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ON THE STABILITY AND INSTABILITY
CRITERIA FOR CIRCULATORY SYSTEMS:
A REVIEW

Ranislav M. Bulatovié

ABSTRACT. A survey of the selected published criteria — expressed by the
properties of the system matrices — for the stability and instability of linear
mechanical systems subjected to potential and circulatory forces is presented.
In particular, recent generalizations of the well-known Merkin instability the-
orem are reported. Several simple numerical examples are used to illustrate
the usefulness of the presented criteria and also to compare them.

1. Introduction

An interesting class of linear dynamical systems is associated with potential
(conservative) and circulatory (positional non-conservative) forces and can be de-
scribed by the equation

(L.1) Mi+ Kq+ Nq=0,

where M, K and N are n by n constant real matrices, M is symmetric and positive
definite (M = MT > 0), K is symmetric, and N is skew-symmetric (N = —NT). M
is the mass matrix, K describes the potential forces and N the circulatory forces.
The n-vector of generalized coordinates is denoted by ¢, and the dots indicate
differentiation with respect to the time, ¢. Derivation of Equation (1.1) can be
found in e.g. [1,2]. Such a system is an important mathematical model in various
areas of physics and engineering (elasticity, fluid dynamics, rotor dynamics, control
motion, plasma physics, etc.).

Making the transformation x = M'/2¢, where the exponent 1 indicates the
unique positive definite square root of the matrix M, and premultiplying Equa-
tion (1.1) by M~1/2, we get the following equation

(1.2) 2+ Kz + Nz =0,
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where the symmetric matrix K = M~Y/2KM~1/2 and the skew-symmetric one
N = M~'Y2NM~1/2. Clearly, system (1.2) is equivalent to system (1.1), and we
shall from here on consider system (1.2).

The system is said to be stable if every solution x(t) for Equation (1.2) is
bounded for all non-negative t. If N = 0 (pure potential system), according to
the famous Lagrange theorem, the system is stable if the potential matrix K is
positive definite (K > 0); otherwise the potential system is unstable. For N # 0,
it is possible that non-conservative positional forces can destabilize a stable purely
potential system, and that they can stabilize an unstable potential system [2, 3].
The study of the influence of circulatory forces on the stability of potential sys-
tems, including numerous specific problems, has a rich history (see, for example,
monographs [2,4-7]).

All solutions for Equation (1.2) can be characterized algebraically using proper-
ties of the quadratic matrix polynomial L(u) = u?I+ K + N, where I is the identity
matrix. The eigenvalues of system (1.2) are zeros of the characteristic polynomial
A(p) = det(L(p)), and the multiplicity of an eigenvalue is the order of the corre-
sponding zero in A(u). If p is an eigenvalue, the nonzero vectors in the null space of
L(p) are the eigenvectors associated with u. Since A(u) = A(—p), all eigenvalues
(spectrum of the system) are located symmetrically with respect to both the real
and imaginary axes in the complex plane. This means that system (1.2) is stable
only when every eigenvalue p is on the imaginary axis and simple or semi-simple,
i.e., if the eigenvalue has multiplicity k, there are k linearly independent associated
eigenvectors.

Although the eigenvalue analysis (spectral analysis) of the system with the help
of computer programs is in principle easy, the influence of forces and parameters
in the system matrices on the stability becomes lost [8]. This is more or less also
the case when applying the algebraic criteria [9,10], which are similar to the well-
known Routh-Hurwitz criterion for asymptotic stability. Therefore, alternative
criteria, such as those that provide simpler conditions directly in terms of the
matrices K and N, are more attractive, and numerous attempts have been made
to establish such criteria. It should be noted that another approach to studying the
stability of multi-parameter circulatory systems, based on the perturbation theory
of eigenvalues, is presented in the monograph by Kirillov [6] (also, see [7,11]), but
it is not the subject of this review.

In the following sections we provide a survey of the selected published criteria
— expressed by the properties of the system matrices K and N — for the stability
(Section 2) and instability (Section 3) of the systems under consideration.

2. Stability criteria

There are only a few simple criteria that contain sufficient conditions for the
stability of the systems under consideration.

It is frequently the case that the potential matrix is positive definite (K > 0).
For this case, using Lyapunov’s direct method, Agafonov [12,13] proved the fol-
lowing result.
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THEOREM 2.1. [12]. System (1.2) is stable if K = diag(A1,A2,..., A\n), A1 >
Ao > ..., A, >0, and

{1 +20)% +2008]7 = (M + M)}

2 )
where s = miny<izj<n |Ai — Aj| and ||.||c denotes the mazimum absolute row sum
norm.

(2.1) [Nloe <

Recently, by means of the well-known Bauer—Fike localization theorems, the
following assertion was proved, which also covers the case K > 0.

THEOREM 2.2. [14]. Let A1,..., A\, be the eigenvalues of the positive definite
potential matriz K. If
S L ]
2.2 N —_—
(2.2) INTl2 < min_ =

where || N||2 denotes the spectral norm of the matriz N (i.e., the square root of the
mazimum eigenvalue of NTN), then system (1.2) is stable.

It should be noted that condition (2.2) in Theorem 2.2 can be replaced by the
cruder inequality

N
(2.3) [N]|oo < Jan ———

which is easy to check because | N2 < || N||oo- Also, it is easy to see that whenever
(2.1) is satisfied, condition (2.3), as well as (2.2), is also satisfied.

The following numerical example shows that Theorem 2.2 significantly improves
Theorem 2.1.

EXAMPLE 2.1. Consider the system of three degrees of freedom with

0 3 4 100
N=v|[-3 0 0|, ve®, K=|0 4 0
—4 0 0 00 8

For this system, we calculate ||N|2 = 5|v|, || N||co = 7|v|, and s = 3. Conditions
(2.2) and (2.3) yield v < 0.3 and v < 0.214... respectively, while Theorem 2.1
(condition (2.1)) predicts that the system of this example is stable if v < 0.023....

When the potential matrix is not positive definite, the following condition suf-
ficient for stability which was also obtained by Agafonov [12] can be used.

THEOREM 2.3. [12]. System (1.2) is stable if K = diag(A1, A2,..., A\n), A1 >
Ao > >0, A <0 and

a+b—[(a—b)?+4s72|N|[L]% > 64573 (8)1 + 5)(s — 4| Nloe) M| NI,
with

n n—1
a=Xit > v /Ok—Aus1) and b=X+ > v /(= M),
k=1,k#n—1 k=1

where v;; denote elements of the circulatory matriz N.
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In the case A\, = 0, this result can be improved as follows.
THEOREM 2.4. [ ] Let K = diag(/\l,)\g,...,)\n), Al > Ay > LAl > 0,

and A, = 0. If | N2 < minigizj<n |[Xi — Aj|/2 and Z?:_ll |Unj| # 0, where vy, are
the coefficients of the matriz N, then system (1.2) is stable.

To compare Theorem 2.4 and Theorem 2.3, we consider a two degree of freedom

system with
1 0 0 1
K=X <0 0) and N =v <_1 0) ,

where A; > 0 and v € R. Theorem 2.4 gives 0 < 2|v|A;* < 1, which is a suffi-

cient and necessary condition for stability of this system [2]. On the other hand,

Theorem 2.3 reduces to the much stronger condition 0 < 2|v|A\7! < 0.103... [12].
Suppose that

(2.4) [K,N?]=0 and [K,NKN]=0,

where [.,.] denotes the commutator of the two matrices. In particular, if n = 2,
then conditions (2.4) are satisfied.

THEOREM 2.5. [15]. If the circulatory matriz N is non-singular, then system
(1.2), (2.4) is stable if and only if
(2.5) A=NKN'K - N?*>0
and
(2.6) K+ NKENT'K —24Y%2 > 0.

It should be noted that if det N # 0, then n is necessarily even because the
circulatory matrix N is skew-symmetric.

EXAMPLE 2.2. Let

0 0 1 15
. 0 0 15 1
(2.7) K = diag(5,5,—-1,—-1) and N =v 1 —15 0 ol 0#veR

-5 -1 0 O

Obviously, Theorems 2.1-2.4 are not applicable to this example. However,
matrices (2.7) satisfy conditions (2.4) and, in addition, det N # 0. Therefore,
Theorem 2.5 is applicable. It is easy to see that conditions (2.5) and (2.6) reduce
to the conditions |v| > /5/14 and |v| < 3/16, respectively. Thus, according to
Theorem 2.5, system (1.2), (2.7) is stable only if |v| € (v/5/14,3/16).

The next criterion, related to the subclass of system (2.4) for which K > 0,
is much simpler than Theorem 2.5, and it allows the possibility of det N = 0 (for
example, it is the case when n is odd).

THEOREM 2.6. [14].
a) Ifdet N #0 and K > 0, then system (1.2), (2.4) is stable if and only if

(2.8) [K,N]? — 4N* > 0;
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b) Ifdet N =0 and K > 0, then system (1.2), (2.4) is stable if and only if
the following conditions are satisfied

(2.9) (B, N> —4N") [t n> 0, K |Kern> 0
where Im N and Ker N stand for the image and null space of N, respec-
tively.
EXAMPLE 2.3. Let
0 1 1
(2.10) K = diag(3,1,1) and N=v|[-1 0 0], veR
-1 0 0

The system of this example satisfies conditions (2.4), and, in addition, det N = 0
and K > 0.

Therefore, part (b) of Theorem 2.6 can be applied. This assertion yields 1 —
202 > 0, i. e., system (1.2), with matrices K and N as in (2.10), is stable only when
lv| < +/2/2. On the other hand, it is easy to see that the characteristic equation of
this system has the following roots

4, +i\/2 £ /1 — 202,

which all are purely imaginary and simple if 1 — 202 > 0, which is in accordance
with the prediction of Theorem 2.6.

3. Instability criteria and generalizations of the Merkin theorem
THEOREM 3.1. [4]. System (1.2) is unstable if K = 0.
This assertion is a special case of the following result.

THEOREM 3.2. [3]. System (1.2) is unstable if the trace of matriz K is non-
positive, i.e., Tr K < 0.

We note that the above theorem is inapplicable to the case where the corre-
sponding conservative system is stable, i.e., K > 0. This case is covered by the
following criterion, which is easy to check.

THEOREM 3.3. [16]. System (1.2) is unstable if
1
(3.1) INIE > K| - —(Tr K)?,

where ||.|F denotes the Frobenius norm.

Recall that the Frobenius norm of a real matrix is defined as the square root of
the sum of the squares of its elements. Condition (3.1) gives an estimation of the
lower bound for the intensity of circulatory forces (measured by the Frobenius norm
of N) so that the introduction of arbitrary linear circulatory forces, the intensity
of which is higher than this bound, into a stable potential system destroys its
stability. To illustrate Theorem 3.3 we return to Example 2.3. We have ||N||% =
4%, |K||% = 11, Tr K = 5, and the instability condition (3.1) yields |v| > 1/2/3.
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Notice that the system of this example is unstable if and only if [v| > v/2/2, as
shown in the previous section.

Theorem 3.3 was obtained afterwards in [17], along with the two following
sufficient conditions for instability (also, see [10]).

THEOREM 3.4. [17]. System (1.2) is unstable if one of the following inequalities
holds

(@) (K25 + IN?[F — A KN|E + 2 Te((KN)?) < (1K[F — IN[7)*

()  (IK[E = INIF) +n(I K7 + [IN?|7 — 4| KN |7 4+ 2 Te((KN)?))
< (Tr(K3) + 3 Tr(KN?))?

It is easy to see using appropriate examples that neither Theorem 3.3 nor
Theorem 3.4 implies the other one.

A remarkable result concerning the destabilizing effect of circulatory forces
states: “If linear non-conservative positional forces are introduced into a stable po-
tential system that has equal natural frequencies of vibration, then the stability
will be destroyed, irrespective of any nonlinear terms” [2]. This assertion is known
as the Merkin theorem, which was first published in 1956 [4], and which can be
viewed as a counterpart of one of the classical Kelvin—Tait—Chetayev stability the-
orems for circulatory forces (see [18]). For linear systems, this statement can be
reformulated in terms of the matrices K and N as follows.

THEOREM 3.5. [4]. System (1.2) is unstable if N #0 and K = X\oI, \g € RT.

In other words, the addition of arbitrary circulatory forces, infinitesimal or
finite, to a conservative system whose potential matrix has the same eigenvalues
produces instability. If we additionally assume that det N # 0, then the system
will be completely unstable (i.e., every nonzero solution z(t) for Equation (1.2)
is unbounded). It follows from the following more general result which implicitly
requires non-singularity of the circulatory matrix N.

THEOREM 3.6. [19]. System (1.2) is completely unstable if 2NT N —[K, N] > 0.

Let us consider Example 2.2 again. For this system, we have

226v 30v -3 —45
30v  226r —45 -3
-3 =45 226v 30v

—45 -3  30v 226v

2NTN — [K,N] = 2v

It is easy to see that the above matrix is positive definite if and only if |v| >
3/14, and, according to Theorem 3.6, under this condition system (1.2), (2.7) is
completely unstable.

It should be observed that the right hand side of inequality (3.1) is equal to
zero only in the degenerate case when all eigenvalues of the potential matrix K are
identical, and, consequently, Theorem 3.3 is a generalization of the Merkin theorem.
Another obvious generalization is given by the following statement.
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THEOREM 3.7. [15,20]. System (1.2) is unstable if N # 0 and [K, N] = 0.

This generalization was obtained in [15], and independently and, more recently,
in [20], where it was also pointed out that in this case the potential matrix K has
at least one repeated eigenvalue (i.e., the corresponding conservative system has
at least two equal natural frequencies). Although there is an uncountable infin-
ity of skew-symmetric matrices N that commute with the given potential matrix
K having multiple eigenvalues, as shown in [20], the commutation condition is
very restrictive and some attempts have been made recently to weaken this restric-
tion [21-24].

THEOREM 3.8. [21]. Let the potential matriz K have a single eigenvalue X\g
with multiplicity m > 2,and let T = [T, | T,] be an orthogonal matriz, where the
nxp submatriz T, contains any 2 < p < m eigenvectors (their order is immaterial)
of K corresponding to the multiple eigenvalue, and the n X r submatriz T, contains
the remainder (i.e., r = n — p) of the eigenvectors of K. Then, if the following
conditions hold

(3.2) TINT,#0, T,NT,=0,
system (1.2) is unstable.

This criterion is a special case of a result that is related to general positional
perturbations [21], and it was also obtained, in the case p = m, in [22]. Tt is obvious
that under condition (3.2) equations (1.2) may be decoupled by using a coordinate
transformation determined by the orthogonal matrix 7" into two subsystems, one of
which assures instability. However, for the given matrix K with multiple eigenval-
ues, the orthogonal matrix 7" that diagonalizes K is not unique, making it difficult
to apply this result. An alternative rank criterion which gives the same instability
result as Theorem 3.8, but which avoids the non-uniqueness of the matrix 7', as
well as the calculations of its eigenvalues and eigenvectors, was developed in [23].

Introduce two semi-definite matrices

m—1 n—1
(3.3) Q= Y =[K" N|"[K* N'] and ©=) K'N?K*
k=1 k=0
as well as the following matrices
(K, N]
(K, N?|
. N
: NK
(3.4) S = [K, N™—1] and L =
[K?, N] :
} Nanl
_[Km—l’Nm—l]_

where m is a natural number such that m < n.
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THEOREM 3.9. [23]. Let a system (1.2) be given. If
(3.5) rank ® > 2 + rank Q,,,

where the matrices ® and Q,, are determined by (3.3) and w = rank ®, then the
matriz K has at least one repeated eigenvalue and system (1.2) is unstable.

In condition (3.5) the matrices ® and 2, can be replaced by the matrices L
and S, respectively, since rank ® = rank L and rank 2, = rank S,,.

The application of Theorem 3.8 and Theorem 3.9 is illustrated by the following
example [23].

ExAaMPLE 3.1. Counsider system (1.2) with

2 -1 0 -1 0 2 -1 =2

-1 2 0 1 -2 0 2 -1
(3.6) K = O 0o 1 0 and N =v L 9 0 3|

-1 1 0 2 2 1 2 0

where v is a nonzero real parameter.
The matrix K has the following eigenvalues and corresponding mutually or-
thogonal eigenvectors:

1
Moz=1, t=—[1 011

V3

W=l 11 -1”

V3

1
=4, tV=—"11 -1 0 -1
9 4 \/g [
For this system of eigenvectors, it is easy to see that the second condition of
(3.2) is not satisfied. However, the 4 mutually orthogonal vectors in the following

system

1,y i[l 1 -1 0",

V3

)

]T

(2) 1 T 2) 1 T
P =——n —2 -1 3], PY=—if9 7 1 2],
B 7= ] )
@ _ 1 T 2 _ 1 T
P =—_T0 -1 5 1], tP=—M -1 0 -1
3 3\/3[ ] * \/3[ ]

=

are also eigenvectors of the matrix K associated with the eigenvalues A\ 2 3 = 0 and

Ay = 4, respectively, and we have
T 0
2 2 2 2 1
{t& ) té )} N {tg ) t(2 )} =3v { :} ,
and
T 0 0
2 2 ane 2
[tg : té )] [tz(” ) t‘(l )} [0 0} '

Thus, for this choice of eigenvectors of the matrix K conditions (3.2) are satisfied
and, according to Theorem 3.8, system (1.2), (3.6) is unstable for any nonzero value
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of the parameter v. We now apply Theorem 3.9. It is clear that for this example
w = rank ® = 4, since det N # 0. Also, we have

9 -9 0 -9

-9 10 -5 8

0 -5 25 5|’

-9 8 5 10

3
Q= > [K* N T[K* N' = 1148820°
k=1

which yields rank Q4 = 2, and, according to condition (3.5), instability follows.

For the systems for which [K, N?] = 0, condition (3.5) can be replaced by a
simpler one as follows.

THEOREM 3.10. [23]. If [K,N?] =0 and
r—1
(3.7) rank N > 2 +rank Y [K*, N]"[K*, NJ,
k=1

where r = rank N, then the matrix K has at least one repeated eigenvalue and
system (1.2) is unstable.
In this criterion, condition (3.7) can be replaced by the following one [23]
[K, N
[K?, N]
rank N > 2 + rank .
[Kr—l’ N]
For the systems confined by conditions (2.4) a much simpler criterion than the
one given by Theorem 3.10 can be formulated as follows.

THEOREM 3.11. [24]. Suppose that conditions (2.4) are satisfied and
(3.8) rank[K, N] < rank N

Then the potential matriz K has at least one repeated eigenvalue and system (1.2)
is unstable.

If N # 0 and the matrices K and N commute, then conditions (2.4), (3.8)
obviously hold and Theorem 3.7 is a direct consequence of Theorem 3.11.

Let us now go back to Example 3.1 to illustrate the above criterion. We have
[K,N?] =0, [K, NKN] =0 (i.e., conditions (2.4) are satisfied), and

0 1 -5 1
1 -2 5 0
KN=v| 5 5 o 5
1 0 5 2

Now, we calculate: rank N = 4 and rank[K,N] = 2. Thus, all conditions of
Theorem 3.11 are satisfied and system (1.2), with matrices K and N as in (3.6), is
unstable for every v # 0.

Finally, we remark that if the given matrices K and N satisfy the conditions of
Theorems 3.7-3.11, then these conditions also hold when the matrix IV is replaced
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by N, = vN, where v is an arbitrary real nonzero number. This means that the
stable conservative system with the potential matrix K (which must have multi-
ple eigenvalues) will become unstable through the addition of an arbitrarily small
circulatory force determined by the matrix NV,.

w N
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ITPETJIEJ KPUTEPNJYMA CTABMJIHOCTU U
HECTABMJIHOCTU INNPKVYJIAIITMOHNX CUCTEMA

PE3UME. [laje ce mperses KpuTepujymMa CTaOUIHOCTH W HECTAOUITHOCTU W3-
paXKeHNX IIPEKO CBOjCTaBa OMUCHUX MATPUIA MEXaHUIKUX CHCTEMa €A KOHATHUM
6pojem crereHa cj1000/ie, MOABPIHYTUX JI€jCTBY HOTEHIUJAJHUX U ITUPKYIAIHOHIX
cuna. [locebna naxma je nocsehena HeJaBHUM yorulnTemhbuMa dyBeHe MepKuHoBe
Teopeme o HectabmirHOCTH. Hekommko mpumjepa je maro paju WiIyCTpaluje Ipu-
MjeH/bUBOCTH O/Ia0paHNX KPUTEPUjyMa U HUXOBOT MehycobHOr omHOCA.
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