},(0)]|3 < c3||Auj,(0)]|3 that
(3.18) IV, (0)3 + [|Aug (013 < s,
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where ¢4 is a positive constant independent of k.
Multiplying both sides of (3.1) by uj.(t), and then summing over ! from 1 to k
and putting ¢t = 0, we get

[ (013 + (A%up(0), 15 (0)) — (Aug(0), u(0))
+ (Juz, (0)[™ 2, (0), uy(0) = (Jur (0)]"*uk (0), uz (0)).
It follows from Young’s inequality, (3.2), and (3.3) that
(3.19) [ui (0)]2 < c5,

where c5 is a positive constant independent of k.
By (3.18) and (3.19), (3.17) becomes

(3.20) /|ug 2dx+/ \Au§€|2dx+/ |Vl |2 da
Q Q Q

t
<co+er / (e 12 + [ Aug]12 + |V 12) ds.
0

We get from (3.20) and Gronwall’s lemma that
(3.21) lill3 + A3 + IV l3 < cs,

for all t € [0,T], and cg is a positive constant independent of k.
We conclude from (3.21) that

(3.22) {u}.} is uniformly bounded in L*>([0,T], H3(R)),

. {u}} is uniformly bounded in L*°([0, T}, L*(9)).

Similarly, we have

(3.23) uy, — o’ weakly star in L>([0, 7], H3(2)),
‘ uy — v’ weakly star in L ([0, T, L*(9)).

STEP 2. Setting up k — oo and passing to the limit in (3.1), we obtain

(3:24)  (W(t),v) + (A%u(t), vr) — (Au(t), v) + (Ju' ()" ~u' (), v1)
= (Ju(®)|"2u(t),vn), 1=1,2,... k.
Since {v;}72, is a basis of HZ(Q), we deduce that u satisfies the equation (1.1).
From (3.9), (3.23), and Lemma 3.1.7 in [15] with B = HZ(Q2) and B = L?(Q),
respectively, we infer that
ug(0) = u(0) weakly in HZ(),
uy,(0) — u/(0) weakly in L?(€2).

We get from (3.2), (3.3), and (3.25) that u(0) = ug, v/(0) = u;.
Thus, the proof of existence is complete.

(3.25)

STEP 3. (Uniqueness of the solution) Now it remains to prove uniqueness. Let
1

u', u? be two solutions in the class described in the statement of this theorem, and

w=u' —u?.
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Then w satisfies
(3.26) Wi + A%w — Aw + |uf|™ g — |uF 20 = et 2t — u? TR,
and
w(z,0) = wo(x), wi(z,0)=w(x).
Multiplying (3.26) by w; and integrating after that with respect to x, we get

1 1 1
f/ |wt\2da:+f/ |Aw|2d3:+f/ |Vw|*dz
2 Ja 2 Ja 2 Ja

t
[ b = 2 e ds
0 JQ

t
= / /(|u1|’”_2u1 — [u?|" " 2uP)wedx ds.
0 Jo
We use the inequality
(la|™2a = [b]™~?b)(a — b) > 0,
for all a,b € R and almost everywhere x € Q.

This implies

t
(327)  |lwel2de + | Awl? + Vol < C / / (a2t — (a2 20wy ds.
0 Q

By repeating the estimate as in [9], we arrive at

t
(3.28) /|wt|2dx+||Aw||§+||VwH§<C/ (/ wt|2dac+||Vw||%>ds.
Q 0 Q

Then

(3.20) /Q|wt|2dx+||Aw||§+||Vw||§ < c/ot (/Q|wt|2dx+||Aw||§+||Vw|%)ds.
Gronwall’s inequality yields
lwell3 + [Aw]3 + [ Vw3 = 0.
Thus, w = 0. This shows the uniqueness. O
4. Global existence and stability solution

In this section our main result is based on Komornik’s inequality [4].
Now, we state our main result:

THEOREM 4.1. Under the assumptions of Lemma 2.4, the local solution for
(1.1) is global.

PrROOF. We have

E(u(t)) = %(Ilut(t)H% +HIVu®)3 + | Au®)3) - %Hu(t)llr

”
1 r—2

r—2
> @l + 5 IVu)3 + A3
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so that
(4.1) lue(@)13 + [Vu@)lI + [|Au(®) 3 < CE().
By Lemma 2.3, we obtain
(4.2) lue(@)]13 + V@)l + [Aut)|3 < CE(0).
This implies that the local solution is global in time. U

LEMMA 4.1. Suppose that the assumptions of Lemma 2.4 hold. Then there
erists a positive constant ¢ such that

/Q lut)|"dz < cE(L).
ProOF. We have
/Q u(®)["dz = afu(®)[l + (1 — ) Jul®)[l7-
By the embedding of H}(Q) < L™(2) and HZ(Q) — L™ (), we obtain
/Q [u(®)|" de < aATL[[Vu)]l2" + (1 — o)A | Au(t)]2"
QAL V()13 x Va3 + (1 — ) A7 [ Au®)]5 ™~ x [Au(®)]3

<
< al|Vu(t)|[3 + ezl Au(t)|3-
By using (2.8), we obtain

/Q lu(t)|™dz < cE(?). O

THEOREM 4.2. Let the assumptions of Theorem 2.1 hold. Then there exists the
positive constant C' > 0, such that

E(t) < (C)z, for all t>0.
14ty

m—2

ProoOF. Multiplying the first equation from (1.1) by u(t)E =2
ing over 2 X (S T) (S < T), we obtain

// 52 (e () + A% — Au+ |ue|™ il dt = //E () u(t)|" dx dt,
so that

(t) and integrat-

m—2

T
/ B (t)/ﬂ[(U(t)uf,(f))t = [ue@®P + [Au(®)]® + [Vu(®)* + u(t)u "] do dt

S
(1) /Q lu(t)|" dz dt

)[OLVu®)l3 + Ol Au)[3 + (2 + 01 + 62)[|ue (¢) 3]t

We add and subtract the term

and use (39) to get
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T —
(4.3) (1701)/ E*T ) (IVu@)3 + [w 0)]3)dt

+(1—062) ) (1Au@)I3 + ue (t)]]3)dt

T -2 T m—2 2
+/S £z (t)/ﬂ(u(t)ut(t))tdxdt—(3—91—92)/S E 7 (t)]lue(t)]5de

+/ E*7 ()/Q (t) g | 2y (t)da dt
H(011Vu(®)[|5 + O2l| Au(t) 3 — lu®)|;7)dt <0

It is clear that

T m—2
@) o[ B
S

) (GIVuI3 + 1uAu(t)n% + gl = (o)) dt
<=0 [ B @ (FIVal + 3l 12)e
(1) /S 75 (0)(S18u(@) + 3l (0)13 ) ar,

where v = Min((1 — 61), (1 — 63)). By (4.2), (4.3), and definition of E(t), we get

T T
(4.5) 5 /S E% (t)dt < — / E"T (1) /Q (u(t)ug(t))rda dt

/ ug(t)dex dt

B0 0) /S B2 (1)) ur (1) 2.

Using the definition of E(t) and the following expression

Z(E’”a‘ (1) /Q u(t)ut(t)dx> — BT (1) /Q (u(t)ug (1)) da

- 2 T m—2 1 d
—_— E77 7 (t)=E(t) | ut)u(t)dzdt,
s dt Q
inequality (4.5) becomes

(4.6) 5 /S ' E% (t)dt < — /S T(Z(Emzz(t) /Q u(t)ut(t)da:>dt

T m—2
—/ ET(t)/Qu(t)|ut(t)|m*2ut(t)dxdt

S

_ T m—2
+m72 /S ET—l(t)%E(t) /Q w(tyuy () da dt
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T
B0 0) /S B 7 (1)]ug (1) 3.

We estimate the terms on the right-hand side of (4.6) as follows.
For the first term, we have

4.7 - /S Ti(Esz(t) /Q u(t)ut(t)dx>d:cdt

< ’Emz “ (1) /Q w(S)u(S)dw — BT (t) / w(T)uy(T)dz

Q

/Qu(x, Sug(x, S)dx

m m

< eB%(S) + cE¥(T) <

+Em2_2(t)‘ /Q w(z, Tyuy (z, T)dz

77 (0)E(S) < cE(S).

For the second term, we use the following Young inequality:

1 1
XY <SXM 4y X Y20 e>0and — 4 =1,
M e YD
with Ay =m, Ay = mml

By Lemma 2.3 a nd Lemma 4. 1, we have

T
(4.8) 7/ Em52(t)/ w(t)|ue (£)™ " 2wy (t)da dt

S

/ B (t)(elu(t) | + cellue()[)dt

gsc/ E™
S

/\u |mdxdt+ce/s E" (t)(—E'(t))dt
<50/S E= (t)dt + c.E(S).

Using Young’s, Poincare’s inequalities, and (4.1), we obtain

m — T m—2
(4.9) 72/ E**l(t)%E(t)/Qu(t)ut(t)dxdt

m— 2

(=E') [ (GHuOF + 3lu))de d

gc/s E™7 (t)(—E'(t))dt < cE% (S) — E% (T)
< cEZ7YH0)E(S) < cE(S).

For the last term of (4.6), by the embedding of L™ () < L?(f), we have

T m—2 m—2 2
(301 — 92)/S E= (1) Jue(t)l[3dt < (3 — 61 — 62) = ()l ()][) ™ dt
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T
<G--0) [ BT OB @)
S

We use the Young’s inequality, with A\ = -5, Ay =

m—2’

/SETf(t)(_E,(t))mdtggc/S E?(t)dt-l—cg/ (—E'(t))dt.

S

%, we obtain

This implies

()l (D13t < ec / E¥ (t)dt + c. E(S).

By inserting (4.7), ( ) (4.9) and (4.10) in (4.6), we arrive at

T T
7/ E% (t)dt < gc/ E% (t)dt + c.E(S).
S

s
We choose € small enough such that

T
/ B (t)dt < cB(S).
S

By taking T' — oo, we get

/OO E% ()t < cE(S).
S

Using Komornik’s integral inequality, we obtain the result. O
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EI'SUCTEHUIINJA I CTABNJIHOCT PEIIIEIHA
HEJIMHEAPHE TUMOIITEHKOBE JEJJTHAYNHE
CA YJIAHOBUMA IMPUT'YIIIEIHLA U ITPUHYJIE

PE3UME. ¥V oBoM pajiy pa3marpaMo HejuHeapHy THUMOIIEHKOBY jelHAYUHY.
IIpBo nokasyjemo pemiemse Jjokasane ersucrennuje Paemo-I'amepknHoBOM MeTOIOM
U, TOJ, OAroBapajyiuM mpernocrtaBkaMa ca MO3UTHBHOM [TOYETHOM E€HEPTUjoM, JI0-
Ka3yjeMo 73 je JIOKAJIHA er3uCTeHIrja riiobasrna y Bpemeny. Konadno, mobujen je
pesysiTaTr u3 CTabUIHOCTH peIlera Ha 0CHOBY KOMOPHHMKOBe MHTErpaJsHe HejeHa-
KOCTH.
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