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ABSTRACT. The addition of nanoparticles into conventional heat transfer flu-
ids is one of the modern science techniques that offer better heat transfer
performance. However, micropolar fluid model is not considered under these
nanoparticles effects. Therefore, the main objective of this study is to explore
the nanofluids to understand the microstructure and inertial characteristics
of nanoparticles. In this paper, heat transfer flow of a micropolar nanofluid
mixture containing copper (Cu) and silver (Ag) nanoparticles is investigated
over a heated horizontal circular cylinder. The dimensionless governing equa-
tions are solved via an implicit finite difference scheme known as Keller-box
method. The results of the nanofluid mixture are compared with those with
a Newtonian fluid. The effects of different parameters on velocity, angular
velocity and temperature are examined graphically for both Cu/Ag-water and
Cu/Ag-kerosene oil. Results show that the heat transfer coefficient of the
Cu/Ag-kerosene oil nanofluid mixture is larger than that of the Cu/Ag-water
nanofluid, when comparison is based on a fixed value of the micro-rotation
parameter.

1. Introduction

Micropolar fluids, a subclass of microfluids, are considered to be a special kind
of suspensions described by micropolar theories. Eringen [1] was the first to intro-
duce the theory of micropolar fluids, in which the stress tensor is no longer symmet-
ric but rather an anti-symmetric characteristic due to the oriented micro-rotation
of particles. There have been published several studies on the understanding of the
development of micropolar theories and their applications [2]. Agarwal et al. [3]
considered micropolar heat transfer flow past a stationary porous wall. Chemi-
cal reaction and heat absorption/generation effects on micropolar free convection
flow over a stretched permeable surface were investigated by Rebhi et al. [4]. Ba-
chok et al. [5] considered flow of a micropolar fluid over an unsteady stretching
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sheet. Unsteady MHD mixed convection periodic flow of a micropolar fluid with
thermal radiation and chemical reaction was examined by Pal and Talukdar [6].
They used a perturbation technique as the main tool to obtain solutions analyti-
cally. Turkyilmazoglu [7] considered micropolar fluid heat transfer flow due to a
porous stretching sheet. Micropolar forced convection flow a over moving surface
under magnetic field was reported by Wagas et al. [8]. Micropolar fluid unsteady
free convection flow over a vertical plate with Newtonian heating is considered by
Hussanan et al. [9]. Hussanan et al. [10] obtained an exact solution of heat and
mass transfer in micropolar fluid over an oscillating vertical plate under Newtonian
heating effects. Alkasasbeh [11] presented the numerical solution for heat transfer
magnetohydrodynamic flow of a micropolar casson fluid over a horizontal circular
cylinder with thermal radiation using Keller-box method.

In past decades, different techniques have been used to improve the rate of
heat transfer to reach a different level of thermal efficiencies. To achieve this ob-
ject, the enhancement of thermal conductivity is very important. Choi [12] was
the first who conducted research on enhancement of heat transfer in convectional
fluids through suspended nanoparticles (with sizes significantly smaller than 100
nm). Nanofluids are a new type of working fluids containing uniformly dispersed
and suspended metallic or nonmetallic nanoparticles. After the revolutionary work
of Choi [12], this research topic has attracted the attention of many researchers due
to its fascinating thermal characteristics and potential applications. Two mathe-
matical models have been used to study the characteristics of nanofluids, namely
Buongiorno model [13] and Tiwari-Das model [14]. Buongiorno approach focuses
on Brownian diffusion and thermophoresis mechanisms. In view of its great im-
portance, many authors have used this model in the analysis of nanofluid flow, for
example, Noreen et al. [15]; Boulahia et al. [16]; Qasim et al. [17]; Wakif et al. [18];
Afridi and Qasim [19].

On the other hand, Tiwari-Das model considered nanoparticles volume fraction
instead of Brownian motion and thermophoresis effects. In the recent years, some
interesting results have been obtained by many researchers by using this model.
The flow of water based nanofluids past a wedge with partial slip was analysed by
Rahman et al. [20]. Sheremet et al. [21] considered thermal stratification on free
convection in a square porous cavity filled with a nanofluid. Unsteady MHD flow
of some nanofluids through a porous medium over an accelerated vertical plate was
investigated by Hussanan et al. [22]. Chen et al. [23] performed the analysis of
the nanofluid flow in a porous channel with suction and chemical reaction. Sheik-
holeslami [24] considered magnetic field on a water based nanofluid with an Fe3O4
nanoparticles. Sheikholeslami [25] continued with the same model and investigated
the influence of coulomb forces on Fe304 suspended water based nanofluid in a cav-
ity with a moving wall. Hussanan et al. [26] investigated the natural convection
flow of a micropolar nanofluid over a vertical plate. They analyzed the impact of
oxide nanoparticles on water, kerosene and engine oil based nanofluids. Flow of
Casson sort of nanofluid over a vertical plate with leading edge accretion/ablation
using sodium alginate as a base fluid has been considered by Hussanan [27]. Hus-
sanan et al. [28] also studied the microstructure and inertial characteristics of a
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magnetite ferrofluid using the micropolar fluid model. Swalmeh et al. [29] high-
lighted the impacts of natural convection on the boundary layer flow of Cu-water
and Al,Os-water micropolar nanofluid about a solid sphere.

To the best of the authors’ knowledge, the problem of the flow of a water
and kerosene oil based micropolar nanofluid suspended by copper (Cu) and silver
(Ag) over a heated horizontal circular cylinder has not been investigated by any
researcher up till now. To fill out the gap, heat transfer flow of a micropolar
nanofluid mixture containing copper and silver nanoparticles is considered over a
heated horizontal circular cylinder. A similarity transformation is used to convert
the governing equations into nonlinear ordinary differential equations, which are
solved via an implicit finite difference scheme known as Keller-box method.

2. Mathematical analyses

Consider the free convection over a heated horizontal circular cylinder of ra-
dius a, which is immersed in a steady laminar two-dimensional incompressible and
viscous micropolar nanofluid of copper (Cu) and silver (Ag) in two different types
of base fluids, water and kerosene oil, in a prescribed wall temperature. In figure
1 the surface temperature of the cylinder is T,, > T, the ambient temperature
of the fluid which remains unchanged, and the gravity vector g acts downward in
the opposite direction, where Z-coordinate is measured along the circumference of
the horizontal circular cylinder from the lower stagnation point, g-coordinate is
measured normal to the surface of the circular cylinder. Under these assumptions

FIGURE 1. Physical model and coordinate system.

along with the Boussinesq approximation, the governing equations of a micropo-

lar nanofluid with heat transfer are given by (see, Mansour et al. [32]; Abbas et
al. [33]) as
ou  0v
2.1 —+—==0
1) 9z oy

_ou  _0v 0%a

(22)  pny (U% + U@) = (pny + E)TQQ
/T OH
+ png(xpsBs + (1 — x)pyBy)g(T — Too) sin (5) + grrs



128 SWALMEH, ALKASASBEH, HUSSANAN, AND MAMAT

LT 0T T
or oy o
OH 0H _ou 0*H
23 ni(85 405 ) = =k (2 + 52 ) + dup g
(23) pusi (i +05) = —r(2 + 52) + 60 53
subject to the boundary conditions defined by Nazar et al. [30] as
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where u and v are the velocity components along with the £ and § axes, j =
2
a

is micro-inertia density. All the other symbols and quantities are shown in

VGr
nomenclature. The pyf, pnr and oy, ¢ are density, viscosity and thermal diffusivity
of a nanofluid, respectively, which are defined by Swalmeh et al. [29] as
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where x is the nanoparticles volume fraction. In order to simplify the mathemat-
ical analysis of the problem, we introduce the following non-dimensional variables
(Nazar et al. [30])

T = %, yzGr%<%>, u = (E)Gr%a, v = (£>G7‘%T)

a® 24 = T-T
H= (—)G A g=

v )" Ty — Ton
where Gr = gB(Ty — Two)a®/vs? is the Grashof number for prescribed wall tem-
perature conditions, and the spin gradient viscosity of nanofluid ¢, = (pny + 5)J.
Substituting equations (2.5) and (2.6) into equations (2.1) to (2.3), the following
non-dimensional equations obtain
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where K = ﬁ is the micro-rotation parameter, Pr = :T; is the Prandtl number
and D(x) = (1 — x)~2®. The boundary condition (2.4) becomes

10u
=v=0 =1 H=——— at =0
(2.10) u v ) ) 28 a y )
u — 0, 0 — 0, H—-0 as y— oo.

To solve equations (2.7) to (2.9), subject to the boundary conditions (2.10), we
assume the following variables

Y=uaf(ry), 0=0(xy), H=uzh(z,y),
where v is the stream function defined as

u:a—w, and v——a—w

Jy oz’
which satisfies the continuity equation (2.7). Thus equations (2.8) to (2.9) become
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and boundary conditions
2
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Y

It can be seen that at the lower stagnation point of the sphere (z &~ 0), the above
equations reduce to the following ordinary differential equations

Pf " " 9f\?
14 LD+ B+ ()
Bs Oh

+ pif(XPs(KBf) +(1 —X)Pf)9+ %K@ =0,
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where primes denote differentiation with respect to y. The physical quantities of
interest are the local skin friction coefficient C'y and the Nusselt number V,,, which
can be written as

Gr=3/%q? aGri

C - 77.71)7 NU - 7qﬂ)’
d [pvs ki (Tw — Too)

= (o4 5) (57) g 0= 00 (55)

By using the non-dimensional variables (2.6) and boundary conditions (2.10) the
local skin friction coefficient C'y and Nusselt number N, become
0% f

O = (D(x) + §>xa—y2(z,0), N, = ]:f(gz)(x,()).

where

3. Numerical solution

Equations (2.11) to (2.12) subject to boundary conditions (2.13) are solved nu-
merically using the Keller-box method. This method seems to be the most flexible
of the common methods and, despite recent developments in other numerical meth-
ods, remains a powerful and very accurate approach for parabolic boundary layer
flows. It is also easily adaptable to solve equations of any order and unconditionally
stable on the solutions. The solution is obtained by the following four steps

(i) Reduce the transformed equations (2.11) to (2.12) to a first-order system.

(ii) Write the difference equations using central differences.

(iii) Linearize the resulting algebraic equations by Newton’s method and write
them in matrix- vector form.

(iv) Solve the linear system by the block tridiagonal elimination technique.
The numerical calculation displays that the boundary layer attains the
top of the cylinder (x = 7) without separating. Moreover, the step size for
position z is chosen as A = /6 and the time step Az = 0.005 is sufficient
to provide accurate numerical results and at (x = 7), the boundary layer
has non-zero thickness. Therefore, the boundary layer on each side of
the cylinder must collide at (z = 7) and leave the surface to form a thin
buoyant plume above the cylinder.
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4. Results and discussion

The natural convection boundary layer flow of micropolar nanofluids is in-
spected in a horizontal circular cylinder with a prescribed wall temperature. Two
types of nanoparticles such as copper and silver are suspended in two different types
of based fluids such as water and kerosene oil. The governing equations have been
solved by Keller-box method and the results are shown in plots for different param-
eters such as micro-rotation parameter K and nanoparticle volume fraction y on
Nusselt number N, skin friction coefficient C'r, temperature, velocity and angular
velocity fields. The numerical results of nonlinear partial differential equations start
at the lower stagnation point of the sphere & &~ 0 with initial profiles as given by
equations (2.14) to (2.15), and proceed round the circular cylinder up to x = 180°.
Thermo-physical properties of based fluids and nanoparticles are given in Table 1.
Tables 2 and 3 present the comparison values with the previous published results
reported by Nazar et al. [30] and Merkin [31]. We have found that the present
results are in a good agreement.

TABLE 1. Thermo-physical properties of based fluids and nanoparticles

Physical properties p(kg/m®) Water 997.1 Kerosene oil 783 Cu 8933 Ag 10500

Cp(J/kg-K) 4179 2090 385 235
K(W/m-K) 0.613 0.145 400 429
Bx107° (K™Y 21 99 1.67 1.89
Pr 6.2 21 - -

TABLE 2. Comparison of local Nusselt number N, 4 with viscous
Newtonian fluid, when Pr=1, K =0 and x = 0.

x  Nazar et al. [30] Merkin [31] Present

0° 0.4214 0.4214 0.4214
30° 0.4161 0.4161 0.4163
60° 0.4005 0.4007 0.4006
90° 0.3741 0.3745 0.3744
120° 0.3355 0.3364 0.3356
150° 0.2811 0.2825 0.2811
180° 0.1916 0.1945 0.1913

The impact of nanoparticle volume fraction x and micro-rotation parameter
K on the local Nusselt number and local skin friction for different values of x
for a Cu/Ag nanoparticles water and kerosene oil based nanofluid are displayed
in Figures 2 to 5. According to these figures, the kerosene oil based nanofluid
with Cu/Ag nanoparticles has a higher local Nusselt number than the water based
nanofluid with the same nanoparticles. However, the local skin friction of the
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TABLE 3. Comparison of local skin friction coeflicient Cy with
viscous Newtonian fluid, when Pr =1, and x = 0.

x  Nazar et al. [30] Merkin [31] Present

0° 0.0000 0.0000 0.0000
30° 0.4148 0.4151 0.4159
60° 0.7542 0.7558 0.7538
90° 0.9545 0.9579 0.9574
120° 0.9698 0.9756 0.9743
150° 0.7740 0.7822 0.7813
180° 0.3265 0.3391 0.3311

Cu/Ag water based nanofluid is higher than the Cu/Ag kerosene oil based nanofluid
whatever the values of the nanoparticle volume fraction y. Further, it is also
observed from these figures that the local Nusselt number and local skin friction
are decreased with increasing the values of nanoparticles volume fraction y and
micro-rotation parameter K. Figures 6 to 8 illustrate the effect of nanoparticles
volume fraction x on temperature, velocity and angular velocity profiles for the
Ag-water and Ag-kerosene oil based nanofluids. It is noted that as nanoparticles
volume fraction y increases, the values of both temperature and velocity profiles
increase, while the angular velocity profiles decrease. Figures 9 to 11 depict the
results of temperature, velocity and angular velocity profiles for the Ag-water and
Ag-kerosene oil based nanofluids with various values of micro-rotation parameter
K. As micro-rotation parameter K increases, the temperature and velocity profiles
decrease, whereas angular velocity profiles increase. Figures 12 to 17 display the
results of temperature, velocity, and angular velocity profiles of Cu and Ag in
kerosene oil based nanofluids, respectively, with various values of nanoparticles
volume fraction xy and micro-rotation parameter K. The temperature and velocity
of both Cu and Ag in kerosene oil based nanofluids increase with higher values
of nanoparticles volume fraction x and this rise in temperature profiles is more
common in the Ag-kerosene oil based nanofluid than the Cu-kerosene oil based
nanofluid. It is also noted that the angular velocity of Cu-kerosene oil is significantly
increased as compared to Ag-kerosene oil. On the other hand, the temperature
increases with increasing values of micro-rotation parameter K and also velocity
increases with an increase in micro-rotation parameter K. It is also noticed that
the angular velocity decreases for higher values of micro-rotation parameter K.
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FIGURE 2. Variation of local Nusselt number of Cu/Ag in water
and kerosene oil based nanofluids for various values of x and ¥,
when K = 0.3.
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FIGURE 3. Variation of local skin friction of Cu/Ag in water and
kerosene oil based nanofluids for various values of  and x, when
K =0.3.
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FIGURE 4. Variation of local Nusselt number of Cu/Ag in water
and kerosene oil based nanofluids for various values of x and K,

when y = 0.1.
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FIGURE 5. Variation of local skin friction of Cu/Ag in water and
kerosene oil based nanofluids for various values of x and K, when
x =0.1.
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FIGURE 6. Variation of temperature field for Ag water and
kerosene oil based nanofluids for various values of x, when K = 0.2.
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FIGURE 7. Variation of velocity field for Ag water and kerosene
oil based nanofluids for various values of x, when K = 0.2.
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FIGURE 8. Variation of angular velocity field for Ag water and
kerosene oil based nanofluids for various values of x, when K = 0.2.
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FIGURE 9. Variation of temperature field for Ag water and
kerosene oil based nanofluids for various values of K, when x = 0.1.
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FIGURE 10. Variation of velocity field for Al,Os3 water and
kerosene oil based nanofluids for various values of K, when x = 0.1.
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FIGURE 11. Variation of angular velocity field for Ag water and
kerosene oil based nanofluids for various values of K, when x = 0.1.
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FIGURE 12. Variation of the temperature field for Cu/Al;O3-
kerosene oil based nanofluid with various values of x, when
K =0.2.
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FIGURE 13. Variation of the velocity field for Cu/Al;O3-kerosene
oil based nanofluid with various values of x, when K = 0.2.
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kerosene oil based nanofluid with various values of x, when
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FIGURE 15. Variation of the temperature field for Cu/Al;O3-
kerosene oil based nanofluid with various values of K, when
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FIGURE 16. Variation of the velocity field for Cu/Al;O3-kerosene
oil based nanofluid with various values of K, when x = 0.1.
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FIGURE 17. Variation of the angular velocity field for Cu/AlyO3-
kerosene oil based nanofluid with various values of K, when
x =0.1.
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5. Conclusions

In this paper, we have studied the problem of natural convection boundary
layer flow on a horizontal circular cylinder immersed in a micropolar nanofluid
with a prescribe wall temperature. We have sought to determine the effect of
micro-rotation K and nanoparticles volume fraction y of both copper Cu and silver
Ag with two different types of based fluids, namely water and kerosene oil, which
have been observed by using the suitable models for effective thermal conductivity
and nanoparticles. Solutions of the governing non-similar equations are obtained
numerically by Keller-box method. We can draw the following conclusions:

(i) Cu/Ag-kerosene oil has a higher local Nusselt number N, if compared
with Cu/Ag-water. Moreover Cu/Ag-kerosene oil has a lower local skin
friction coefficient Cy compared with Cu/Ag-water.

(ii) Ag-water has a higher value of temperature and velocity profiles compared
to Ag-kerosene oil, but the opposite happens in the case of angular velocity
profiles for Ag-kerosene oil.

(iii) The value of temperature and velocity profiles for Ag have higher values
than Cu based kerosene oil, but the different case of angular velocity
profiles for Cu have higher values than Ag based kerosene oil.

(iv) When the nanoparticles volume fraction y and micro-rotation parameter
K increase, the temperature and velocity increase and decrease in angular
velocity profiles.

6. Symbol

TABLE 4. Nomenclature

¢pnf Nanofluid heat capacity [J - kg=! - K~!]

g Acceleration due to gravity [m . 5_2}
Gr Grashof number

J Micro-inertia density [m2]

K Micro-rotation parameter

ky Base fluid thermal conductivity [W -m~L. Kﬁl]
ks Solid particles thermal conductivity [W-m™" - K~!]
kny  Nanofluid thermal conductivity [W -m™" - K]

H Angular velocity [m . s_l}

Pr Prandt]l number

T Temperature of the fluid [K]

Tw Wall temperature [K]

T  Ambient temperature [K]
U x— component of velocity Pn . SIJ
v

—1

y— component of velocity |m - s
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TABLE 5. Greek symbols

ans  Nanofluid thermal diffusivity [m? - s7!]

X Nanoparticles volume fraction

K Vortex viscosity [kg-m™"-s7!]

ps  Base fluid dynamic viscosity [kg-m™!-s71
pny Nanofluid dynamic viscosity {kg -m~ . 5_1}
py  DBase fluid density [/cg . m’?’]

Ds Solid particles density [k:g . m*3]

pny Nanofluid density [kg-m™3]

By  Base fluid thermal expansion coefficient [K _1}
Bs  Solid particles thermal expansion coefficient [K _1]
¢ny Spin gradient viscosity [kzg -m- sil]

P Stream function

0 Dimensionless temperature

TABLE 6. Subscripts

f  Base fluid

S Solid particles

nf Nanofluid

w  Condition at wall

oo  Condition at infinity
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YTUIAJ MUKPO-POTAIINMJE 1 MUKPO-NTHEPIINJE HA
HAHO®JIYNIHU TOK ITPEKO I'PEJAHOT XOPU30HTAJIHOT
KPY2KHOT IIMNJINMHIAPA CA CJIOBOJHOM KOHBEKIINJOM

PE3UME. JlonaBatmbe HAHOYECTUIA Y KOHBEHIIMOHAJIHE TEYHOCTHU 38 IIPEHOC TO-
IJIOTE jeJIHA je OJ[ CaBpeMeHMX HaydJHUX TEeXHUKa Koje Hyje Oosbe mepdopmaHce
nperoca romiore. MehyTuM, MUKpPOTIOJIAPHE MOE TEYHOCTH 0T OBUM Y THIIAjUMA
HaHOUeCTUIa Huje pazmarpan. CTora je IJIaBHU IUJb OBOT MCTPAYKUBAIha MIPOYda-
Barbe HAaHOMJIIYHIa KaKO OM ce pasdymesia MUKPOCTPYKTYpPa U HMHEPIHjaJIHe KapaK-
TEPHUCTUKe HAHOYECTHIIA. Y OBOM PaJly Ce UCTPaXKyje IPOTOK IIPEHOCA TOILJIOTE MU-
KpOIIOJIapHe cMellle HaHObIIynIa Koju caap:ku HaHouectune 6akpa (Cu) u cpebpa
(Ag) upeko 3arpejaHor XOPU3OHTAJIHOr KPYXKHOI' IUJIMHIPA. Be3IMMEeH3MOHAIHE
yIpaB/badke jeJHAYNHE PeIaBajy ce MyTeM UMIUIUIUTHE IeMe KOHAYHUX Pa3/InKa
nozuate kao Keller-box meroma. Pesynratn memasuie nanodayusa ynopehyjy ce
ca pesyatatuma ca Fbyronosom tednomthy. YTuiaj pa3aInauTux napaMerapa Ha op-
3uHYy, yraoHy Op3umy u remieparypy rpadbudku ce ucnuryje u 3a Cu/Ag-somy u 3a
Cu/Ag-keposun. Pesysirarn nokasyjy ja je KoedUIUjeHT IPEHOCA TOILIOTE CMEIIe
nanoduyuga Cu/Ag-keposuna sehu oxn koedunujenra nanodiyuga Cu/Ag-sona,
KaJia ce mopeheme 3acHuBa Ha (DUKCHO] BPEJIHOCTHU MTapaMeTpa MUKPO-DOTAIIH]e.
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