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EVOLUTION EQUATIONS OF
TRANSLATIONAL-ROTATIONAL MOTION OF
A NON-STATIONARY TRIAXIAL BODY IN A

CENTRAL GRAVITATIONAL FIELD
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and Oralkhan Baisbayeva

ABsTRACT. The translational-rotational motion of a triaxial body with con-
stant dynamic shape and variable size and mass in a non-stationary Newtonian
central gravitational field is investigated. Differential equations of motion of
the triaxial body in the relative coordinate system with the origin at the center
of a non-stationary spherical body are obtained. The axes of the Cartesian
coordinate system fixed to the non-stationary triaxial body are coincident
with its principal axes and their relative orientation is assumed to remain
unchanged in the course of evolution. An analytical expression for the force
function of the Newtonian interaction of the triaxial body of variable mass and
size with a spherical body of variable size and mass is obtained. Differential
equations of translational-rotational motion of the non-stationary triaxial body
are derived in Jacobi osculating variables and are studied with the perturba-
tion theory methods. The perturbing function is expanded in power series in
terms of the Delaunay—Andoyer elements up to the second harmonic element
inclusive. The evolution equations of the translational-rotational motion of
the non-stationary triaxial body are obtained in the osculating elements of
Delaunay—Andoyer.

1. Introduction

In classical Celestial Mechanics, real celestial bodies are usually modelled by
points of constant mass (or by spherically symmetric bodies). In the case when such
description does not adequately describe a real physical problem, celestial bodies are
considered as rigid bodies of constant size, mass and internal structure [1-4]. The
model becomes much more complicated because three additional degrees of freedom
are required to describe the rotational motion of the rigid body about its center
of mass. Besides, three translational degrees of freedom are used to describe the
orbital motion of the body. The resulting system of differential equations of motion
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is not analytically solvable and application of special methods for its investigation
is required. The modern theory of translational-rotational motion of rigid celestial
bodies is one of the basic elements of classical and celestial mechanics, as well as
cosmodynamics [5-9].

Observational astronomy indicates that real celestial bodies are not point and
rigid. They are non-stationary, and their masses, sizes, shapes and structures
change in the course of their evolution [10-13]. These processes occur especially
intensively in double and multiple systems [14-16]. In this regard, it becomes
actual to develop mathematical models of the motion of celestial bodies with
variable mass, size, shape and structure. The aim of this work is to investigate
the translational-rotational motion of two non-stationary bodies, one of which is
spherical and the other one triaxial. It is assumed that the initial dynamic shapes
of the bodies are preserved, whereas their masses and sizes change in time [13].

The paper is organized as follows. In Section 2 we formulate the physical
problem and obtain the equations of motion in different coordinate systems. Sec-
tion 3 is devoted to integrating the unperturbed equations of motion by the Hamil-
ton—Jacobi method. Then the equations of motion are rewritten in the osculat-
ing analogues of the Jacobi elements. In Section 4 we obtain the equations of
translational-rotational motion of the non-stationary triaxial body in a central
non-stationary gravitational field of a spherical body in the osculating elements
of Delaunay—Andoyer. Then we calculate the expansion of the perturbing func-
tions in terms of the Delaunay—Andoyer elements in Section 5. Finally, we obtain
the evolution equations in Section 6 and summarise the obtained results in the
Conclusions.

2. Formulation of the problem and equations of motion

2.1. Model description. We consider a special case of translational-rotational
motion of two non-stationary bodies attracting each other in accordance with New-
ton’s law of gravitation [13]. We assume that the first body has a spherical mass
distribution; its mass and radius change with time but its dynamic shape is pre-
served. In other words, the body retains its spherical symmetry all the time.

The second (triaxial) body is assumed to have an arbitrary dynamic structure
and its principal moments of inertia are different. Besides, the mass and size of the
second body are variable, but its initial dynamic shape is preserved. Such a case
takes place, for example, if the body has three mutually perpendicular planes of
symmetry. Then the initial orientation of the principal axes of inertia and location
of the center of mass in the triaxial body remain unchanged in the course of its
evolution.

In the model under consideration, we exploit the following assumptions:

1. The first body is a sphere with a spherical mass distribution (see Fig. 1), with
variable mass m; = my(t) and variable radius 17 = [5(¢). Its principal moments of
inertia are the same functions of time A;(t) = By(t) = C1(t).

2. The second body is a triaxial body of variable mass mgo = ma(t) = mo(tg)m(t)
which has an arbitrary dynamic structure and a characteristic linear size I5 =
15(t) = 1(to)x(t), where tg is an initial instant of time. Its principal central moments
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of inertia are different and vary with time:
A2:A2(t)7 BQZBg(t), CQZCQ(t), A2 232202, AQ#CQ.

3. The second body retains its dynamic shape. Its principal moments of inertia
change at the same rate
A() _ Ba(t) _ Go(®) _ o
Aa(to)  Ba(to)  Calto) o
where m = m(t), x = x(¢) are given functions of time. This means that the original
shape of the second body remains the same, whereas its size and mass change with
time.
4. The axes of the Cartesian coordinate system fixed to the second body coincide
with its principal axes of inertia and their mutual orientation is preserved all the
time.
5. The mass and characteristic size of the bodies change at different specific rates
ma(t) |, me(t) () y 15(t)
ma(t) T oma(t)” () "5
Note that the dot over a symbol denotes the total derivative of the corresponding
function with respect to time.
6. The relative velocities of the particles leaving the bodies or settled at the bodies
are equal to zero [11]. Therefore, total reactive forces and their torques are equal
to zero. Besides, additional torques arising due to the fact that the bodies have a
variable structure are equal to zero:

Fﬂtot.react‘ - 07 M(add) =0.
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7. We use an expansion of the force function of the Newtonian interaction of the
bodies accurate up to the second zonal harmonics (see [1, 3]):

U~=U +Us.

2.2. Equations of motion in the absolute coordinate system. Tak-
ing into account assumptions 1-7, the equations of translational-rotational mo-
tion of the two bodies in the absolute coordinate system may be written in the
form [1,8,13]

.- oU oU . oU
2.1 _ U i _ou
(2.1) mi&1 96, mifj oy’ miCy e
22 Lapy =0, Lma)=0, L) =0, 4 =B -cC
. di 1p1) =Y, dt 191) = U, dt 171) = U, 1= D1 =0q,
. ouU oU " ou
2.3 _ U —il _ou
(2.3) ma&o 9, mafjo o’ maCa G
d _ singg [ OU oU oU
%(Azpz) — (By — C3)gara = S, [aTﬁz — cos 92@} + cos 90287927
d cos po [ OU ou ) ou
2 (Bags) — (Co— A _ Y 050, 2] — sin gy 2
g (B2a2) = (C2 = AzJraps = S [asz cos bz 8902} 2 50,
d oU
&(027’2) — (A2 — B2)p2ge = P

Here p1, q1,71 and po, g2, 72 are the projections of angular velocity of the bodies on
the axes of coordinate systems fixed to them, which are defined by the kinematic
Euler equations

p; = Tﬁz sin 0; sin ; + 0, cos Vi, ¢ = wl sin 6; cos p; — 6; sin Vi,
(2.4)

T‘i:’lZ)iCOSQi-i-QbZ‘7 i:1727
where 1;, ;, 0; are the corresponding Euler angles (Fig. 2).

Equations (2.1)—(2.4) completely characterise the translational-rotational mo-
tion of the two non-stationary bodies in the absolute coordinate system in the
considered formulation. The equations of rotational motion (2.2) of the spherical
body are easily integrated. However, the force function U depends on the distance
R between the centers of inertia of the bodies and the equations of translational
motion (2.1) should therefore be integrated together with the corresponding equa-
tions (2.3) describing translational motion of the second body. To find the distance
R as a function of time, it is expedient to use a relative coordinate system.

2.3. Equations of motion in the relative coordinate system. Let us
consider a relative coordinate system Ojizyz with the origin at the center of the
spherical body. Assume that the coordinate axes of the relative coordinate system
are parallel to the corresponding axes of the absolute coordinate system O&nc.

Denote the relative coordinates of the center of inertia of the triaxial body by

=& —&, y=n2-—m, z=~GC—C(.
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FIGURE 2. The Euler angles

Based on the equations of motion (2.1)—(2.4), we obtain the equations of translational-
rotational motion of the triaxial non-stationary body in the relative coordinate
system Oizyz in the form

(2.5) u(0F =50, w0i= 5 =5
AR — (B0 — Cw)ar = T2 20— cost 3 | +oos
20 HBON ()~ A= og [50 — cos 3] —sinp
GH(CON ~ (A0 - Bl =5
Here p(t) = mq(t)ma(t)/(ma(t) + ma(t)) is a reduced mass,
UxU + Uy, U= fm;%mQ, R? =22 4 4% + 22,
A+B+C -3

(27) U2 :fm1 2R3 5 A:AQ, B:BQ, C:CQ,

I = Ad? + BB? + Cy?,
f is the gravitational constant, I is the moment of inertia of the triaxial body
relative to the axis given by the vector R = 0,0, connecting the centers of mass

of the two bodies, «, 8, are cosines of the angles formed by vector R and the axes
of the coordinate system Osxay229 fixed to the triaxial body (see Fig. 1),

(2.8) p=1vsinfsing+0cosp, q=1vsinfcosp—Osing, r=1pcost+ ¢,
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© = a2, P = g, 6 = O3 are the corresponding Euler angles (see [1,4,6,19]). The
obtained equations (2.5)—(2.8) completely characterise the translational-rotational
motion of the non-stationary triaxial body in the gravitational field of the spherical
body in the relative coordinate system.

3. Equations of motion in the osculating analogues
of the elements of Jacobi

Since equations of motion (2.5)—(2.6) are not integrable, we use the perturba-
tion theory to investigate the dynamics of the system. This means that equations
(2.5)—(2.6) are reduced to two perturbed problems, each of which is integrable in
the case when there are no perturbations.

3.1. Integration of unperturbed translational-rotational motion by
the Hamilton-Jacobi method. Let us rewrite equations (2.5) in the form

oV ov
R3 Ox R? oy
(3.1)
..__fm1+m2 L +al
zZ= R z z 55
where )
mi1 + mo 1., d 1
=—— Uy —=b b= —_— ).
v mimeso U2 2 R ’ (ml + mZ)dtQ <m1 + mg)

Such a definition of the force function V' is expedient because it enables us
to define the unperturbed translational motion by setting V' = 0. Indeed, for
V' = 0 equations (3.1) are integrated by the Hamilton—Jacobi method (see [13]).
To demonstrate this, let us change to new variables p, d, A given by

T =vpcosdcos\, y=vrvpcosdsin\, 2z =rpsind,

where
t t
_ ma(to) +ma(to) _ u(b).
ma(t) + ma(t)
Defining the momenta that are canonically conjugate to the coordinates p, d, A as

aKtrans 8Ktrans aKtrans 1
P,= . ) P(SZ - ) Py = ] ) KtTanS:7i2+~2+2':27
9p a6 Yok Q@ FI+ 2
we write out the equations (3.1) in the canonical form (see [13])
) 8Htrans . aHtrans . aHtrans
P= "7 6= T ap. A= )
(3.2) 0P, 0Ps 0P,
. P _ 8Htrans P B 8Htrans P B aHtrans
= 4ap ) [ 85 ) A — a)\ )

where the Hamiltonian is given by

trans __ trans trans
H = H{oms 4 Hirons,

2

ans 1. .
o = el

p? P? mi + mo
P — uip)? 5 A } _ [
202 [( b —vip)+ p? * p2 cos? § ! vp
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(3.3) Hirons = —

Defining the momenta Py, P,, Py that are canonically conjugate to the coor-
dinates ¥, p, 0 as

aKrot
96

8Krot
oo

aKrot

Py, =
iy

) w — PO

1
, Krot _ 5(Ap2 +Bq2 +CT2),

D

we can also rewrite equations (2.6) in the canonical form (see [6,8,13,

¢ B aHrot . aHrot 9__ aHrot
- opy’ - op,’ - 0R
(3.4)
. 8H7"ot aHrot 6Hrot
Py=——— =—— =—
v oy ap a6
where
Hrot — Hgot + H{Ot,
et — L [L(P — P,cos0)* + Pﬂ + ]
0 " 24lsin9 Y ¥ (T
171 1\ [(Py— P,cosb)cosp — Ppsin psin f)? 1 .
rot _ — (- _ ¥ _ _ 2
(8:5) Hy” = Q(B A) sin2 0 (U2 2"VP )

Such a definition of the perturbing functions H{"*"* and H]°" enables us to in-
troduce two independent integrable problems describing unperturbed translational
and rotational motion by setting H{"*"* = 0 and H]°! = 0. Actually, the simplified
system

B aHérans , 6 _ 8H67"ans 7 )\ _ 8H8rans ,
oP, dP; dPy
(3.6)
P B 8H6rans B 8H8rans B aHérans
PT T e T T s T T o
= OHy ~ OHp* _ OH§
0Py’ - op,’ - 0R
(3.7)
. 8H7'0t aHrot . aHT'ot
P, =— 0 — 0 P, = — 0
v ap ¥ e 06
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is integrated by the Hamilton—Jacobi method (see [13]). Omitting the calculations,
we write out a general integral of the system in the form

P dp bt
/ > :/ ﬁ—"_ﬁla
po 20&14—%—% to

p

J ds P dp
a2 \/j2 — Q2 Y > B2,
0 Joi— b I p2ifaag + 205
(3.8) 5 ﬁ per
Ao [ — =B, My = f(mi(to) + malto),
0 cos?d\/ad — —i5
. 2M0 a2 042
Pp:m/p—i—\/Qal—i-p—pi, P(;:\/a%—ﬁ‘;’a, P, = as,
0 ¢
do dt
A/ = + 81, Ao =A(ty), Co=Cl(to),
 Jo @) Sy e TP Ao = Allo). Co=Clho)
Y 9{ 1 (aé—.oécose)}de:ﬁé,
(3.9) 0o Q(0) sin” 6
(p_/e{ 1 (Aoa,_(aé—aécos@)cosH)}dezﬁ,
00 Q) \Co * sin? @ 2
P, =af, P,=a, Py=+/Q(0),
where
Ay 15 (o — ahcosB)?
Q0) = 2400 — St — 32277
( ) 0041 C() 062 Sin2 0
The constants of integration
(310) g, Bk)a a;{;? Bllw k: 15273
in equations (3.8) and (3.9) are analogues of Jacobi elements in the corresponding
stationary problem (see [1,6,18]). Equations (3.8) describe the unperturbed aperi-

odic motion on a quasi-canonical section (see [13]) while equations (3.9) describe the
unperturbed rotational motion of the axisymmetrical non-stationary body about
its center of mass.

3.2. Equations of translation-rotational motion in osculating ana-
logues of the Jacobi elements. Simplified equations (3.6) and (3.7) describe the
unperturbed translational-rotational motion. In case of H{"" = (0 and H{°" # 0,
equations of translational-rotational motion (3.2) and (3.4) of the problem under
consideration reduce to the following differential equations in the osculating ana-
logues of Jacobi elements (3.10)

trans

aH{T'ans
B’

3.11 vy = — 3, = k=1,2,3
( ) ak /Bk aak b b b b
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rot Tot
oH] b = OH
7 kE — 7
BEA dal,

where H{™"$ and H{°! defined in (3.3) and (3.5), respectively, should be rewritten
in the new canonical variables (3.10).

(3.12) 'y =

k=1,2,3,

4. Equations of translational-rotational motion of the non-stationary
triaxial body in the osculating Delaunay—Andoyer elements

4.1. Equations of translational-rotational motion in osculating ana-
logues of the Delaunay—Andoyer elements. Equations (3.11) describe the
perturbed motion of the center of inertia of the triaxial body in osculating ana-
logues of the Jacobi elements. Accordingly, equations (3.12) describe the perturbed
rotational motion of this body about its center of inertia in analogues of Jacobi el-
ements, as well. Further, it is preferable (see [6,17,19]) to introduce the analogues
of the Delaunay—Andoyer elements

(4']‘) L7 G? H7 l7 g? h?
(4'2) L/7 Gl? HI7 l/7 g/7 h/7
according to the following relationships
M2
(4.3) o=y, =G, az=H,
LS
(44) 61 = Wl - q)1<t)a 52 =9, ﬂ?) = h7
0
~Ap on1/2
L = 0/2, G = <2a’1A0 + COTOOO(;) , H = 0/3,
/ G/ / ! !/
g = I[©2(t)+ﬂ1]a h :63a
0
Ao —C
I'= ﬁaz[%(t) + 81l + B3,

where

todt ¢ dt
at) = / 2 = / (D)

Equations (3.11) and (3.12) of motion in osculating elements (4.1) and (4.2)
have the form

OF o _OF . OF

L="- 9 _or
ol 99’ on’
(4.5)
jo_oF . _ 9F .  OF
oL 9T Taq T Toem
2
(4.6) F = 1My Hirons,

v22L2
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L/ _ 87]:" v/ — LF/ H/ — 87F,
(4.7) o’ ag'’ oh'’
l":—a—Fl g":_aiF/ o OF
oL"’ oG"’ OH"’
1/, 1 1G?  Ay—Cy o
(4.8) F = 5(777(2[14—0 n mL’2D ~ HTO

Note that the perturbing functions H{"%"¢ and H°* in (4.6) and (4.8) defined in
(3.3) and (3.5), respectively, should be rewritten in the osculating elements (4.1)
and (4.2).

4.2. Equations of unperturbed translational-rotational motion in os-
culating analogues of the Delaunay—Andoyer elements.

4.2.1. Unperturbed translational motion. By setting H!"%"$ = 0 in (4.6), we
obtain the unperturbed Hamiltonian as

1 Mg

v2(t) 212
Equations of unperturbed translational motion of the center of inertia of the triaxial
non-stationary body in analogues of Delaunay elements (4.1) have the form

aFuner . 7
Pt g=0, h=0,

F= Funpert =

[ =——ret
(4.9) _ oL

L=0, G=0, H=0.
Integrals of the system (4.9) can be written as follows
L=1Ly=-const, G=Gyg=const, H = Hy= const,
M2 [t dt
[l = L—g /to VT(t) +1lp, lo=const, g=gog=const, h = hg= const.

4.2.2. Unperturbed rotational motion. By setting H{gﬁm = 0in (4.8), we obtain

the Hamiltonian determining the unperturbed rotational motion as
- [G—/z 4 A0 =Co L’ﬂ
Ag AoCy '
Equations of unperturbed rotational motion in analogues of Andoyer variables (4.2)
have the form

- 2my2

L' =0, G' =0, H' =0,
(4.10) LAV S VR
“Tor T e M T
From equation (4.10) it follows
L' =Ly = const, G =G =const, H' = H) = const,
A() — C(] ¢ dt
=0T 2o [ = const
N . — + g, Ly = const,
G dt
g = —— +g, 9o =const, h'=h{ = const.

T Ag ) my?
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The geometric meaning of the analogues of Andoyer variables

Ll’ Gl? HI? ll? g/7 h/’

is shown in Fig. 3.

FIGURE 3. Andoyer variables

The following notations are accepted in Fig. 3:

1.

02 X5Y575 is the non-rotating Konig coordinate system whose axes are
parallel to the axes of the absolute coordinate system O&n(;

Osx91229 is the Cartesian coordinate system fixed to the triaxial body,
the axes of which are coincident with the principal axes of this body;

O N M is the plane normal to the angular momentum G , passing through
the origin (barycenter);

O M is the line of intersection of the planes O X5Y5 and O, M N

Os N is the line of intersection of the plane Osxoy2 and the plane O M N
normal to the angular momentum G ;

G’ is the angular momentum of the triaxial body;

L' is the component of the angular momentum vector G along the axis
O2z9;

H'’ is the component of the angular momentum vector G along the axis
O Z3;

. I’ is the angle between the line O3 N and the axis Osxa;
10.
11.

g’ is the angle between the lines Os M and Oy N;
h' is the angle between the axis O X5 and the line Oy M.
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5. Expansion of the perturbing function in terms of the
Delaney—Andoyer elements

In order to obtain the equations of perturbed motion in an explicit form, it
is necessary to rewrite the perturbing functions (4.6) and (4.8) in terms of the
Delaunay—Andoyer elements. Taking into account the relationship between differ-
ent systems of canonical variables (see [17,19]), we can write

[(Py — P, cosf) cosp — Pysin psin6]?

sin? 6

VG2 - [2 2
= (Bq)* = B? (GB cos Z) = (G"”* - L'*) cos®l',

]2

1(1 1)[(Pw—chosﬂ)cosgo—Pgsingosinﬁ

2\A B sin? 0
1/1 1
= —5 (Z — E) (GIQ — L/Q) COS2 l/.
Therefore, the perturbing function (3.5) takes the form
1,1 1 1
rot _ _ — (- _ — 2 g2 29 _ 2
(5.1) Hiot = 2(A B)(G L?)cos? ! {U2 SVR }

Note that the expression in curly brackets in (5.1) as well as expression (3.3) should
be written in terms of Delaunay—Andoyer elements (4.1) and (4.2). Observe that
the force function Uy defined in (2.7) depends on the cosines «, 3,7 of the angles
formed by vector R and axes of the coordinate system Osxays2s fixed to the triaxial
body. These cosines may be represented in the form

o= a11£ + 6l21g + a31£, B = a12£ + 61222 + a323,
(5.2) R R :cR y Rz R R
V=g + 423y + a33 5
where £, %, % are the direction cosines of the vector R with respect to the axes of

the non-rotating coordinate system Oz X5Y>Z5 which have the form (see [13])
x
— = cosucos ) — sinusin £ cos 7, % = cos u sin §2 4 sinu cos €2 cos 1,

a(l —e?)
1+ecosv’

(5.3)
Ezsinusini, R=vp, u=v+w, p=

Parameters a, e, i, 2, w in (5.3) correspond to the Kepler orbital elements known
from the classical two-body problem; they are analogues of the major semi-axis,
eccentricity, inclination, longitude of the ascending node, and the longitude of the
peri-center of the unperturbed quasi-elliptic orbit of the triaxial body (see [13]).
The variable v is a true anomaly determining position of this body on the quasi-
elliptic orbit.

Coefficients a;; in (5.2) are the direction cosines of the axes of the coordinate
system Oqxays 2o fixed to the triaxial body with respect to the non-rotating coordi-
nate systems O;X5Y575. In the analogues of the Andoyer variables, the direction
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cosines a;; are expressed as follows (see [17,19])
a1 = cos h’ cos g’ cosl’ — cosh’ cos J' sin g’ sinl’ — sin b’ cos I’ cos !’ sin ¢’
—sinh’ cos I’ cos g’ cos J'sinl’ +sinh' sin I’ sin’ sin J’,
(5.4) ag1 =sinh’cosg’ cosl’ —sinh’ cos J' sing'sinl’ + cosh' cos I’ cos ! sin ¢’
+cosh/ cos I’ cos g’ cos J' sinl’ — cos h' sin I’ sinl’ sin J’,

as; = sinI’'sin g’ cos!’ + sin I’ cos J' cos g’ sinl’ 4 cos I’ sinl’ sin J’,

@12 = — cos h' cos J' cosl’ sin g’ — cos h’ cos ¢’ sinl’
—sinh’ cos I’ cos g’ cosl’ cos J' +sinh' cos I’ sin ¢’ sin I’
+sinh'sin I’ cosl'sin J’,
(5.5) a2 = —sinh’ cos J' cosl’sing’ — sinh’ cos ¢’ sinl’
+cosh’ cos I’ cos g’ cosl’ cos J — cosh’ cos I’ sin g’ sinl’
—cos h’'sinI’ cosl’'sin J,
asz = sin I’ cos J' cosl’ cos g’ — sin I’ sin ¢ sinl’ + cos I’ cos !’ sin J',
a3 = cos h' sin J’ sin g’ + sin b’ sin I’ cos J' + sin h’ cos I’ cos g’ sin J’,
(56) a3

a3 = cos I’ cos J' —sin I’ cos g’ sinJ’,

sin b’ sin J' sin ¢ — cos h’ sin I’ cos J' — cos h' cos I’ cos ¢’ sin J’,

where
/ . 2 ’ . 12
o sinl’ =4/1— o7 cosJ = e sinJ =4/1— ek
Note that the direction cosines (5.6) do not depend on the angle I’. To simplify
further computation, it is convenient to rewrite expressions (5.4) and (5.5) in the
form

cosl' =

a11 = k11 cosl + kigsinl/,

a91 = ko1 cosl + kogsinl’,

k31 cosl + kaasinl’,

a3

a12 = K1gcosl — k11 sinl’,
(5.7) a2 = Kag cosl' — Koy sinl’,
a32 = K3z COS l/ — K31 sin l/,

where
/
li / . !l _: /
K11 = cosh'cosg —sinh’sing' —

G’
2 L2 H'L L'
F1z = sin h/\/(l B @) (1 B @) —sinfcos¢/ Gz W Smg/@’

!

. !/ /! ! 2 /
ko1 =sinh' cos g’ + cosh'sing o
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2 I,/2 Hr r

, H'2
K31 =sing (1 — ﬁ)’
L H’? H’ L2
K32 = COSY = (1_W>+5 <1_E)'

Using the obvious relation a2 + 32 +~2 = 1, we can rewrite expression (2.7) in
the form

(fmi(A+B+C)  3fmiAy 1
sz[ 2 2 Hﬁ}
A B 2 A C 2
[ A )+ P -] (G
Then we have
(5.8) —%bR2 YUy =— %b{R2} + [%fml(B +C- 2A)} {%}

3 B2 3 ~?
+[grma-nl{g}+ [grma-ol{z})
The expressions in curly brackets in equation (5.8) should be expressed through
the Delaunay—Andoyer variables. Denote

2(1 — ¢2)2
Wy = R2 = 2% — z(ﬂi)
! ve=v (14 ecosv)2/’

1 1 1 /(1+ecosv)?
W2 = —_—= — = —(7)’
(59) R® 0303 1A\ a3(1— e2)3
' - gz 1 21 (1+ecosv)3( T Y 2)2
== — = ——FFF | — a — a —
STRY T T 3 @31 —e2)3 VPR TR TR
2 2 3
5 1 v 1 (1+ecosv) x Yy z\2
W= == =S54+ ( =y = *)
TR 8 ad(1—e?) R + ‘2R * 3R

Note that equations (5.2)—(5.7) and (5.9) enable us to rewrite (5.8) and the
perturbing functions (4.6) and (5.1) in terms of the Delaunay—Andoyer variables
and to write out the right-hand sides of the equations of motion (4.5) and (4.7) in
the explicit form. However, the corresponding expressions are quite cumbersome
and we do not write them out here.

6. Evolution equations

In the absence of resonances, averaging the right-hand sides of equations (4.5)
and (4.7) by I and I’, we obtain the equations for secular perturbations of the
Delaunay—Andoyer elements

. . 9F . oF . oF OF oF
61) L=2"—0 =2 =2 =& -2 j__%
(6.1) : a9’ on’ oL 77 Taq OH’
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e . OF . 9F
L = — e H = —
6.2) T ag" o'’
OF' ., 9F . OF

-

a0 Y= "ae VT am

=

To find the secular parts of the perturbing functions F' and E’, we need to
calculate integrals of the form

27 27 2 3/2 27 27
(6.3) i/ / Fdldl = &/ / o
a2 Jo  Jo 472 o Jo (1+ecosv)?

Note that the integration over the angle [ in (6.3) can be conveniently replaced by

the integration over the true anomaly v.
Taking into account (3.8), (4.3), (4.4) and (5.3) and averaging expressions (5.9),

we obtain

Q

1 =12%a? (1 + §€2) VL (5 - ?)L%z)»

2° ) T 202
~ 1 Mg
Wp = —— = ek
v3a3(1 —e2)3/2  V3L3G3
= M 2 2y/,.2 2
Ws = 1ALACH (G* — H7)(Kk31 + K32)
+ G? ((/<;11 cos h + ko1 Sin h)2 + (K12 cos h + Koo sin h)2)
+ HQ((ml sin h — gy cos h)? + (k12 sin h — Koy cos h)2)
2
+2GH4/1— @ ((/*621/@31 + I<V22/’€32) cos h
_ (Hllﬁ'{il + K121€32) sin h)),
ad M 2 (2 2
Wi = mw(a%(G -5

H?2
el
+ H2 (a23 cosh — ais sin h)2 + G2 (a13 cos h + a3 sin h)2> .

+2GH\/1 (assass cos h — ajzazz sinh)

As a result we obtain the secular parts of the perturbing functions F and F’ in the

form

a2 Mg f(m1 +my) ~ ~ ~ ~ 1 =~

F=c3ps 9 (A=B)B3W5—Ws) + (A= C)BWs—Wa)) — SoW,
S L (G Ay Ll Ly e ey LS
= 2m§2(A0 + ApCy L )+4<A B>(G L) 25W1
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+fm1

(A= B)(3Ws— W) + (A — C)(3 Wy — W)).

On substituting the obtained expressions for F and F” in (6.1) and (6.2), we
obtain the equations for secular perturbations of the Delaunay—Andoyer elements.

Note that all relevant cumbersome symbolic calculations are performed here
with the computer algebra system Mathematica [20].

7. Conclusions

The equations for secular perturbations of the translational-rotational motion
of a triaxial satellite in osculating Delaunay—Andoyer elements are obtained and
can be used to analyse the dynamic evolution of the system of two non-stationary
bodies attracting each other according to Newton’s law of gravitation. Using the
unperturbed motion is effective in the study of dynamics of bodies, the ellipsoid of
inertia of which is close to the corresponding ellipsoids of rotation (spheroids).

Further development of this work involves the study of the obtained evolution
equations of translational-rotational motion of a triaxial body of constant dynamic
shape and variable size and mass using various numerical methods.

In cases where the ellipsoid of inertia of a triaxial body differs substantially
from the corresponding ellipsoid of rotation (spheroids), it is convenient to use
analogues of Poisson elements (action-angle variables) to describe the rotational
motion. Based on the above Delaunay—Andoyer variables, one can introduce the
Delaunay—Poisson variables.

References

1. G.N. Duboshin, Celestial Mechanics: Basic Problems and Methods, Foreign Technology Di-
vision, 1969.

2. G.N. Duboshin, Celestial Mechanics: Analytical and Qualitative Methods, Nauka, Moscow,
1978.

3. V. V. Beleckij, Motion of a Satellite about its Mass Center in the Gravitational Field, MGU
Press, Moscow, 1975.

4. V.V. Vidyakin, Postupatel’no-vrashchatel’noe dvizhenie dvuh tverdyh tel: Uchebnoe posobie,
DKPO Nord, Arhangel’sk, 1996.

5. V. A. Sarychev, Problems of Orientation of Satellites, Itogi Nauki Tekh., Ser. Space Res. 11
(1978), 1-223.

6. Yu. V. Barkin, V. G Demin, Postupatel’no-vrashchatel’noe dvizhenie nebesnyh tel, Itogi Nauki
Tekh., Ser. Astron. 20 (1982), 115-134.

7. S.G. Zhuravlev, Metod issledovaniya ostrorezonansnyh zadach nebesnoj mekhaniki i kosmod-
inamiki. T. 2. Postupatel’no-vrashchatel’noe dvizhenie, SOLTI, Arhangel’sk, 2002.

8. A.P. Markeev, Teoreticheskaya mekhanika, NIC Regulyarnaya i Chaoticheskaya Dinamika,
Moskva-Izhevsk, 2007.

9. M. Yu. Barkin, Priblizhennoe reshenie zadachi Liuvillya v peremennyh dejstvie-ugol dlya
zadachi Bulera—Puanso, Trudy MAI 72 (2014), 1-22.

10. T.B. Omarov, Non-Stationary Dynamical Problems in Astronomy, Nova Science Publ. Inc.,
New-York, 2002.

11. L. A. Balona, H. F. Henrichs, J. M. le Contel, Pulsation, rotation and mass loss in early type
stars, Springer Science+Business Media, Antibes-Juan-Les-Pins, 1994.

12. A.A. Bekov, T.B. Omarov, The theory of orbits in non-stationary stellar systems, Astron.
Astrophys. Trans. 22 (2003), 145-153.



13

14.
15.

16.

17.
18.

19.

20

EVOLUTION EQUATIONS OF TRANSLATIONAL-ROTATIONAL MOTION... 79

. M. Zh. Minglibayev, Dinamika gravitiruyushchih tel s peremennymi massami i razmerams.
Postupatel’noe i postupatel’no-vrashchatel’noe dvizhenie, Lambert Academic Publishing, Saar-
brucken, 2012.

A.M. Cherepashchuk, Tesnye dvojnye zvezdy, Fizmatlit, Moscow, 2013.

P. Eggleton, Evolutionary processes in binary and multiple stars, Cambridge University Press,
Cambridge, 2006.

L. G. Luk’yanov, Dynamical evolution of stellar orbits in close binary systems with conser-
vative mass transfer, Astron. Rep. 52(8) (2008), 680-693.

A.Yu. Arkhangelskiy, Analytical Dynamics of a Rigid Body, Nauka, Moscow, 1977.

Yu. V. Barkin, Periodic motions of an azisymmetric rigid body in the gravitational field of a
sphere, Sov. Astron. 21(3) (1977), 394-399.

A.V. Borisov, I.S. Mamaev, Rigid Body Dynamics, Higher Education Press and De Gruyter
Gmbh, Berlin/Boston, 2019.

. A.N. Prokopenya, Solving Physical Problems with Mathematica, BSTU Press, Brest, 2005.



80 MINGLIBAYEV, PROKOPENYA, AND BAISBAYEVA

JEJHAYVHE TPAHCJIAIIMOHAJIHO-POTAIITMOHOT
KPETAIBA HECTAIIMOHAPHOT TPOOCHOTI TEJIA
Y DEHTPAJIHOM I'PABUTAIIMOHOM I1OJBbY

PE3UME. cnuryje ce TpaHCIAIMOHO-POTAIIMOHO KPETAathe TPOOCHOT TeJIa KOH-
CTAHTHOI JUHAMWYKOL OOJIMKA, & IMPOMEHJ/bUBE BeJIMYMHE U Mace y HeCTallnoHap-
voMm FbyTHOBOM meHTpasiHOM rpaBuTanuoHOoM mosby. Jlobujene cy mudepennujali-
He jeIHAYnHEe KPeTarba TPOOCHOI Tejla ¥ PEJATHBHOM KOODIMHATHOM CHCTEMY Ca
[IOYETKOM Y CpeJuInTy HectaruoHapHor cdepHor tena. Oce JlekaproBor Koop/iu-
HaTHOI CHCTeMa IIPUYBpIINeHe Ha HECTAIMOHAPHO TPOOCHO TEJIO IO/Y/Iapajy ce C
EErOBUM TJIABHUM OCaMa WHEpIHje, W MPEeTIIOCTaB/ba Ce Jia e BUXOBA PeJIaTHB-
Ha OpHUjeHTaIja TOKOM €BOJIyIIje OCTaTh HempoMmemeHa. JlobujeH je aHAIUTHIKH
n3pa3 3a YHKIU]Y CUIE€ TPABUTAIIMOHE WHTEPAKIMj€ TPOOCHOT TeJa IIPOMEHJbU-
Be Mace U BeJMYNHE ca CPEPHUM TeJIOM IPOMEHJ/bUBE BeamduHe u Mmace. V3Benene
cy nudepeHnyjaine jeJHaunHE TPAHCIAIMOHO-POTAIMOHOI KPeTamha HeCTallnOHAD-
HOTI' TPOOCHOT TeJIa y OCKYJIaTOPHUM IIPOMeHJbHBaMa Jakobuja Koje cy ImpoydaBaHe
Merojama teopuje neprypbaruje. Oyuknuja mopemehiaja je pa3sBujeHa y pei 1o
Henone- ArjioajeoBuM ejleMeHATHMA 10 JIPYTOT XapMoHuKa. /Jobujene cy jemHaqnne
€BOJTYIIHje TPAHCJIAIMOHO-POTAIIMOHOT KPeTamha HECTAIMOHAPHOT TPOOCHOI TeJia Y
Jemnone- AHji0aj€0BUM OCKYJIATOPHUM €JIEMEHTUMA.
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