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NOTE ON A BALL ROLLING OVER A SPHERE:
INTEGRABLE CHAPLYGIN SYSTEM WITH AN
INVARIANT MEASURE WITHOUT CHAPLYGIN

HAMILTONIZATION

Božidar Jovanović

Abstract. In this note we consider the nonholonomic problem of rolling

without slipping and twisting of an 𝑛-dimensional balanced ball over a fixed
sphere. This is a 𝑆𝑂(𝑛)–Chaplygin system with an invariant measure that

reduces to the cotangent bundle 𝑇 *𝑆𝑛−1. For the rigid body inertia operator
I𝜔 = 𝐼𝜔 + 𝜔𝐼, 𝐼 = diag(𝐼1, . . . , 𝐼𝑛) with a symmetry 𝐼1 = 𝐼2 = · · · = 𝐼𝑟 ̸=
𝐼𝑟+1 = 𝐼𝑟+2 = · · · = 𝐼𝑛, we prove that the reduced system is integrable,

general trajectories are quasi-periodic, while for 𝑟 ̸= 1, 𝑛 − 1 the Chaplygin
reducing multiplier method does not apply.

1. Introduction

1.1. Let (𝑄,𝐿,𝒟) be a nonholonomic system, where 𝑄 is a configuration
space and 𝒟 a nonintegrable distribution of constraints. For simplicity, in the note
we consider a Lagrangian 𝐿 that is the kinetic energy determined by the Riemannian
metric 𝑔. Assume that the Lie group 𝐺 acts freely by isometries on (𝑄, 𝑔), the
quotient space 𝑁 = 𝑄/𝐺 is a manifold, and 𝒟 is 𝐺–invariant, transversal, and
a complement to the 𝐺–orbits (𝒟 is a principal connection of the bundle 𝑄 →
𝑁 = 𝑀/𝐺). Then the nonholonomic geodesic flow is 𝐺–invariant and reduces
to the tangent bundle of the base manifold 𝑁 . The reduced Lagrange–d’Alembert
equations take the form

(1.1)
(︁𝜕𝐿red

𝜕𝑥
− 𝑑

𝑑𝑡

𝜕𝐿red

𝜕𝑥̇
, 𝜂
)︁
= Σ(𝑥̇, 𝑥̇, 𝜂) for all 𝜂 ∈ 𝑇𝑥𝑁,

where the reduced Lagrangian 𝐿red is obtained from 𝐿|𝒟 by the identification
𝑇𝑁 = 𝒟/𝐺, and Σ(𝑋,𝑌, 𝑍) is a (0, 3)–tensor field on the base manifold 𝑁 , skew-
symmetric in 𝑌 and 𝑍, which depends on the metric and the curvature of the con-
nection. The system (𝑄,𝐿,𝒟, 𝐺) is referred to as a 𝐺–Chaplygin system, as a gen-
eralization of classical Chaplygin systems with Abelian symmetries [2,8,10,11,24].
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For Σ ̸= 0 the equations are not Hamiltonian. Chaplygin proposed a remarkable
Hamiltonization procedure as follows [10]. Consider the time substitution 𝑑𝜏 =
𝜈(𝑥)𝑑𝑡, and denote 𝑥′ = 𝑑𝑥/𝑑𝜏 = 𝑥̇/𝜈. Then the Lagrangian function transforms
to 𝐿*(𝑥′, 𝑥) = 𝐿red(𝑥̇, 𝑥)|𝑥̇=𝜈𝑥′ . The factor 𝜈 is a Chapylgin reducing multiplier if in
the new time 𝜏 the reduced system (1.1) transforms into the usual Euler–Lagrange
equations of 𝐿*(𝑥′, 𝑥). In particular, in the cotangent bundle formulation, the
original system has an invariant measure and it is conformally symplectic (see
[4,8,11,15]).

Usually, integrable nonholonomic 𝐺–Chaplygin problems are solved by using
the Chaplygin reducing multiplier method (e.g., see [6,15,19]). The aim of this
note is to provide an example of a solvable system with an invariant measure which
does not allow a Chaplygin multiplier.

1.2. Following [19,23], we consider the rolling without slipping and twisting
of an 𝑛-dimensional ball of radius 𝜌 over the outer surface of the (𝑛−1)-dimensional
fixed sphere of radius 𝜎 (the case (i), see Figure 1); over the inner surface of the
sphere (𝜎 > 𝜌, the case (ii), see Figure 2); rolling over the outer surface of the
(𝑛 − 1)-dimensional fixed sphere of radius 𝜎, but the fixed sphere is within the
rolling ball (𝜎 < 𝜌, in this case, the rolling ball is actually a spherical shell, the
case (iii), see Figure 2).

Consider the space frame R𝑛(x) with the origin 𝑂 at the center of the fixed
sphere and the moving frame R𝑛(X) with the origin 𝐶 at the center of the rolling
ball. The mapping from the moving to the space frame is given by x = 𝑔X + r,

where 𝑔 ∈ 𝑆𝑂(𝑛) is a rotation matrix and r =
−−→
𝑂𝐶 is the position vector of the ball

center 𝐶 in the space frame (see Figure 1). The configuration space 𝑄 is the direct
product of the Lie group 𝑆𝑂(𝑛) and the sphere 𝒮 = {r ∈ R𝑛| (r, r) = (𝜎 ± 𝜌)2},
where we take ”+” for the case (i) and ”−” for the cases (ii) and (iii).

We additionally assume that the ball is balanced, i.e., its geometric center
coincides with the mass center. Then the Lagrangian of the system is given by

𝐿(𝜔, ṙ, 𝑔, r) = 1
2 ⟨I𝜔, 𝜔⟩+

1
2𝑚(ṙ, ṙ),

where (· , ·) is the Euclidean scalar product in R𝑛, ⟨· , ·⟩ = − 1
2 tr(·∘ ·) is proportional

to the Killing form on 𝑠𝑜(𝑛), 𝜔 = 𝑔−1𝑔̇ is the angular velocity of the ball in the
moving frame, 𝑚 is the mass of the ball, and I : 𝑠𝑜(𝑛) → 𝑠𝑜(𝑛) is the inertia oper-
ator. After [9], a balanced ball (with the inertia operator that is not proportional
to the identity operator) is usually referred to as a Chaplygin ball.

The direction
−→
𝑂𝐴/|𝑂𝐴| of the contact point 𝐴 in the frame attached to the

ball is given by the unit vector 𝛾 = 1
𝜎±𝜌𝑔

−1r (see Figure 1). It is invariant with

respect to the diagonal left 𝑆𝑂(𝑛)-action: 𝑎 · (𝑔, r) = (𝑎𝑔, 𝑎r), 𝑎 ∈ 𝑆𝑂(𝑛). The
action defines 𝑆𝑂(𝑛)-bundle

(1.2) 𝑆𝑂(𝑛) −→ 𝑄 = 𝑆𝑂(𝑛)× 𝒮 𝜋−→ 𝑆𝑛−1 = 𝑄/𝑆𝑂(𝑛)

with the submersion 𝜋 given by 𝛾 = 𝜋(𝑔, r).
The contact point 𝐴 of the ball in the moving frame is X𝐴 = −(±𝜌𝛾). The

condition that the ball is rolling without slipping is that the velocity ẋ𝐴 of the
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contact point in the space frame is equal to zero

0 = ẋ𝐴 =
𝑑

𝑑𝑡
(𝑔X𝐴 + r) = ∓𝜌𝑔̇𝛾 + ṙ = ∓𝜌(𝑔̇𝑔−1)𝑔𝛾 + ṙ (Ẋ𝐴 = 0).

This leads to the constraint ṙ = ± 𝜌
𝜎±𝜌Ωr, where Ω = Ad𝑔 𝜔 = 𝑔̇𝑔−1 is the angular

velocity in the space frame. On the other hand, no twisting at the contact point
can be written as Ω ∈ r ∧ R𝑛 e.g., 𝜔 ∈ 𝛾 ∧ R𝑛 (for more details, see [23]).
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Figure 1. The rolling without slipping and twisting of an 𝑛-
dimensional ball of radius 𝜌 over the outer surface of the (𝑛− 1)-
dimensional fixed sphere of radius 𝜎 (the case (i)). 𝑂, 𝐶, and 𝐴
denote the center of the fixed sphere, the center of the rolling ball,
and the contact point, respectively. The reduced space, the unit
sphere in the moving frame consisting of vectors 𝛾 = 1

𝜎+𝜌𝑔
−1r, for

𝜌 > 1, is illustrated as well.

The constraints determine the (𝑛 − 1)-dimensional constraint distribution 𝒟,
which is a principal connection of the bundle (1.2). The Lagrangian is 𝑆𝑂(𝑛)–
invariant as well. Thus, it is a 𝑆𝑂(𝑛)–Chaplygin system and reduces to the tangent
bundle 𝑇𝑆𝑛−1 ∼= 𝒟/𝑆𝑂(𝑛).

The reduced Lagrange–d’Alembert equations take the form (1.1), where [23]

𝐿red(𝛾̇, 𝛾) = − 1

4𝜖2
tr(I(𝛾 ∧ 𝛾̇) ∘ (𝛾 ∧ 𝛾̇)) = − 1

2𝜖2
(I(𝛾 ∧ 𝛾̇)𝛾, 𝛾̇),

Σ𝛾(𝑋,𝑌, 𝑍) =
2𝜖− 1

2𝜖3
tr(I(𝛾 ∧𝑋) ∘ (𝑌 ∧ 𝑍)) =

2𝜖− 1

𝜖3
(I(𝛾 ∧𝑋)𝑌,𝑍),

I = I+𝐷 · Id𝑠𝑜(𝑛), 𝐷 = 𝑚𝜌2, 𝜖 = 𝜎/(𝜎 ± 𝜌).
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Note that when the radii of the sphere and the ball are equal (𝜖 = 1/2), the
curvature of 𝒟 vanishes and Σ ≡ 0 – the reduced system is Hamiltonian without
a time reparametrization (for 𝑛 = 3 see [7,12]). Also, if I is proportional to the
identity operator then Σ ≡ 0 (the reaction forces vanish although the curvature of
𝒟 is different from zero).

The system always has an invariant measure [20]. Moreover, for the inertia
operator

(1.3) I(𝐸𝑖 ∧ 𝐸𝑗) = (𝑎𝑖𝑎𝑗 −𝐷)𝐸𝑖 ∧ 𝐸𝑗 i.e., I(𝑋 ∧ 𝑌 ) = 𝐴𝑋 ∧𝐴𝑌,

where 𝐴 = diag(𝑎1, . . . , 𝑎𝑛), the function 𝜈(𝛾) = 𝜖(𝐴𝛾, 𝛾)
1
2𝜖−1 is a Chaplygin mul-

tiplier: under a time substitution 𝑑𝜏 = 𝜈(𝛾)𝑑𝑡, the reduced system becomes the
geodesic flow of the metric defined by the Lagrangian [23]

(1.4) 𝐿*(𝛾′, 𝛾) = 𝐿red(𝛾̇, 𝛾)|𝛾̇=𝜈(𝛾)𝛾′ = 1
2 (𝛾,𝐴𝛾)

1
𝜖−2((𝐴𝛾′, 𝛾′)(𝐴𝛾, 𝛾)− (𝐴𝛾, 𝛾′)2).
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Figure 2. The cases (ii) and (iii) in the space frame: the rolling
of a ball over the inner surface of the sphere and the rolling of a
spherical shell over the outer surface of the fixed sphere.

The procedure of reduction and Hamiltonization for 𝑛 = 3 is given by Ehlers
and Koiller [12], while Borisov and Mamaev proved the integrability for a specific
ratio between the radii of the ball and the spherical shell (the case (iii), where
𝜌 = 2𝜎, i.e, 𝜖 = −1), see [6]. The 𝑛–dimensional system with the inertia operator
I given by (1.3) is also integrable for 𝜖 = −1, as well as for arbitrary 𝜖 when the
matrix 𝐴 has only two distinct parameters [19].

1.3. Generally, for 𝑛 > 4, the operator (1.3) is not a physical inertia operator
of a multidimensional rigid body that has the form

(1.5) 𝜔 ↦−→ 𝐼𝜔 + 𝜔𝐼, 𝐼 = diag(𝐼1, . . . , 𝐼𝑛).

Here 𝐼 is a positive definite matrix called the mass tensor, which is diagonal in the
moving orthonormal base determined by the principal axes of inertia.1

1Let 𝜚(X) be the density of the ball. The mass tensor 𝐼 is defined by 𝐼 =
∫︀
𝜚(X)X⊗X𝑑X,

e.g., see [16,18].
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Note that the case 𝜖 = +1 is the limit case, when the radius of the fixed
sphere tends to infinity. Furthermore, then the associated equation (1.1) becomes
the reduced equation of the Veselova problem with the inertia operator I studied
in [15]. Recently, the integrability of the Veselova problem with a physical inertia
operator (1.5), where

(1.6) 𝐼1 = 𝐼2 = · · · = 𝐼𝑟 ̸= 𝐼𝑟+1 = 𝐼𝑟+2 = · · · = 𝐼𝑛

without involving Chaplygin Hamiltonisation has been proved by Fasso, Garcia-
Naranjo, and Montaldi [13]. It is a natural problem to consider the rolling ball
over a sphere for the given rigid body inertia operator as well. In this note we
prove that the reduced system is solvable and that it does not allow Chaplygin
reducing multiplier for 𝜖 ̸= 1/2 and 𝑟 ̸= 1, 𝑛− 1.

The reduced system and an invariant measure are described in Theorem 2.1
(Section 2). In Section 3 we prove that for any symmetry 𝐼𝑖 = 𝐼𝑗 one can associate
Noether type integral linear in momenta (Theorem 3.1), which allows us to obtain a
simple ”dynamical” proof for the nonexistence of a Chaplygin multiplier (Theorem
3.2). In the case of a 𝑆𝑂(𝑟)×𝑆𝑂(𝑛−𝑟)–dynamical symmetry, the reduced system is
integrable. For 𝑟 ̸= 1, 𝑛− 1, generic motions are quasi-periodic over 3–dimensional
invariant tori, while the Chaplygin reducing multiplier method does not apply.
For 𝑟 = 1 or 𝑟 = 𝑛 − 1, invariant tori are two-dimensional and the system has a
Chaplygin multiplier (Theorem 4.1, Section 4).

2. Equations of motion and an invariant measure

2.1. First, we recall the cotangent formulation of the system (see [23]). Con-
sider the Legendre transformation

(2.1) ℒ : 𝑝 =
𝜕𝐿red

𝜕𝛾̇
= − 1

𝜖2
I(𝛾 ∧ 𝛾̇)𝛾.

The point (𝑝, 𝛾) belongs to the cotangent bundle of a sphere realized as a symplectic
submanifold in the symplectic linear space (R2𝑛(𝑝, 𝛾), 𝑑𝑝1 ∧ 𝑑𝛾1 + · · ·+ 𝑑𝑝𝑛 ∧ 𝑑𝛾𝑛):

(2.2)
(𝛾, 𝛾) = 1,

(𝛾, 𝑝) = 0.

Note that here we identified the tangent bundle 𝑇𝑆𝑛−1 and the cotangent bundle
𝑇 *𝑆𝑛−1 by means of the Euclidean metric in R𝑛 (see Figure 1).

The reduced flow on 𝑇 *𝑆𝑛−1 takes the form

(2.3) 𝛾̇ = 𝑋𝛾(𝑝, 𝛾), 𝑝̇ = 𝑋𝑝(𝑝, 𝛾),

where 𝑋𝛾 = ℒ−1(𝑝) is the inverse of the Legendre transformation (2.1) and

(2.4) 𝑋𝑝 =
(1− 𝜖)

𝜖3
(I(𝛾 ∧𝑋𝛾))𝑋𝛾 +

(𝜖− 1)

𝜖3
((I(𝛾 ∧𝑋𝛾))𝑋𝛾 , 𝛾)𝛾 − 2𝐻𝛾

(see [23]). Here

𝐻(𝑝, 𝛾) = (𝑝, 𝛾̇)− 𝐿(𝛾̇, 𝛾)|𝛾̇=𝑋𝛾 = 1
2 (𝑋𝛾 , 𝑝)

is the Hamiltonian function of the system.
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2.2. Now we assume that the inertia operator I is of the form (1.5). Then we
can write the modified operator I = I+𝐷 · Id𝑠𝑜(𝑛) as

(2.5) I𝜔 = 𝜖2(𝐽𝜔 + 𝜔𝐽),

where

(2.6) 𝐽 = diag(𝐽1, . . . , 𝐽𝑛) =
1

𝜖2
diag

(︁
𝐼1 +

𝐷

2
, · · · , 𝐼𝑛 +

𝐷

2

)︁
,

and the Legendre transformation (2.1) takes the form

(2.7) 𝑝 = −𝐽(𝛾 ∧ 𝛾̇)𝛾 − (𝛾 ∧ 𝛾̇)𝐽𝛾 = 𝐽𝛾̇ + (𝐽𝛾, 𝛾)𝛾̇ − (𝐽𝛾, 𝛾̇)𝛾.

It coincides with the Legendre transformation of the Veselova problem considered
in [13] (see [13, Proposition 3.4]). That is why we can use the inverse

(2.8) 𝛾̇ = 𝑋𝛾(𝑝, 𝛾) = 𝐶𝛾(𝑝−
(𝑝, 𝐶𝛾(𝛾))

(𝛾,𝐶𝛾(𝛾))
𝛾)

derived there. Here

𝐶𝛾 = diag(𝐽1 + (𝛾, 𝐽𝛾), · · · , 𝐽𝑛 + (𝛾, 𝐽𝛾))−1

and (2.8) is the unique inverse of (2.7) for 𝑝, 𝛾, 𝛾̇ that satisfy (2.2) and (𝛾̇, 𝛾) = 0.
From (2.4), (2.5), the equation in 𝑝 becomes

(2.9) 𝑝̇ = 𝑋𝑝 =
1− 𝜖

𝜖
((𝑋𝛾 , 𝑋𝛾)𝐽𝛾 − (𝛾, 𝐽𝑋𝛾)𝑋𝛾 − (𝑋𝛾 , 𝑋𝛾)(𝛾, 𝐽𝛾)𝛾)− 2𝐻𝛾,

with the Hamiltonian 𝐻

(2.10) 𝐻(𝑝, 𝛾) =
1

2
(𝑝,𝑋𝛾) =

1

2
(𝑝, 𝐶𝛾(𝑝))−

1

2

(𝑝, 𝐶𝛾(𝛾))
2

(𝛾,𝐶𝛾(𝛾))
.

Let w be the canonical symplectic form on 𝑇 *𝑆𝑛−1:

w = 𝑑𝑝1 ∧ 𝑑𝛾1 + · · ·+ 𝑑𝑝𝑛 ∧ 𝑑𝛾𝑛|𝑇*𝑆𝑛−1 .

Theorem 2.1. The reduced equations of the rolling of a ball over a sphere
without slipping and twisting with the rigid body inertia operator (1.5) are given by
(2.8), (2.9), whereas 𝐽 is defined by (2.6). The reduced system has an invariant
measure

(2.11) 𝜇(𝛾)w𝑛−1 =
(︁ det𝐶𝛾

(𝛾,𝐶𝛾(𝛾))

)︁1− 1
2𝜖

w𝑛−1.

Proof. In [23] we proved that the reduced equations (2.3), for arbitrary mod-
ified inertia operator I, have an invariant measure

(2.12) (det I|R𝑛∧𝛾)
1
2𝜖−1w𝑛−1.

In particular, we can see that the density of a measure for 𝜖 = +1 is (det I|R𝑛∧𝛾)
− 1

2 .
It is also the density for the reduced Veselova system for the inertia operator I (see
also [15, Theorem 5.5] for 𝑟 = 1 and ℐ = I). On the other hand, for I𝜔 = 𝐽𝜔+𝜔𝐽 ,
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Fasso, Garcia-Naranjo, and Montaldi found the invariant measure of the Veselova
system in the form (see Proposition 3.7, [13])(︁ det𝐶𝛾

(𝛾,𝐶𝛾(𝛾))

)︁1/2

w𝑛−1.

Therefore, for I given by (2.5), the invariant measure (2.12), up to multiplication
by a constant, is equal to (2.11). �

3. Integrals and nonexistence of a Chaplygin multiplier

3.1. Assume 𝐼𝑖 = 𝐼𝑗 , i.e., 𝐽𝑖 = 𝐽𝑗 . Then the Lagrangian 𝐿red and the Hamil-
tonian 𝐻 are invariant with respect to the rotations in the (𝛾𝑖, 𝛾𝑗)–plane. We can
expect the associated Noether type integral linear in momenta (e.g., see [1,21]).
We have

Theorem 3.1. Let 𝐽𝑖 = 𝐽𝑗. Then

(3.1) 𝜑𝑖𝑗 = (𝐽𝑖 + (𝛾, 𝐽𝛾))
1
2𝜖−1(𝑝𝑖𝛾𝑗 − 𝑝𝑗𝛾𝑖).

is the first integral of the reduced flow (2.8), (2.9).

Proof. Let us denote 𝒥 = (𝛾, 𝐽𝛾), |𝛾̇|2 = (𝛾̇, 𝛾̇). Then we have

𝜑̇𝑖𝑗 = 2
(︁ 1

2𝜖
− 2

)︁
(𝐽𝑖 + 𝒥 )

1
2𝜖−2(𝛾̇, 𝐽𝛾)(𝑝𝑖𝛾𝑗 − 𝑝𝑗𝛾𝑖) + (𝐽𝑖 + 𝒥 )

1
2𝜖−1 𝑑

𝑑𝑡
(𝑝𝑖𝛾𝑗 − 𝑝𝑗𝛾𝑖)

and

𝑑

𝑑𝑡
(𝑝𝑖𝛾𝑗 − 𝑝𝑗𝛾𝑖) =

1− 𝜖

𝜖
(|𝛾̇|2𝐽𝑖𝛾𝑖 − (𝛾̇, 𝐽𝛾)𝛾̇𝑖 − |𝛾̇|2𝒥 𝛾𝑖)𝛾𝑗 − 2𝐻𝛾𝑖𝛾𝑗

− 1− 𝜖

𝜖
(|𝛾̇|2𝐽𝑖𝛾𝑗 − (𝛾̇, 𝐽𝛾)𝛾̇𝑗 − |𝛾̇|2𝒥 𝛾𝑗)𝛾𝑖 + 2𝐻𝛾𝑗𝛾𝑖

+ (𝐽𝑖𝛾̇𝑖 − (𝛾̇, 𝐽𝛾)𝛾𝑖 + 𝒥 𝛾̇𝑖)𝛾̇𝑗 − (𝐽𝑖𝛾̇𝑗 − (𝛾̇, 𝐽𝛾)𝛾𝑗 + 𝒥 𝛾̇𝑗)𝛾̇𝑖

= −1− 𝜖

𝜖
(𝛾̇, 𝐽𝛾)(𝛾̇𝑖𝛾𝑗 − 𝛾̇𝑗𝛾𝑖) + (𝛾̇, 𝐽𝛾)(𝛾̇𝑖𝛾𝑗 − 𝛾̇𝑗𝛾𝑖)

=
(︁
2− 1

𝜖

)︁
(𝛾̇, 𝐽𝛾)(𝛾̇𝑖𝛾𝑗 − 𝛾̇𝑗𝛾𝑖).

Next, from (2.8) we have

𝛾̇𝑖𝛾𝑗 − 𝛾̇𝑗𝛾𝑖 =
1

𝐽𝑖 + 𝒥
(𝑝𝑖𝛾𝑗 − 𝑝𝑗𝛾𝑖),

which proves the statement. �

Note that the integral 𝜑𝑖𝑗 is not the integral given by the so-called nonholonomic
Noether theorem (e.g., see [1,14,22]), since the generator of the associated 𝑆𝑂(2)–
action on the configuration space 𝑄 is not a section of the distribution 𝒟.
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3.2. Next we apply the Chaplygin reducing multiplier method: let 𝑑𝜏 =
𝜈(𝛾)𝑑𝑡, 𝛾′ = 𝑑𝛾/𝑑𝜏 = 𝛾̇/𝜈, 𝐿*(𝛾′, 𝛾) = 𝐿red(𝛾̇, 𝛾)|𝛾̇=𝜈𝛾′ . Then we have the new mo-
menta 𝑝 = 𝜕𝐿*/𝜕𝛾′ = 𝜈𝑝. The factor 𝜈 is a reducing multiplier if under the above
time reparameterization the equations (2.3) become Hamiltonian with respect to
the symplectic form

w̃ = 𝑑𝑝1 ∧ 𝑑𝛾1 + · · ·+ 𝑑𝑝𝑛 ∧ 𝑑𝛾𝑛|𝑇*𝑆𝑛−1

= 𝜈w + 𝑑𝜈 ∧ (𝑝1𝑑𝛾1 + · · ·+ 𝑝𝑛𝑑𝛾𝑛)|𝑇*𝑆𝑛−1

(e.g., see [4,8,10,15]). In other words, the vector field𝑋 = (𝑋𝑝, 𝑋𝛾) is proportional

to the Hamiltonian vector field 𝑋̃𝐻 :

𝑋 = 𝜈 · 𝑋̃𝐻 , where 𝑖𝑋̃𝐻
w̃ = −𝑑𝐻, 𝐻(𝑝, 𝛾) = 𝐻(𝑝, 𝛾)|𝑝=𝜈−1𝑝.

As we mentioned, for the inertia operator (1.3), under the time substitution

𝑑𝜏 = 𝜖(𝐴𝛾, 𝛾)
1
2𝜖−1 𝑑𝑡, the reduced system becomes a Hamiltonian system describing

a geodesic flow on 𝑆𝑛−1 with the metric defined by the Lagrangian (1.4). For 𝑛 = 3
all inertia operators are of the form (1.3) and the above Hamiltonization reduces
to the one given in [12]. Also, for 𝜖 = 1/2 the system is already Hamiltonian.

In considering integrable examples below, we will need the following statement.

Theorem 3.2. Assume that 𝑛 > 4, 𝜖 ̸= 1/2, and 𝐽𝑖 = 𝐽𝑗 ̸= 𝐽𝑘 = 𝐽𝑙 for some
mutually different indexes 𝑖, 𝑗, 𝑘, 𝑙. Then the reduced flow (2.8), (2.9) does not allow
a Chaplygin multiplier.

Proof. The existence of a Chaplygin reducing multiplier 𝜈(𝛾) implies that
the original system has an invariant measure 𝜈𝑛−2w𝑛−1 (e.g., see [15, Theorem
3.5]). From the expression of an invariant measure (2.11) we get that a possible
Chaplygin multiplier should be proportional to

(3.2) 𝜈(𝛾) =
(︁ det𝐶𝛾

(𝛾,𝐶𝛾(𝛾))

)︁ 2𝜖−1
2𝜖(𝑛−2)

.

Assume that (3.2) is a Chaplygin multiplier. Then the function 𝜈(𝛾) and the
Hamiltonian (2.10) in coordinates 𝑝 = 𝜈𝑝

𝐻(𝑝, 𝛾) = 𝐻(𝑝, 𝛾)|𝑝=𝑝/𝜈 =
1

2𝜈2
(𝑝, 𝐶𝛾(𝑝))−

1

2𝜈2
(𝑝, 𝐶𝛾(𝛾))

2

(𝛾,𝐶𝛾(𝛾))

are invariant with respect to the rotations in the (𝛾𝑖, 𝛾𝑗) and (𝛾𝑘, 𝛾𝑙) planes. Thus,
the Hamiltonian flow of 𝐻 has the Noether integrals Φ𝑖𝑗 = 𝑝𝑖𝛾𝑗 − 𝑝𝑗𝛾𝑖 and Φ𝑘𝑙 =
𝑝𝑘𝛾𝑙 − 𝑝𝑙𝛾𝑘 (e.g., see [1,21]). The vector field 𝑋 of the original system (2.8), (2.9)

is proportional to the Hamiltonian vector field 𝑋̃𝐻 , implying that it has the same
integrals, in coordinates (𝑝, 𝛾) given by:

Φ𝑖𝑗 = 𝜈(𝑝𝑖𝛾𝑗 − 𝑝𝑗𝛾𝑖), Φ𝑘𝑙 = 𝜈(𝑝𝑘𝛾𝑙 − 𝑝𝑙𝛾𝑘).

On the other hand, according to (3.1), 𝑓1 = 𝜑𝑖𝑗/Φ𝑖𝑗 and 𝑓2 = 𝜑𝑘𝑙/Φ𝑘𝑙 are
integrals on an open dense set Φ𝑖𝑗 ̸= 0, Φ𝑘𝑙 ̸= 0, and, by continuity

𝑓1(𝛾) =
1

𝜈
(𝐽𝑖 + (𝛾, 𝐽𝛾))

1
2𝜖−1, 𝑓2(𝛾) =

1

𝜈
(𝐽𝑘 + (𝛾, 𝐽𝛾))

1
2𝜖−1
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are integrals on the whole phase space as well. Observe that if 𝑓 is an integral of
the reduced flow (2.8), (2.9) that depends only on 𝛾, then 𝑓 is a constant. Thus,
𝑓1(𝛾) and 𝑓2(𝛾) are integrals only if(︁ det𝐶𝛾

(𝛾,𝐶𝛾(𝛾))

)︁ 2𝜖−1
2𝜖(𝑛−2)

= const1 · (𝐽𝑖 + (𝛾, 𝐽𝛾))
1
2𝜖−1 = const2 · (𝐽𝑘 + (𝛾, 𝐽𝛾))

1
2𝜖−1.

Since 𝜖 ̸= 1/2, we get that 𝐽𝑖 = 𝐽𝑘, which is a contradiction. �

The above considerations cannot be applied if we assume that 𝑛−1 parameters
𝐼𝑖 are equal, for example 𝐼1 = 𝐼2 = · · · = 𝐼𝑛−1 (𝑆𝑂(𝑛 − 1)–symmetric rigid body,
multidimensional Lagrange top). Moreover, in that case I is of the form (1.3), where
𝐴 = diag(𝑎1, . . . , 𝑎1, 𝑎𝑛) is defined by

𝐼1 = · · · = 𝐼𝑛−1 =
𝑎21 −𝐷

2
, 𝐼𝑛 = 𝑎1𝑎𝑛 − 𝑎21 +𝐷

2
.

Then 𝜖(𝐴𝛾, 𝛾)
1
2𝜖−1 is a Chaplygin multiplier and we have the identities(︁ det𝐶𝛾

(𝛾,𝐶𝛾(𝛾))

)︁ 2𝜖−1
2𝜖(𝑛−2)

= const1 · (𝐽1 + (𝛾, 𝐽𝛾))
1
2𝜖−1 = const2 · (𝐴𝛾, 𝛾)

1
2𝜖−1.

Note that one can prove the theorem directly, by applying the time-reparmetri-
sation 𝑑𝜏 = 𝜈(𝛾)𝑑𝑡, where 𝜈 is given by (3.2), into the system (2.8), (2.9). However,
the calculations are much more complicated.

4. Integrability of a symmetric case

Firstly, note that in the case of 𝑆𝑂(𝑛)–symmetry, when the mass tensor 𝐼 (i.e.,
the matrix 𝐽) is proportional to the identity matrix, the (0, 3)-tensor Σ vanishes
and the trajectories of (2.8), (2.9) are great circles for all 𝜖. Similarly as for the
Veselova problem [13], we have the following statement.

Theorem 4.1. For the symmetric inertia operator (1.5), (1.6), the reduced
system (2.8), (2.9) is solvable by quadratures and we have:

(i) If 𝑟 ̸= 1, 𝑛 − 1, generic motions are quasi-periodic over 3–dimensional
invariant tori that are level sets of integrals 𝐻, 𝜑𝑖𝑗, 𝜑𝑘𝑙, 1 6 𝑗 < 𝑖 6 𝑟,
𝑟 < 𝑙 < 𝑘 6 𝑛.

(ii) If 𝑟 = 𝑛 − 1, generic motions are quasi-periodic over 2–dimensional in-
variant tori that are level sets of 𝐻, 𝜑𝑖𝑗, 1 6 𝑗 < 𝑖 6 𝑛− 1 (similarly for
𝑟 = 1).

Proof. For 𝜖 = 1/2 the system is Hamiltonian and the proof follows from the
Theorem on non-commutative integrability of the Hamiltonian systems (see [5]).

In the case 𝑟 = 𝑛 − 1, the function 𝜈(𝛾) = (𝐽1 + (𝛾, 𝐽𝛾))
1
2𝜖−1 is a Chaplygin

multiplier and the integrability follows from the non-commuative integrability of
the associated Hamiltonian system (see [19]).

According to Theorem 3.2, for 𝜖 ̸= 1/2 and 𝑟 ̸= 1, 𝑛 − 1, the system does not
have a Chaplygin multiplier. However, we can apply a variant of the reduction
method used by Fasso, Garcia-Naranjo, and Montaldi in the case of the Veselova
problem [13].
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The system is 𝑆𝑂(𝑟)×𝑆𝑂(𝑛− 𝑟)–invariant. For any initial conditions (𝑝0, 𝛾0),
one can find a matrix 𝑅 = diag(𝑅1, 𝑅2) ∈ 𝑆𝑂(𝑟) × 𝑆𝑂(𝑛 − 𝑟), such that the
coordinates of 𝑅𝛾0 and 𝑅𝑝0 with indexes 3, 4, . . . , 𝑛 − 3, 𝑛 − 2 vanish. Therefore,
the only non-zero values of the Noether type integrals (3.1) at (𝑅𝑝0, 𝑅𝛾0) are 𝜑21

and 𝜑𝑛,𝑛−1 and the coordinates with indexes 3, 4, . . . , 𝑛− 3, 𝑛− 2 of the trajectory
with the initial conditions (𝑅𝑝0, 𝑅𝛾0) are zero. Therefore, without loss of generality
it can be assumed that 𝑛 = 4, 𝑟 = 2. Since the system is 𝑆𝑂(2)×𝑆𝑂(2)–invariant,
we can pass to the second reduced space 𝑃 = 𝑇 *𝑆3/𝑆𝑂(2)× 𝑆𝑂(2).

The regular compact connected components 𝑀𝑐1,𝑐2,ℎ of invariant varieties

𝜑21 = 𝑐1, 𝜑43 = 𝑐2, 𝐻 = ℎ

are 3-dimensional and 𝑆𝑂(2)× 𝑆𝑂(2)–invariant. Therefore, the reduced invariant
sets

𝑀𝑐1,𝑐2,ℎ/𝑆𝑂(2)× 𝑆𝑂(2) ⊂ 𝑃

are relative periodic orbits. Whence, we get that generic trajectories are quasi-
periodic over 3-dimensional invariant tori 𝑀𝑐1,𝑐2,ℎ (for the reconstruction of relative
periodic orbits, e.g, see [13,17]). �

Thus, for 𝑟 ̸= 1, 𝑛 − 1 and 𝜖 ̸= 1/2, the problem is solvable, has an invariant
measure, and according to Theorem 3.2 does not allow the Chaplygin reducing
multiplier. Closely related, let us note that the rolling of the ball over a horizontal
plane without spinning and twisting, where the mass center does not coincide with
the geometrical center, provides an example of the system such that the appropriate
phase space is foliated by invariant tori, but the system itself does not have an
analytic invariant measure and is not Hamiltonizable either (see [3]).
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15. Yu.N. Fedorov, B. Jovanović, Nonholonomic LR systems as generalized Chaplygin systems
with an invariant measure and geodesic flows on homogeneous spaces, J. Nonlinear Sci. 14

(2004), 341–381, arXiv:math-ph/0307016.

16. Yu.N. Fedorov, V.V. Kozlov, Various aspects of 𝑛-dimensional rigid body dynamics, Transl.,
Ser. 2, Am. Math. Soc. 168 (1995), 141–171.

17. M. J. Field, Equivariant dynamical systems, Trans. Am. Math. Soc 259 (1980), 185-–205.
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23. B. Jovanović, Rolling balls over spheres in R𝑛, Nonlinearity 31 (2018), 4006–4031,

arXiv:1804.03697 [math-ph].
24. J. Koiller, Reduction of some classical non-holonomic systems with symmetry, Arch. Ration.

Mech. Anal. 118 (1992), 113–148.

https://doi.org/10.1007/s00332-018-9515-5


108 JOVANOVIĆ

НАПОМЕНА О КОТРЉАЊУ КУГЛЕ ПО СФЕРИ:
ИНТЕГРАБИЛНИ ЧАПЛИГИНОВ СИСТЕМ СА

ИНВАРИАНТНОМ МЕРОМ БЕЗ ЧАПЛИГИНОВЕ
ХАМИЛТОНИЗАЦИJЕ

Резиме. У овоj ноти разматрамо нехолономни проблем котрљања 𝑛-диме-
нзионе балансиране кугле по непокретоj сфери без клизања и ротациjе у тан-
гентноj равни додира. То jе 𝑆𝑂(𝑛)-Чаплигинов систем са инвариjантном мером
коjи се своди на котангентно раслоjење 𝑇 *𝑆𝑛−1. За оператор инерциjе крутог
тела I𝜔 = 𝐼𝜔 + 𝜔𝐼, 𝐼 = diag(𝐼1, . . . , 𝐼𝑛) са симетриjом 𝐼1 = 𝐼2 = · · · = 𝐼𝑟 ̸=
𝐼𝑟+1 = 𝐼𝑟+2 = · · · = 𝐼𝑛, доказуjемо да jе редуковани систем интеграбилан, оп-
ште траjекториjе су квази-периодичне, при чему се за 𝑟 ̸= 1, 𝑛−1 Чаплигинова
метода редукционог множитеља не може применити.
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