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LOCAL EXISTENCE AND BLOW-UP OF
SOLUTIONS FOR COUPLED VISCOELASTIC
WAVE EQUATIONS WITH DEGENERATE
DAMPING TERMS

Erhan Pigkin, Fatma Ekinci, and Khaled Zennir

ABSTRACT. In this paper, we investigate a nonlinear system of viscoelastic
equations with degenerate damping and source terms in a bounded domain.
Under appropriate assumptions on the parameters, degenerate damping terms
and the relaxation functions w;, (i = 1, 2), we prove local existence and unique-
ness of the solution by using the Faedo—Galerkin method with a new scenario.
Then, we prove the blow-up of weak solutions to problem (1.1). This improves
earlier results in the literature [6,23,25].

1. Introduction and preliminaries

In this article, we consider the following coupled system of hyperbolic equations
with degenerate damping terms and strong nonlinear sources
ug — Au + fg w1 (t — s)Au(s)ds
F(lul® + e~ e = fi(u,v),  (z,t) € 2% (0,7),
v — Av + fot wa(t — s)Av(s)ds
(1.1) +(J0]? + |u|) v oy = fo(u,v),  (x,t) € 2 x (0,T),
u(z,t) =v(zx,t) =0, (z,t) € 092 x (0,T),
u(z,0) = up(x), wp(x,0) =uy(x), x €8,
v(z,0) = vo(x), ve(x,0) =v1(x), x €,

where @ C R™ (n = 1,2,3) is a bounded domain with smooth boundary
0Q, and fi(.,.): R?> — R, w;(.): RY — R* (i = 1,2) are given functions to
be specified later.

Problems of this type of evolution equations with damping are numerous in the
context of material science and physics. For instance, in the context of fluid flows,
viscosity effects often arise as damping terms in evolution equations. The situation
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is, however, different when the damping term is degenerate, leading to the degen-
eracy of the monotonicity argument (problems of this type often arise in physics
when the friction is modulated by the strains). In addition, in classical mechanics,
when it comes to the physicalv problems of vibrating membranes, strings or shells
in elastic media, damping terms reflect the internal energy that is dissipated by the
motion (see [21]).

In recent years, numerous mathematicians have paid attention to the dynamic
systems of wave equations with degenerate damping terms, viscoelastic equations
and hyperbolic systems.

Problem (1.1) was studied by Wu [25], who obtained a general decay of solu-
tions. Also, there are many more works considering the case of k =1=60=90=10
for problem (1.1).

Without viscoelastic terms (zw; =0, i = 1,2), system (1.1) becomes the follow-
ing famous problem

(1 2) Ut — Au+ (|u|k + |v|l)|ut|p71ut = fl(uav)v

v — Av + ([v]? + |u|®)|v |7 vy = fa(u,v).
Rammaha and Sakuntasathien [23] investigated the well-posedness of solutions to
problem (1.2). Later, in [3,27], authors studied the same problem treated in [23],

and considered the exponential growth and blow-up properties.
Other hyperbolic equations with degenerate damping terms are investigated by
numerous authors, see [4,8,12,16-18, .
When k=1=6=p=0, system (1. 1) becomes the following problem
g e dut e - du(s)ds + fu = i),
v — Av + fo wo(t — 8)Av(s)ds + v |7 vy = fo(u,v).

There are many more works related to problem (1.3) in the literature. For studies
related to the existence, blow-up and decay of the solutions, we refer the interested

readers to [5,6,14,19,20,24]. Messaoudi and Tatar [13] studied uniform decay
for problem (1.3) without damping terms and in [11] Liu improved the results
previously obtained in [13] to weaker conditions on the relaxation functions and

for more general forms of nonlinearities.

As far as the present authors are concerned, the model in the current study
is both quite difficult and interesting and the analysis more subtle due to the
degenerate damping term and relaxation functions w;, (i = 1,2).

This paper consists of four sections, including the introduction and preliminar-
ies. In Section 1, firstly, we introduce our problem and give some related problems.
Next, we state the assumptions and definition of weak solution to problem (1.1),
and then we give theorems about the main results. In Sections 2 to 4 are devoted
to the proofs of the main results.

Now, we will present some assumptions, notations, and known results to state
the main results. We denote |u|s.o = |.|g=(q), |-lp = [u|Lr(0) and (u,v) = (u,v)12(q)-
Also, the following Sobolev embedding will be used often, and sometimes without
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mention
(1.4) H}(Q) < L1(Q), for1<qg<6, n=3,
) HY(Q) — L), for1<qg<oo, n=1,2.

We need the following assumptions to state and prove our results.
(A1) For nonlinearity in damping, we suppose that

(1) The exponents p,q > 0. In addition
{r >3 ifn=12
r=3 ifn=3.
(2) The parameters k,1,0,0 > 1, and, if n = 3, we require
max{k,l} <3(1—p) and max{f,e} <3(1-q).

(3) The initial conditions ug, v € Hg (), u1,v1 € L?(Q).
(4) There exist cg, ¢ such that

(1.5) co(Jul™ + [ol"™) < Fu,v) < er(ul™ + o™,
where uf) (u,v) + v fa(u,v) = (r + 1)F(u,v) for all (u,v) € R2.
We pick up the functions f;(u,v) and fo(u,v) as follows

(1.6) Fir(u,v) = (r 4+ Dfalu + o = (u +v) + blul = ulo] T,
' Fa(u,v) = (r + Dfalu + o~ (u +v) + blo] = vful =],

where a,b > 0 are constants and
F(u,v) = alu+ v + Qb|uv|%l.

(A2) The relaxation functions w; (i = 1,2) are of class C' and satisfy, for
s =0,

(1.7) w;i(s) 20, wi(s) <0, / w;(s)ds < 1.
0
(A3) Assume that w;(s) satisfy

oo (oo} r _1 )
(1.8) max{/o wl(s)ds,/o wQ(s)ds} < e 1,2.

Throughout this article, we use the following notations
o0
0<pi=1 —/ wi(r)dr <1, (i=1,2),
0

(1.9) (s 00) (1) = / it — T)0(t) — I(r)Bdr, (i =1,2),

p = min{p1, p2}.
Firstly, we present the definition of a weak solution to problem (1.1).

DEFINITION 1.1. Under the stated assumptions, a pair of functions (u,v) is
said to be a weak solution to (1.1) on the interval [0, T if
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(1) w0 € Cul(0,7], Hi(9),

(2) U, UVt EC ( ,T,LZ(Q) R

(3) (u(0),v(0)) = (u°,v°) € Hg(Q) x Hy(),
(4) (u:(0),v:(0)) = (u',0") € L*(Q) x L*(Q),
(5) (u,v) satisfies

<U/(t)790> - < ) P + fo Vu V(p>d8
f (fymi(s—7 Vu( Ydr, V)ds
+ o ( |U|k+|v| ! (s)[P~ ! (s), )ds
= Jy(fa(u(s). v(s)), >ds
(1.10) W(#), ) — (vl 19 +f0 (Vo(s), VO)ds
fo (Jy @wa2(s — 7)Vu(7)dr, Vi)ds
+ [y ((0” + [ul2)[v! ()| 70/ (5), D) ds
= Jo (Fa(u(s), v(s)), D)ds,
for all test functions o, € H () and for almost all t € [0, 7T].

The next theorem deals with the existence and uniqueness of a local weak
solution to (1.1) in the sense of Definition 1.1.

THEOREM 1.1 (Local Weak Solution). Assume (Al)-(A3) hold. Then, there
exists a unique local weak solution (u,v) to (1.1) defined on [0, To] for some Ty > 0.
In addition, the said solution satisfies the energy identity

(1.11) E(t)+ %/0 [wl(s)|Vu(s)|2 + wQ(s)\VU(s)F]ds
. / (@} o Vu)(s) + (@} o Vo) (s))ds
/ / (u(s)* + lo(s) ) ()P e s
4 / (0()|? + Ju(s)[2)o"(3)]+ dee ds = E(0),
0 Q

where

(112) () = 5wl +luf?)

1 ¢ 2 ! 2
+2[(1—/0 o1 (5)ds) | Vu(d)| +(1—/0 wa(5)ds) Vo (b)|
+%[(wloVu)(t)—k(onVv)(t)] _ / Flut), v(t))da.

Q

The following result is about a finite time blow-up property of the weak solu-
tions to (1.1).

THEOREM 1.2 (Blow-up of Solutions). Assume that (A1)—(A3) and further that
r>max{k+p,l+p,0+qo+q}
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and E(0) < 0, where E(0) is the initial energy given by
1
BO) = 5!+ [0+ [V 4 [T = [ P, o)
Q
Then, the weak solution (u,v) in Theorem 1.1 blows up in finite time.

We state the elementary inequalities which will be used throughout this paper
as follows

(1.13) (lzlP~2 = [y[P~'y) (@ — y) = Cle —ylP*,
with some constant C' > 0, all p > 0, and all z,y € R, In addition,
(1.14) el = lyl'] < Cla —yl(jzl =" + [y,

with some constant C' > 0, all [ > 1, and all z,y € R. Also,

(1.15) ||z — [y|™y| < Clz —y[(lz|™ + |y[™),

where some constant C' > 0, all m > 0, and all z,y € R. We obtain the following
useful inequalities by using (1.14), (1.15), f1, f2 and F

(1.16) | fu(w, 0)— f1(@, )| < Collu — |+ [ — B) (jul” -+ o]~ o+ fal ™+ 317
+ O [Jo = 8l T (ol T+ J5]7)

= alle) F (jul 7+ Jal )],

(117) |fa(w, 0) — fa(@, )| < Collu — @l + o = B)(jul =+ o]+ fal ™+ |27

+ O [Ju— o] T (ful T+ i)

+ o = aljal F (o] 7 +1217) ],

(118)  |F(u,v) = F(a,0)| < Co(ju —a| + v —0[)([ul" + [v]" + |a|" + [0]")

r—1

+ Cu(u = alfol + [allo = B) (jul = [o] = +lal = [o] =),

where Vu, v, 4,0 € R, and Cy and C; are positive constants.

2. Local solution and uniqueness
In this section, we prove Theorem 1.1, following the next steps.

Step 1: Approximate solution. We use the standard Galerkin approxima-
tion to prove our result. Let A = —A with zero Dirichlet boundary condition and
its domain D(A) = H?(Q)N HL(Q). It is well known that A is positive, self-adjoint
and it is also the inverse of a compact operator. Besides, A has an infinite sequence
of positive eigenvalues {A; : j = 1,2,...} and a corresponding sequence of eigen-
functions {e; : j = 1,2,...} that forms an orthonormal basis for L?(2). Also, the
sequence {e; : j =1,2,...} is an orthogonal basis for HJ ().

Let Vy = the linear span of {ey} and Py be the orthogonal projection of
L?(Q2) onto Viy. In order to establish the existence of a local weak solution to the
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system (1.1) we will use a standard Galerkin approximation scheme based on the
eigenfunctions {e;}72, of the operator A = —A. More precisely, let

N
un(t) = un;(t)e;
=1
and
N
un(t) = Z o, (t)e;

be the approximate solutions to (1.1) in Vi, then, un(t), vy (t) satisty the following
system of ODEs

(W (t),e5) + (Vun (1), Ves) — (f5 @1t — 5)Vun(s)ds, Ve;)
F((lun (®)F + Jon (01 [ufy ()P~ uly (t), €5)
= (filun(t),vn(t)), e;),
(2.1) (W (1), e) + (Vun(t), Ves) — (f5 wa(t — 5)Von(s)ds, Ve;)
+((lon ()17 + lun (0)]2) v ()7 Mol (1), €5)
= (falun(t),vn (1)), €5),

un(0) = Pyu®,  wn(0) = Pyo?,  uly(0) = Pyul, o)\ (0) = Pyot,

for j =1,2,...,N. More particularly, (2.1)3 is equal to
(2.2) un;(0) =), on;(0) =07, uy;(0)=uj, vy;(0)=ur]

for

and

forj=1,2,...,N.

It is clear that (2.1) is an initial value problem for a second order 2N x 2N
system of ODEs with continuous nonlinearities in the unknown functions uy ;, v, ;
and their derivatives. Thus, it follows from the Picard’s iteration method that the
system (2.1) has a solution uy ;, vy ; € C%[0,Tn] for some T > 0.

Now, we shall get the priori estimate to show that Ty can be replaced by some
T>0,forall N >1.

LEMMA 2.1. Let T > 0 be a constant such that the sequences of approzimate
solutions {un} and {vn} satisfy the following
(1) {un}, {vn} are uniformly bounded sequences in L>(0,T; H}(£2)).
(2) {uy}, {vy} are uniformly bounded sequences in L>=(0,T; L?*()).
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(3) The sequences

and

{ / /Q<'“N<S>l’“ + lo () ety (s) [+ da ds}
{/ L (o) + (912 (9] da ds}

are uniformly bounded in L*°(0,T).

spect to j from 1 to N, we get

2 dt(|uN( )12+ (1= [y @1(s)ds)[Vun (£)2 + (@1 0 Vun) (1))

+ywi(t )IVuN( ) = (@ o Vun)(t)
+fg<|uN(t)l’“ + on (8)|)uy ()P dz
= Jo filun(t), vy (t)u)y (t)dz,

3o (v P + 1—f0 @2(s)ds)|Von (1) + (w2 © Von) (1))

+%w2( )|VUN( )|2 - *(WQQVUN)( )
+ Jo(Jon (1% + |un (8)])]ol ()7 da
= [q fa(un(t), on (1)) vy (t)d.

Summing and integrating (2.3) from 0 to ¢ < T, we obtain

e 3 lorior+ (1= [ w6 v

+ (1= [ matoris)wewor]

+ %[(wl o Vun)(t) + (w2 o Von)(t)]
+ %/0 [@1(3)[Vun ()] + @2(s) | Von (s)*]ds
- 1/ [(w] o Vun)(s) + (w5 © Von)(s)]ds

//WN )+ Jow ()] uly ()P de ds

/ [ on ) + fuw (5) 1)) s

[l N (O + [y (0)[* + [Vun (0)* + [ Vo (0)°]

4 / / [ (s), on () (5) + Foltun (5), v ()l (3))dar ds

129

1)1 by viy ;(t), and summing with re-
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<Cot / /Q [ aun (), oy ()t (5) + Faluun (s), o () ()] ds,

where positive constant Co = C(|u°|1,q, [v°1.0,|ut]o.q, |vt]o.a) and we have used
n (2.4) the fact that

un(0) = u®, wn(0) = o° strongly in H} ()
(2.5) un(0) = ut, Vi (0) = v strongly in L*(9).

To estimate the last term in (2.4) applying (1.6) and using Holder and Young’s
inequalities and Sobolev embedding in (1.4), we have

(2.6) /Qfl(uN,uN)uGde

<C [ (uw -+ owPluty] + foxl # ux| 7 uy]) o
Q
r—1 1
< Ol g+ o 5, ]+ [un 5 lon] i i
< O luw B + lowl3r + lun 502y lon 5L + uivl?]
< C[|[Vun | +|Von >+ |Vun |7 Vo |+ |u'y 2],

where we have used the fact that when n = 3 then 2r =3(r — 1) = S(TTH) = 6.
In the same way, we obtain

(2.7) ‘/Qfg(uN,vN)vﬁvdz

< C[|VuN|2T+|VUN|2T+|VUN|T71|VUN|T+1—|-|’U§V‘2].

Let yn(t) == |u(0)]? + [vy(#)]? + [Vun(t)? + |Vun(#)|?. Then, we infer from
(2.4)—(2.7), using assumption (1.9), that

(2.8)  yn(t) + (@ioVun)(t) + (w2 © Vun)(1)
" % /Ot[wl(s)|VUN(5)|2 + @3 (s)|Von (s)]?]ds
— %/0 [(wo] © Vun)(s) + (wh o Voy)(s)]ds
* %/0 /Q(|“N(5)|k + o (8)[") [y () [P da ds
’ %/0 /Q<|UN<8>I" + [un ()| vy ()| da ds
< Co+ C/o yn(s)"ds,

where Cy = C(Jul]1 ., [v°|1.0, [ut]o.q,|vt|0.q) > 0. Particularly, yy(¢) satisfies the
inequality

(2.9) yn(t) < Co+ C'/O yn(s)"ds.
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Therefore, using a standard comparison Theorem (see, for instance, [10]), (2.9)
yields yn(t) < z(t), where 2(t) = [C;7" — C(r — 1)t]_ﬁ is the solution to the
Volterra integral equation

(2.10) z(t) = Co + C/o z(s)"ds.

Although z(¢) blows up in finite time (since r > 3), nonetheless, there exists a time
0 < T < Ty such that

yn(t) < z(t) < Cp forall t € (0,77,

where C is a positive constant independent of N. Therefore, for all N > 1, we
obtain

yn(t) < Cp forall ¢t € 0,7,
which established the first two parts of Lemma 2.1. The last part immediately
follows from (2.8). O

REMARK 2.1. The proof of Lemma 2.1 is not based on the assumption that
the exponents of velocities satisfy 0 < p,q < 1. Thus, the statements in Lemma
2.1 are true for all values p,q > 0. Now we easily conclude from Lemma 2.1 that
there exist subsequences of (uy,vy) still denoted by (un,vy) such that

(2.11) {uN —u, vy v weakly * in L>(0,T, H}(Q2)),

uy —u', vy — v weakly * in L°°(0,T, L3())
as N — oo for some u,v € L*>(0,T, H}(Q)).

Furthermore, we can get more information about the convergence of the ap-
proximate solutions. Indeed, we have the following strong convergence result.

LEMMA 2.2. The sequences of approximate solutions uy and vy satisfy the
following

(2.12) {{uN}7 {vn} are Cauchy sequences in L>(0,T, Hi(Q)),

{uy}, {vy} are Cauchy sequences in L>(0,T, L?(£2)).

PROOF. We take two families of approximate solutions (uy,vy) and (ur,vr).
Without loss of generality, we get N > L. Set

N
unr(t) = un(t) —ur(t) = Z(UNJ (t) —ur,;(t))e;
and
N
onp(t) = on(t) —vr(t) = Z(UN,j(t) —vr,j(t))ej,
with
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Then, uyy and vy verify
(Whp,e5) + (Vunr, Veg) — (f5 @it — s)Vunr(s)ds, Ve;)
H((fun* + fon [ uy [P~y = (upl® + ey [P~ g, eg)
= (filun,vn) — fi(ur,vr), e;),
(Vi e) + (Vonp, Vej) — (fot wa(t — s)Vunr(s)ds, Ve;)
H(on | + lun|2) i |7 oy = (Jo]® + ur]®) L9~ o, e5)
= (fao(un,vn) = fo(ur,vL), €5),
unr(0) = Pyu® — Pru®,  wyp(0) = Pyov® — Pra®,
uwy (0) = Pyul — Prut, vy, (0) = Pyv! — Prot,
forj=1,2,...,N.
Overl\;hggfﬁ}; (t20. J%f)’ltz)ydsévﬁég) —uf ;(t) and (2.13); by vy ;(t) — v} ;(t) and sum
SO + (1= [§ @1(s)ds)|Vunr (1)
+(w@1 0 Vunp)(t)) + 31 (8)|Vunp (£)* — 3 (@] © Vunr)(t)
H(un]* + Jon [Py = (ur]® + for|)ug P~y wiy )
= (fi(un(t),on (1) = fr(ur(t),vL(t)), ui ()
TN O + (1= [y @a(s)ds)[Vonp()]?)
+(wz 0 Vo) (t) + 3w2(8)|Vonr ()2 — 2 (wh o Vonr)(t)
H(low]” + fun 9oy [T oy = (Joz|” + [ug |2)[og |97 07, vivy)
= (fo(un(t),vn (1) = folur(t),vL(t)), viv(1))-
We can use (1.16)—(1.17) to estimate the last terms in (2.14) as follows:

(2.15) [(frlun(t),vn (1) = fi(ur(t),ve(t), unp ()] < Gi + G2 + G,

where

(2.13)

(2.14)

G1=Co / (luve| + [onve D (un]™™" + Jon ™" 4 Jup"™" + Jor ") ufy | de,
Q

r—

1 r—1
T o] ) Julylde,

ngcl/ ozl fun] 7 (joy
Q

r41 -3 -3
Gy = Cy / unzllon) F (jun| T + fun] 2 uly  |d.
Q

All terms in G are estimated in a similar way, by applying Holder’ inequality,
Sobolev embedding Theorem, Young’s inequality and the boundedness statement in
Lemma 2.1. Particularly, for a typical term in G1, we get

(2.16) /Q(IUNLl +lone])un "y lde < (Junrlo + lovzlo)lunl5pt ) 2

C(IVunr| + [Von o)) Vun|" " uly |

<
< C(Vune| + [Vone]luyel,

where 3(r — 1) = 6 when n = 3.
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Therefore, we get
(2.17) G1 < O(|V(uny —ur))? + |V(ony —vp)]? + Wy l?).

Similarly, we estimate terms in G5 as follows

r=1 r=1
@18 [ fowallun| 5 o | fuivelde < fow ol |5 fox |57 e

<
< C|Vonp|luyy|-

Now, by using
(2.19) Gy < C(IVoni* + [uy )

and noting that » = 3 as n = 3, a typical term in G5 is estimated as follows.

r41 r—3 r+l
(2.20) QIuNLllvzv\ > ool 2 |uplde <funilelvr| st [un [ <CIVun LWy |-
2

Likewise, if n = 1,2 the last estimate in G3 can be easily obtained. We have
(2.21) Gs < C(|Vunr]? + [uyp]?).
By (2.15), we obtain

(2.22)  [(filun(t),on (1) = filur(t), vr(t)), unp ()]
C(IVunz]?* + [Vonrl? + uly ).
Likewise, by recalling (1.17), we obtain

(2.23)  [(fa(un(t),on (1) = fa(ur(t), vr(t)), v (1)
< C(IVune? + [Vone [ + vl ).
Then, combining (2.14) and (2.22)—(2.23) it follows that

%UTUUNL( )|2 (1= fy @1(s)ds)|Vun ()2 + (w1 0 Vuni)(1))
+3 fo w1 (s \VuNL( )|2ds — §(w1 oVunyg)(t)
+fn [(lun* + oDy [P~y = (Jun]® + Jor )l [P~ 1l Jufy p da
< O(Vune [ +[Vone [ + \UNL| )
%%UUNL( )|2 (1= Jo @a2(s)ds)|Von L (£)? + (2 0 Vo) (t)
+5 fo w2 (8)|Vunr (s)|?ds — 7(w2<>VvNL)(t)
+fg [(lon]? + lun )|y |1 oy = (lorl® + fug |2)|o] |97 o Jofy p da
C(IVunr]* + [Vonr|* + \UNL| )-
Then, adding the term

/Q(IUL(t)\’“r o (8)]) [uly (O~ uly (Duly 1 () deo

to both sides of (2.24);, we have

(2.24)
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(2.25) %% [u?VL(t)F + <1 - /0 wl(s)ds> |VuNL(t)|2 + (w1 0 Vunr)(t)
+ % /O w1 (8)[Vuws ()| 2ds — %(wi o Vuns)(t)
+/Q(|UL(t)|k + Jop (8) ") (Juy (8) [P~ Ml (8) — [y (8) [P~ il (8) )l () d
< O(IVunp? + |[Vono|* + [uiy *) + Ha(t),
where

(2.26) Hz(t)=—A[IUN(t)|k—|UL(t)Ik+|vN(t)ll—le(t)ll]\uk(t)\p_IU’N(t)UGVL(t)dw'
Let
(2.27) Hi(?) :/Q('ulz(t)|k+|vL(t)|l)(‘u3\f(w‘p_lulN(t)_‘U/L(t”p_lu/L(t))uGVL(t)dx'

Now, by using the monotonicity inequality (1.13), we obtain

(2.28) Hy(t) > C/Q(|UL(t>|k + lr (O] lu ()P da

Further, we have
(2.29) |Ha(1)| </Q[IIUN(t)I’“—IUL(t)IkIJrIIvN(t)Il—IvL(t)llI]Iuw(t)\pIU’NL(t)ldm-

We estimate now, both terms in (2.29) in a similar way. To this end, we pick
0= ﬁ, and we note that {%, 6, %75} are Holder conjugate indices. Also,
our assumption that k¥ < 3(1—p) when n = 3 and the fact that 0 < p < 1 imply that
1 < 6 < 2. Thus, by applying (1.14), Holder’s inequality, the Sobolev embedding

Theorem and Lemma 2.1, we obtain
(2.30) /Q||UN(t)|k = Jur (0)[*July (8)? [l (t) | d

< C/Q Jun (t) = ur () (lun (01 + Jur (6)]* ) |uy ()7 [uly , (1) dz

< Cllun(®)s™" + lur @)™ unr ()]sluy (6B luly ()]s
< CVunp()][uy ()]
The second term in (2.29) is estimated in a similar way. By choosing § = ﬁw,

we have

(2.31) /Q||11N(t)|l = lr (O [uly (O)Pluy ()] dz < CIVon L (®)|luly,(2)]-
Thus, combining (2.29)—(2.31), we get
(2.32) [Ha(t)| < Crl[Vunz () + [Vonz (6 + Juiy (5)]-

It follows from (2.25), (2.28) and (2.32) that
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(2.33) %% (|u'NL(t)|2 + (1 — /0 wl(s)d5> |VuNL(t)|2 + (g © VuNL)(t)>
+ % /O w1 (8)[Vuws ()| 2ds — %(wi o Vuns)(t)

+C/Q(|UL(t)|k + oL (6| [uly ()P da
< Co(|Vunil? + [Vonr [ + [up® + v cl?).

Likewise, for (2.24)2, we apply the same steps as above and get
1d ’ 2 ! 2
(2.34) % [N O+ 1= | wa(s)ds |[VonL(t)]® + (w2 © Vonr)(t)
0
1 ! 2 1 /
+§ wa(8)|Vonr(s)] dS*i(WZOVUNL)(t)
0

JFC/(|UL(75)\‘9 + [u(®)]) v, ()| da
Q
< Cs(|Vunr* + [Von|* + [ty |* + [vi )
Set
Yni(t) = [Vunr(t)]? + [Vonr (6 + [uly ()7 + vy (8)].

Then from (2.33)—(2.34) we obtain
(2.35) YNL<t) + <W1 O VUNL)(t) + (ZUQ <& V’UNL)(t)

1 t

+ ;/ [1(8)|Vunr(s)]? + w2(s)|[Vunr(s)|*]ds
0

- l/ (o] © Vunr)(s) + (wh o Vunr)(s)]ds

P Jo
+C/O /Q(|UL(t)‘k—|— |UL(t)|l)|U§VL(t)|p+1dxds
+C/0 /Q(|UL(t)|9+|“L(t)|g)|v§VL(t)\q“dxds

1 t
< ;YNL(O) + C/ Yni(s)ds,
0

where Yy, (0) := [Vunr,(0)|* + Vo (0)]2 + [y (0)> + [0y 1 (0)]%
Then, it follows from Gronwall’s inequality that

1
(2.36) Yar(t) < =Yy (0)eT -0 as L, N — oo,
P

for all ¢ € [0,7]. Then we can obtain (2.12) by (2.35) and (2.36). By strong
convergence in (2.5), namely Yxz(0) — 0 as L, N — oo. Therefore, Ynr.(t) — 0 as
L, N — oo and the proof of the Lemma is complete. O
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REMARK 2.2. Assume that (uy,vy) and (ur,vr) are two couples of approxi-
mate solutions as presented in the proof of Lemma 2.2. Then, it follows from (2.35)
that

lim | (Juz (&) + oz (8)]) ()P dz = 0
N,L—oc0 Q

lim | (jop ()| + |ur (t)]9) [y, (1) da = 0.
N,L—oc0 0

Furthermore, there exists a pair of functions (u,v) such that

(2.37) uy —u and vy — v strongly in L*°(0,7T : H} (%)),
. uy =o' and vl — v’ strongly in L°°(0,T : L3()).

As a consequence of Lemma 2.2, we have two corollaries. The first one addresses
the source term and the second addresses the damping terms.

COROLLARY 2.1. The sequences of approximate solutions {un} and {vy} sat-
isfy as N — oo

(2.38) fi(un,vn) — fi(u,v), folun,vn) — fao(u,v) strongly in L>(0, T, L*(12)).

PROOF. The proof is similar to that of [1]. We give it for the convenience of
the reader. By using (1.16), we get
(2.39) [fi(un (), o (t) = fiu(t), v(t)]* < Ki + K2 + K3 + Ku,
where

K = co/ uy — u?(Juy T + fon PO+ [P 4 o) da
Q

Ky = CO/ ‘UN _ v|2(|uN|2(T—1) + |UN|2(’I‘—1) + |u|2(r—1) + |U‘2(T»_1)>d‘r
Q

Ka=Cu [ Jow = ol fuy o1+ o )d
Q

Ki=C / lun = uf? o™ (Jun |2 + |u|"~?)dz.
Q

Now, a typical term in K7 and K5 is estimated by using Holder’s inequality, Sobolev
Embedding theorem and the bounds furnished by Lemma 2.1 and we get

240 [ = PPV < Jux w37
Q
<OV (uy = u)PP[Vuy 2V
< CIV(uny —u)f?,
where if n = 3, then 3(r — 1) = 6. Thus, for all ¢ € [0,T], we have
(2.41) Ky + Ky < C(IV(un () = ()] + [V (on () = o(t)?).

Likewise, a typical term in K3 is as follows,

(2.42) /Q o = v lun | Hon [ e < o = ofglun sl ooty
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< OV (un(t) — v(t)|2

In addition, a typical term in K, is estimated in a similar way and we obtain

(2.43) Ks + Ky < C(IV (un () = u(®)|* + [V (on () — v(1))]*).
Thus, the strong convergence furnished by Lemma 2.2 combined with (2.39), (2.41)
and (2.43) proves the first convergence in (2.38). O

COROLLARY 2.2. There exist subsequences of approzimate solutions, which we
still denote by {un} and {vn}, which satisfy the following:

lun | ¥y [Pty — |ulF[/ [P~ weakly in L (Wr)

(Wr)

(Wr)

lun |8 ]9l — [v]@]v’ |97 weakly in L*(Wr),

where Wr = Q x (0,T).

(2.44) lon ' [uy [P~y — [ol [/ P71 weakly in L2
lon |?loy |7 oy — vl [97 0 weakly in L?

PROOF. By the strong convergence in Lemma 2.2 there exist subsequences of
the approximate solutions, which we still denote by {ux} and {vy}, and which
satisfy

(2.45) {uN —u and vy — v a.e. in Wy,

! !/ /! / s
uy —u  and vy — v a.e in Wr.

Particularly, we have

(2.46) lun | |uly [Py — |ul®/ [P~ ace. in Wi,
By combining (2.46) with the fact that
(2.47) [lun P | < Jun B2 [uly | < [Vun[Fluy P < Or,

for all N > 1, the first convergence in (2.44) follows from a standard result in the
analysis. The other statements in (2.44) are proven similarly. O

Step 2: Limiting process. We need to show several things for completing
the proof of the existence statement in Theorem 1.1. Firstly, integrating (2.1) over
(0,t), we obtain

(Ul (1), e5) — (uly (0), e5) + [y (Vun(s), Ve;)ds
_ fot<f03 wi(s — 7)Vuy(7)dr, Ve;)ds
+ Jo (un ™ + Jow D uiy [P~ uly, e5)ds
(2.48) = fg<f1<uN<s>,vN<ts>>,ej>ds,
(W (t) e5) — (Wi (0),¢5) + [y (Vow(s), Ve;)ds
— fg(fos wa(s — 7)Vun(7)dr, Ve,)ds
+ o {un]? + Jun|2) oy |7 o)y e;)ds

= Jo (fo(un(s),on(s)), ¢;)ds,

for all t € [0,T.
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By using the strong convergence in Lemma 2.2, Corollary 2.1 and (2.5) and
the weak convergence in Corollary 2.2, we can pass to the limit in (2.48). Actu-
ally, there exists a couple of functions (u,v) with u,v € L>(0,T; H}(Q)), u¢,vi €
L>(0,T; L?(2)) and (u,v), which satisfies all the requirements of Definition 1.1.
Therefore, the local existence of weak solutions has been established.

Moreover, we can obtain the following result concerning the second order
derivatives.

LEMMA 2.3. Let u,v € L>®(0,T; HE(Q)), u, v, € L*°(0,T; L*(Q)) and (u,v)
satisfy (1.10). Then,
t t
Au, Av,u”,v”,/ w1 (t — S)Vu(s)ds,/ wy(t — s)Vu(s)ds € L>(0,T; Hy ' (Q)),
0 0

where Hy ' (Q) is dual space of H} ().

PROOF. The proof can be easily established by combining [6, Lemma 3.3] and
[23, Lemma 2.7], thus we omit it. O

Step 3: Proof of energy identity in Theorem 1.1. We prove that the weak
solution to (1.1) satisfies (1.11). We have shown that the approximate solutions
(un,vy) satisfy

;[|u3\,(t)|2+|v}\,(t)|2+<1/0 wl(s)ds)|VuN(t)|2+<1/0 wg(s)ds>|VvN(t)|2}
+ %[(wl o Vupn)(t) + (wa o Vo) (t)] + % / [wl(s)\VuN(s)F + w2(s)|VvN(5)|2]dS
0

-3 | 1o Tun)s) + (@ o Vo) @lds+ [ [ (ul+ ol ds

t v]? + [u|®)|v | dz ds
+/0/Q<|\+\|>|| dzd
= STy OF + oy O + [Tun (0) +[Von (0)7]
+ / / o (), o () (3) + fa(uun (5), vy (3))oly (s d.
It follows from (1.6) that
(2.49) / /Q [ (), o () (5) + Foluun (5), v ()0l (8))dee ds
trod
:/0 /Q£F(uN(s),vN(s))dxds
:/F(u(t),v(t))dx—/F(uo,vo)dx.
Q Q

Define
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1 2 2 ‘ 2
B () = 5 [l + o OF + (1= [ @a(s)ds ) I 0)

N (1 _ /0 t wg(s)ds)lvvzv(t)lﬂ
1

+ 5[(w1 o Vun)(t) + (wa o Vun)(t)] — / F(u(t),v(t))dz,
Q

and then we have

(2.50) En(t) + %/0 [1(5)|Vun (8)|* 4+ w2(s)|[Von (s)|*]ds

_1 / [(] © Vun)(s) + (wwh o Vuy)(s)]ds

2 0
t
b [ e as
0 JQ
t
b [ [l el ds = B o)
0 JQ

We need to pass to the limit in (2.50), to the convergence of the nonlinear term

(2.51) /QF(uN(t)wN(t))dac—>/QF(u(t),v(t))dx as N — oo.

By using (1.18), we get

(2.52)

/Q(F(UN(t% un (1)) = F(u(t),v(t)))dz

<Co / (lusy — ] + fon — v) (| + Jo |+ [ul” + o] )dz
Q

r—

1 r—1 r—1
> +ul 7 o7 )da

r—1
+C4 / (lunllon —v| + [olluny —ul)(Jlun| = |on|
Q
=1+ I

In order to estimate I, I2, we use Holder’s inequality, Sobolev embedding Theorem
and Lemma 2.1. I; can be estimated as

[ ux — ulluylde < uy ~ ulluls,
Q

< luny — ul|Vun]|”
< Cluy — ul.
Thus,
(2.53) I < C(luy —u|+ Cloy —v|) forallte[0,T].

Similarly, I can be estimated as

r—1 r—1 r—1 r—1
/Q|UN||UN —vllun | fon| 7 de < funlelon — vlfunlsf g lonlsdoyy
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< C|Vun|loy —v||Vun| 7 Vo |7
< Cloy — v

Therefore, we get

(2.54) I, < C(luy — u| + Clony — ).

It follows from (2.52)—(2.54) that

(2.55) ‘ /(F(UN(t),UN(f)) — F(u(t),v(t))dx| < C(luy —ul + Cloy — ).
Q

Then, (2.51) follows from (2.37) and 2.55. Similarly,

(2.56) /QF(UN(O),UN(O))dx — /QF(uo,vo)dx.

Noting the strong convergence of {uy}, {vx} in L (0, T; H}(2)), and using Lebesgue’s
dominated convergence theorem, we can see that as N — oo

(w1 ¢ Vun)(t) = (w1 © Vu)(t),

(w3 0 Vun)(t) — (w2 0 V) (1),

o @1()|Vun(s)|2ds — [y wi(s )|vu(s)\2ds
Sy @a2(8)|Von (s)[2ds — [ wa(s)|Vu(s)|?d
(@} o Vun)(s)ds — [ (@} o Vu)(s)ds,
5 (b o Von)(s)ds — [ (wh o Vv)(s)ds.

Then, by using Lemma 2.2, (2.51), (2.56) and (2.57), we can pass to the limit in
(2.50) and obtain

(2.57)

E(t)+ %/0 [c1(8)|Vu(s)|* 4+ wa(s)|Vu(s)|?]ds

1/t[<w1<>w><> + (@} o T0)(s) ds+//|u|’€+|v|>\ut|“1dxds

//‘”'0 |u|2) || da ds

where

B0 = 5 [wr 1w or + (1 [ @as)ivuor

+ (1= [ matopis)wecor]

+ 5l 0 Tu)(0) + (20 Vo)(O] = | Flutt)o(o)de

Then, an energy identity is obtained.
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3. Uniqueness

Our goal in this section is to prove the uniqueness statement in Theorem 1.1.

LEMMA 3.1. Assume (u,v) and (4,0) are two weak solutions to the initial
boundary value problem (1.1) on [0,T] in the sense of Definition 1.1. Then, (u,v) =
(i, ).

PRrROOF. Let y =u — 4 and z = v — ¥. Then, y and z satisfy

i — Ay + [y @i(t— 5)Ay(s)ds + (|ul* + [v]")ue [P~y
—(fal* + 8] @ P~V = fr(u,v) = f1(3,9), i Qx (0,T),
1) Ayl - A >ds+<|v|f’+|jw|9>\ vrl1
—(|8]° + |@|9)|5,|1" 5, = fo(u,v) — fo(@,7), in o x (0,7),
y(z,0) = 0,y:(x,0) =0, 2(z,0)=0, 2(z,0)=0, in Q
y=2z=0, ondQx(0,T).

Since vz, z: € Cy([0,T], L?(€2)), we cannot directly test the equations in (3.1) with
y; and z; and apply standard energy estimates to obtain the desired uniqueness
result. In order to overcome this difficulty, we use the difference quotients Dy y and
Dz (as in [1]) and their well-known properties (see [9]).

For any function y € Cy ([0, 7], L*(Q)) and h > 0, set

Diyls) = 5 (s + 1) — s — b)) for s € (0,7),

where y.(s) denotes the extension of y(s) to R given by y.(s) = y(s) for s € (0,7T);
Ye(s) = y(t) for s > T; and y.(s) = y(0) for s < 0.

limp, 0 fo ye(s), Dye(s))ds = 5[lye(t)* — |ye(0)1*] = 5 lye(t)]?
))ds = 3 2

(we(
limy, 0 fo (z1(s), Dpzi(s))ds = 5[|ze(8)]* — |2:(0)|*] = F|ze(¢)?
limy, o fo (Vy(s), DpVy(s))ds = 5[[Vy(t)]> — [Vy(0)P] = 3| Vy(t)[?
limy, o fo (Va(s), DrVz(s))ds = 5[|Vz(t)* — [V2(0)’] = 5|Vz(t)]?

B2 iy I UL y()ds = —§ [ 1 (5)ds V(o)

+3 (@10 VY) () + 5 fy @1(s)|[Vy(s)]Pds — 3 3 (] o Vy)(s)ds
limy o fo (o s sz)vZ( ), DpVz(s))ds = —L [ oo (s)ds|V2(t)]?
(w0 V2) () + L [ wa(5)|[Vz(s)[2ds — L [y (w0 © V2)(s)ds.

In addition,

limy 0 Dpy = ys, limp o Dpz = 2z, strongly in L?(0,t; L2(2)),
(3.3) < limp_o Dpy(0) = %yt(O), limy, 0 Dp2(0) = %zt(O) weakly in L?(Q),

limp, 0 Dpy(t) = 2y¢(t), limp_yo Dp2(t) = 12(t) weakly in L*(Q),
and for every s € (0,t), we have

lim Dpy(s) = yi(s) and lim Dpz(s) = z(s) weakly in L*(Q).
h—0 h—0
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By Holder’s inequality, Sobolev embedding Theorem and the assumption that r = 3
when n = 3, one has

/ oy 0) 2z < / (2" + o + ul™ o de

C [ {lul+ o + sy ol
< CO|Vul* + |Vo* + [Vu|""H Vo]
< C(Vul* + |V )y < C

N

Hence, fi(u,v) is in L?(Q2) and, similarly, we can show fa(u,v) € L?(1).
Noting that (|ul¥ + |[v]")|ue [P~ ug, (J0]? + |u]?)|v |7 v, € L2(Q x (0,t)) and by
(3.1), we get

{ytm Ay(s) + [ @i(s — 7)Ay(r)dr € L (2 % (0,1)),

(3:4) 2u(s) — Az(s) + [ wa(s — 7)Az(r)dr € L*(Q2 x (0,1)).

Multiplying the equations in (3.1) by Dy and Djz, and then integrating over
Q x (0,t), we obtain,

I3 fowea(s) — Ay(s) + [ wi(s — 7)Ay(r)d7) Dyy(s)dz ds
— 3 Jolfa(uls),v(s)) — fi(als), 9(s))| Day(s)dz ds
= — fy Jol(ul® + [l ue P~ uy — (al* + [0]) | [P~ a0, Duy(s)da ds,
fg Jo(zee(s) — Az(s) + fos wa(s — 7)Az(7)dT)Dpz(s)dx ds
=y JolF2(u(s), v(s)) — fa(als), (5))]| Dnz(s)dz ds
= — Jy Jol(10] + [ul®)|ve|a= o, — (18]° + |]2)[5,] 9 5] Dy 2 (s)d ds.

(3.5)

Now, we try to pass to the limit in (3.5) as h — 0 is straightforward. It follows
from Lemma 2.3 that

(3.6) /O t /Q <ytt(s)Ay(s)+ /O Swl(sT)Ay(r)dr)Dhy(s)dxds

- / (ee(5), Dpy(s))ds — / (Ay(s), Dry(s))ds

0 0

—1—/0 </0 wl(s—T)Ay(T)dT,Dhy(s)>ds
— ((t). Dry(t)) — ((0), Dyy(0)) — / (e(s), O Duy(s))ds

+/O (Vy(s),VDm;(s))ds—/O </0 wl(s—T)Vy(T)dT,VDhy(s)>ds
— (a(t), Day (D)) — / (0e(s), Duye(s))ds + / (Vy(s), V Dpy(s))ds

0 0
—/0 < ; w1(5—T)Vy(r)dT,VDhy(s)>ds.
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By using (3.3) and (3.4), we can pass to the limit in the above equality and obtain

(3.7) lim / / (ytt y(s) + /0 wl(s—T)Ay(T)dT>Dhy(s)dmds
:34 A;(wdﬁAy@)+y£swﬂs7ﬁAy@0m>yﬁgdxds
= g7+ 3 (1 [ @6 ) 9yl + 320 V)0

+%/O wl(s)ds|Vy(t)\2—%/o (! o Vy)(s)ds.

Likewise, we have

(3.8) /Ot/Q (ztt(s) — Az(s) + /s wa(s — T)AZ(T)dT) Dyz(s)dxds

:%|2t(t)|2+ (1—/ wo(s ds)|Vz()|2 1(w2<>v,z)()
+%/0 w(5)ds|V=(t)? 7%/0 () 0 V2)(s)ds

Combining (3.3), (3.7) and (3.8), we can pass to the limit in (3.5) to obtain

sy @)1 + (1= [y @1(5)ds) | Vy()]* + (@1 0 Vy) (1) + [y @1(s)|Vy(s)[*ds]
=3 Jo (@1 o Vy)(s)ds + [5 [ol([uls)" + [o(s)[")ue(s)P~ ue(s)
—(Ja(s) \k+|v( )\l)| +(8)[P ™ e (5)]ye (s)d ds
= fo Jolfilu )) fi(a(s), o(s))lye(s)dz ds,
sllz@®* + (1 - fo @2 (8)ds)|V2(t)|* + (w2 0 V2) (1) + [y wa(s)| V()| ds]
—5 Jo (@s 0 V2)(8)ds + [ [o[(J(s)]® + [u(s)|)]ve(s)| v (s)
~(o(s)I” + \u( )| )5 (5)| 77 e (5)] 24 () dev dis
= Jo JolF2(u(s),v(s)) = fa(ii(s), 5(s))]ze(5)dw ds,
where we have used the fact that y(z,0) = y¢(z,0) = z(z,0) = 2z(z,0) = 0.
By adding respectively the terms

t t
//(|11|k+|17|l)|ut|p_1utytdxds, //(|z7|9+|a\9)\vt|q_1vtztd:vds
0 Q 0 Q

to both sides of (3.9), one finds

sllye(t )\2 (1= Jo @1(5)ds)| Vy ()2 + (@1 0 Vy)(2)]
+3 fo w1 (s |Vy( )|2ds — ,fo @) o Vy)( )ds—|—f0t Ji(s)ds
(310) 2 Tl (). 0(8)) = 1 (0(3). 55D (s) s+ [ o)
sl )\2 (1- fo w2( )ds)|V2(t)]* + (w2 0 V2)(1)]
+2 fo ws(s)|Vz(s)|ds — & fo (whoVz)(s ds—l—fo Ki(s)ds
—fo Jolf2(u(s),v(s)) = fa(ii(s), 8(s))]ze(s)dw ds + [y Ks(s)ds,

(3.9)
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where

Ji(s) :/(\ﬂlk O] e P~ P — P adyede,
Q

Jo(s) = — / (Tl — (@l + [of' — (6] ue P~ uegede,

(3.11) @

Kol) = [ (101 + 121l o0 — 20l T
Q

K(s) = — / ([o]” = 191° + [ul® = [@|®) v, "~ vy zeda.
)
By recalling the monotonicity problem (1.13), we have

7i(s) > co / (af* + 311 P+,

(3.12) @

Ky(s) > co / (817 + 1)) e[+ e
Q

Also, in order to estimate the right hand terms of (3.10), we use (2.22) and (2.23)
as follows

/Q[fl(U(s), v(s)) = fu(as), 5(s)ye(s)dz| < C(IVy(s)]® +[Vz(s)* + lye(s)*)

< C(IVy(s)I? +1V2(s)]* + |2 (s)]?),

/Q[f2(u(s), v(s)) — fi(als), o(s))]z(s)dw

and

2 2 2
(3.13) | C(\Vy(8)|2+|VZ(S)|2+|yt(8)|2)
| SC(Vy(s)I" + [Va(s)]” + [2e(s)[7)-
Now, owing to (1.13), (1.9), let
Y (1) = lye()]* + |2e(0)]” + [Vy()* + V=)
Then, it follows from (3.10)—(3.13) that

(3.14) Y (t) + (w1 © Vy)(t) + (w2 ¢ Vz) (1)

1 ‘ 2 2
+ / [ ()| Vy()|2 + @ (5)|V(s)|2Jds

- % / (@} 0 V)(s) + (w0} 0 V2)(s)]ds

t
o [ Qa1+ 1O+ (ol + el o ds
0 JQ

¢
< C/ Y (s)ds.
0

By Gronwall’s inequality, Y (¢) = 0 for all ¢ € [0,T]. Hence, (u,v) = (@, ?), which
completes the proof. O
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4. Blow-up solutions

In this section, we will give the proof of Theorem 1.2.

PROOF. Let (u,v) be the weak solution to problem (1.1) provided by Definition
1.1. Along the proof we assume that r > max{k+p,l+p,0+q, 0+¢} and E(0) < 0.
For t € [0,T), set

(4.1) MO = (o) + (0 60) = | Flu

and

(42) H(t)=-E()= f% <u’(t)|2 + v’ (£)]? + (1 7/0 wl(s)d5> |Vu(t)]?

+ (1 - / t m(s)ds) |Vv(t)2> - %[(wl o Vu)(t) + (w3 0 Vo) ()] + G(t).

The basic ideas of this proof have been used in [1,2,6,7,15,22, 23],
Then, we have H(0) > 0 and the energy identity (1.11) implies that

(4.3) H'(t) = 5 [w1(0)|Vu()|* + @2 (t)[Vo(t)’]

5l
~ Lt o vu)() + (w0 V)0
+ [ QuoF + ol )+ s
+ [ RO+ Ol O > o

Thus, from (1.5), we have

(4.4) 0 < H(0) < H(t) < G(t) < erlfu®) 51 + o)1),
for t € [0,T). Also, recalling (1.5), we obtain

(45) ol + @) <G, 0<t<T,
Let

—(k+p r—(+p)
p+1)(r+1) (p+1)(r+1)
r—(o+q) r—(0+q) r—1
(@+1)(r+1)" (g+1)(r+1) 2(7“+1)}
Particularly, it follows easily from (4.6) that 0 < A < % We introduce the following
notation for simplification and we take the constants as follows

= "L HO)FHE, o, = T ()R

r+1]{(o)<§%~+% 74:r‘gl

(46) 0<A< min{

(4.7)

v3 = H(O) <q+1()(i+)1>
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and
k+p+1 —(k+p) I+p+1
o1 = ¢, CEESICERY) |Q|m oy = ¢y ~ FDrFD |Q|W
(48) 0+

PR i o — — — —(6+q)
03 = ¢, DD 1] CERVce2y , oy =cy T D 1] CRRVicezy ,
where || indicates the Lebesgue measure of  and ¢y > 0 is the constant that

arises in (4.5). Since 0 < A < 1, we can pick 0 < € < 1 small enough such that

—r p+l 1 —r
(49) Ai=1-A—2e|o07 A7 P HO)TEFTT L gt 5 ¥ H(0) TS

g+l _1 + _1 04q_r
+ oy q Vs ‘? H(O) (q+1>(T+1)+>‘ +o,° qH(()) @D +>‘} > 0.

Later, we may need to adjust € again.
We indicate that the smallness condition on € in (4.9) is such that

(4.10) 1-A> Ce {H(o)iwﬁﬁxlﬁ’\ + H(0)m G A
+ H(O) T 4 ()T > cer (o),

where n > 0 is given by
A+ max{ (k+p) r—(4p) r—(et+q) r— 0+q)} if H(0
(411) 5=

p(r+1) * p(r+1) * q(r+1) > q(r+1)

r— (k+) r—(+p) r—(etq) r—(0+q)
)\—i—mm{ T+1p , p(TJrlp), q(Tilq, qr+1‘§} 1f0<H(O)

Thus, is such (4.9) will be valid provided we pick e = ¢H(0)" for a sufficiently small
generic constant ¢ > 0. Therefore, ¢ is chosen as
(4.12) e = min{l,cH(0)"}

where our interest lies if H(0) > 0 is sufficiently small.
From the definition of M(t), we get

(4.13) M(t) = 2 /Q [ (Hyut) + o () (1)) da.
Also, from (1.10), we have

(W'(t),9) = & u’(t%@ &), 9)
, Vo) 1(t — s)Vu(s)ds, Vo)
" I+ [0 O~ 0(0),0) + (), 0 ),
(V'(t),9) = FW(t),9)
= —(Vo(t), VI) + ([ wa(t — s)Vu(s)ds, V)
—((@®)° + @) (@)1 (£),9) + {fa(ult), v(t), D),
for all ,9 € H}(Q). In (4.14), (.,.) denotes the standard duality pairing between
H=1(Q) and H}(Q).
Now, by using (4.14), we have

(4.15) %/Qu’(t)u(t)dasz lu' (8) | + (0 (t), u(t))

_h
q
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= ’U,/ 2 — u 2 t w1 — S ul\s u T as
_—— W(ﬂ|+l; (t [év<>v<wdd
fngu@Hk+¢v@ﬂ5hﬂﬁﬂp*u%wu@ﬁh
+ Qfl(u(t),v(t))u(t)dx.
Likewise,

@16) - [ VOt = P 0F + 00, 0(0)
= V' (t)]* — |Vo(t)]? +/0 wa(t — ) /Q Vou(s)Vu(t)dz ds
= [ @Ol + ol @ @)

+ A fa(u(t), v(t))v(t)dx.
Thus, by using (4.13), (4.15)—(4.16) and from (1.6), we have
(417) M"(t) = 2(lu' (1)) + ' (D) = 2(IVu®)]” + [Vo(t)[?)

Fo(r4 1)/ Fu(t), v(t))dz

Q

+2</0 wl(tfs)/QVu(s)Vu(t)dzds+/o wz(ts)/QVv(s)Vv(t)dxds>
=2 [ (Ol + o OF o @u(t)ds
Q
=2 [ (WO + OO @)
Q

Asin [1,2,7,15], we let
(4.18) Y (t) = Ht)' ™ +eM'(b),
where 0 < € < 1 is chosen as in (4.9), then (4.17)—(4.18) yield
(4.19) Y'(t) = (1 — N)H(t)" H'(t)
+2e(|u/ ()] + o' (1)%) = 2¢([Vu(t)* + Vo))

+ 2e ( /Ot w(t — s) A Vu(s)Vu(t)dzds + /Ot wa(t—s) [ Vu(s)Vu(t)dx ds)

Q

+2e(r+1)G(t) — 26/Q(|u(t)\"c + o)D) (@) [P~ () u(t)dx

- 26/9(|v(t)\9 + ()] ()17 (#)u(t)da.

By using Young’s inequality, we get
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(4.20) / w1 t—s)/ Vu(s)Vu(t)dz ds
/ w1 (t — ) /Vu (Vu(s) — Vu(t ))dmds—i—/ w1 (s)ds|Vu(t)|?
> — | wyi(s)ds|Vu(t)]* — - w1<>Vu / w1 (s)ds|Vu(t)

0

=1 (wl o Vu)(t).

Likewise,

(4.21) /0 wa(t — ) /QVU d:cds>fi(wz<>Vv)( t).
Then, it follows from (4.19)—(4.21) that

(4.22) Y'(t) > (1= NH@6) A H'(t) + 2e(ju' (O + [ (D))

— 2e(|Vu(t)? + |Vo(t)]*)
%(wloVu)(t) —5%(

- 26/9(\u(t)|’“ + )| (OF 1 (t)u(t)da

—€ wa o Vu)(t) + 2¢(r + 1)G(1)

- 25/ ([o@)° + o @)]9)|o" ()7 ' (t)o(t)da.
Q

Now, from the definition of H (t)

[\

(4.23) —(IVu®)* + [Vo(t)*) = “H () + —(lu'(t)* + [v'(5)*)

(w1 © V) () + (w2 0 Vo) () — %G(t).

AS)

+

E\P—‘b\}—l

Combining (4.22) and (4.23), we get

(@20) V(1) 2 (1= NHO O + 570 +2:(14 ) (W (0F + 10 (0))

+ 25(% _ i) (10 Vu)() + (@2 0 Vo)(B)] + 22 (r 41 %)G(t)

- 26/9(|U(t)\’“ + @) (O ! (¢u(t)de
- 25/ ([o@)1? + [u(®)[9)[' ()11 0" (t)o(t)d.
Q

We estimate the last two terms in (4.24) as follows

(4.25) I/Q(IU(t)I'“rIv(t)ll)IU’(t)I”‘1U’(t)u(t)dx|
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< /Q IU(t)\"’“\U’(t)Ipder/QIv(t)lllu(t)HU'(t)V’dx = L1+ L.

By recalling Holder’s inequality and using the assumption that » > k+p, we obtain

(4.26) L1=/Wwwﬁ“*ﬁﬂw@n#ﬂwuwwx
Q
. A
<(/mekme“¢Q </,MOW”“d0
Q Q
WINPT
< H'(O)7Tu(t)], 20
P ktpil r—(k+p)
H' (675 [u(t)], 27 |QTws.

By noting that 0 < H(0) < H(t) < G(t), k+p—r <0, and (4.5) and then using
Young’s inequality, we obtain

ktptl

(4.27) Ly < %c “‘“““”G( )T r+1><p+1)H (t )%

= 01G(t )WG( )p+1H (t)7FT
< H(O) T (01 G(8) 77 B (1)747)
c+p—1r 1
< HOT (1 G(t) + 0,7 7 H (1)
k+p—r ptl 1 k+p—r
< HO)FOE G(t) + o’ m P H(t) T+ H’(t).

By recalling (H_T)% + A < 0, implied by the definition of A, we obtain

ktp—r p+l 1 k+p—r Y A
(428) Ly <nHO)FFFTGE) + 0,7 7, P HEOTHET A O (1)
< HH(O) DG + 0,7 v, P H(O) 0 A H O H (1),
In order to estimate Lo, we use Holder’s inequality and (4.5) as follows

(4.29) Ly = /Q ()] (8)[Pu(t)|dz
=/{Iv(t)lp%IU’(t)Ip}{\v(t)ll_WIu )|}dz

<( [ pone p*ldx) ([ oruora) ™

< H' ()77 [u(t )|fﬂ|“( )|r+1|Q|m
< oo H'(£) 75T G(t) T
Now, similarly as in (4.27) (replacing k with [), we obtain
(430) Ly <y H(O)EIET Q) + 007 ~g P H(O) IR H- A0 H (1),

In order to estimate the last term in (4.24) in a similar way:
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(4.31) | /Q(Iv(t>|" + [u(®)[)[' (O] (v (t)da|

</Q|v(t)\9“Iv’(t)l"dg”Jf/Q|U(L‘)|"|v’(t)I"Iv(t)ldﬂc=K1 + K,

where K7, K5 are estimated as we have done for L; and Lo, respectively, replacing
k by 6, p by q, [ by o, u by v, and v by u.
Indeed, we have
g+1

otg—r g+l 1 etq—r
(432) Ky < yaH(O)THGTTG() + 05" 5 HO) T P H () H (1),

and
g+1

0+g—r -1 BEL et A /
(4.33) Ky <y HO)THO@DG(t) + 0, v, "H(0)TFOGD T H™(t)H'(t).
Combining (4.24)—(4.33) and the definition of A in (4.9), we obtain

(434) Y'(t)> (1- NH@EH H (1) + E%H(t) voe(1+ %) (@O + (1))

1 1 1
+ 25(; - Z) (1 o Vu)(t) + (w2 0 Vo) (£)] + 25(7« +1- ;)G(t)
—2¢[Ly + Lo + K + K]
4 1
> AH N (OH!(1) + < H(t) + 2(1+ ;>(|u'(t)\2 + 10/ ()[2)
vt - 1) (1 0 Vu)(t) + (@3 0 V) (8)]
p 4

+2:G(1) (7’ vl % — { H ()T 4 4 H(0) T 005D

43 H(0) TG 4y H(0) @O })

By definitions of 71, ..., 74, we obtain

(4.35) YL H(0)THICTD 4 o H(0) TG
43 H(0) @G 4 4y H(0) @G0 = %’
and from (1.8) and (1.9), we easily notice that
1 1 1 1
rt -— > Oa - = > 0,
2 p 4

and since A > 0, it follows from (4.34) that

/ 4 1 ’ , r+1 1
(4.36) Y(t))a;H(t)—k%(l—i—;)ﬂu )2+ |v (t)|2)+26< : —;)G(t)

> Ce[H(t) + [/ (&) + [0 (1) + [u(t) 711 + [o(®)[711],

where C' > 0 is a positive constant. Obviously, (4.36) indicates that Y (¢) is increas-
ing on (0, 7] with

(4.37) Y(t) = Ht)' ™ +eM'(t) = H(0)' = + eM'(0).
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If M'(0) > 0, then no further restriction on ¢ is needed. However, if M'(0) < 0,

then we need a further condition 0 < € < — 25\4,(0) / In both cases, one has
1

(4.38) Y(t) > 5H(O)H >0 forte(0,T)

Now, we prove that

(4.39) Y'(t) > e TPCY (t)* for t € (0,77,

where

R S T 2
SR W 5( _(1—2)\)(r+1))’
and C' is a positive constant. It is important to note that the definition of A implies
that 1 < ¢ <2 and p > 0.
Case 1: M'(t) <0 for some ¢ € (0,T], then for such values of ¢ we have

(4.40) Y (1) = [Ht)'"™ +eM' ()] < H(t),
and in this case (4.36) and (4.40) yield
(4.41) Y'(t) = CeH(t) = Ce' TP H(t) > Ce' TPy (t)°.

Hence, (4.39) holds for all ¢ € (0,T] for which M'(¢) < 0. However, if ¢t € (0,77 is
such that M'(t) > 0, then (4.39) is still valid, but with some more work. First we
note that

(4.42) Y (t)S < 257 [H(t) + M (1))
In order to estimate M’(t)¢ we use Holder’s and Young’s inequalities and, since

1 < ¢ < 2, we obtain

(4.43) M(

| |
N

£
f[ (1) + oty (1)) da

25 (Ju(@®)|la' (O] + [o@)[[' (D))
([u@®)lralu’ (O + o)1 |0 (©)])
()51 [/ ()1 + [o(0) 5400 (D))

2¢ 2

(IU(t)Ifi + [u'(1)]* + Iv(t)lf-ﬁ + 1))

N NN

C
C
<C

Using the definition of A, namely, A < it is easy to see that

2(r+1)’
2 2
= 1= 1<
2-9(r+1) (1=2))(r+1)
Thus, by noting (4.4) and using (4.10) and the definition of p, we obtain
28 2¢
(4.44) ()75 = (lu(t)]; 1) T
< G(t)G(t)mfl



152 PISKIN, EKINCI, AND ZENNIR

Likewise,

(4.45) \v(t)|r%§ < Ce™PG(t).

Combining (4.43)—(4.45), we have

(4.46) M'(t)S < Ce™P(Ju'(1)|* + [0/ (1) + G(t)).
Finally, (4.36), (4.42)—(4.43) and (4.46) allow us to conclude that
(4.47) Y'(t) > Ce[H(t) + [u/()> + [ (1) |* + G(¢)]

> Cel Y (1),

for all values of ¢ € (0,T] for which M’(¢) > 0. Therefore, (4.39) is valid and thus
Y (t) blows up in finite time T', where

(4.48) T < Ce™ 1Py (0)~ M=),

Also, (4.38) and (4.48) yield the following upper bound for the life span of the
solution

(4.49) T < Ce ' P[H(0)! A + eM'(0)) NN < Ce~t=PH(0) .

Finally, by recalling (4.12) for Case 2 (H(0) > 0 is sufficiently small), we have
(4.50) T < CH(0)~n(+e)],

This completes the proof. O
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JIOKAJIHO IIOCTOJAIBE 1 HAPYIIIABAIHE (BLOW-UP)
PEIITEIHA 3A BESAHE BUCKOEJIACTUYHE TAJIACE
CA JETEHEPVICAHUNUM ITPUT'YIIEIBVMA

PE3UME. V¥ pajy ce nmpoydaBa HeJUHEAPHHU CUCTEM BUCKOEJIACTUIHUX jeTHATN-
Ha Ca JIETeHEePUCAHNM IPHUTyIIelhuMa y orpanuntderoM jomeny. [lox ogrosapajyhnm
[IpeTIoCcTaBKaMa Ha IapaMeTpe, JereHeprcaHa IPUryIiemha U (DYHKIHje peIaKkca-
uyje w;, (i = 1,2), kopumhemwem merone Paeno-Tasepkuna, Jokazyje ce JIOKAJIHO
[IOCTOjarbe U JeJMHCTBEHOCT periema. Jlabe, oka3yje ce napymasatbe (blow-up)
cirabux pemiema npobsema (1.1), mro mobosbiaBa paHuje pesysrare y JUTepaTy-

pu [6,23,25].
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