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ADMISSIBILITY OF A SOLUTION TO
GENERALIZED CHAPLYGIN GAS

Marko Nedeljkov

ABSTRACT. It is known that there is a solution to the Riemann problem for
generalized Chaplygin gas model and that it contains the Dirac delta function
in some cases. In some cases, usual admissible criteria can not extract a unique
weak solution as it was shown in [4]. The aim of this paper is to use a solution
to perturbed generalized Chaplygin model by a small constant ¢ > 0 and
obtain a its unique limit. A weak solution to the unperturbed system that
equals that limit is called admissible. The perturbation is made by using the
modified model of Chaplygin gas defined in [5].

1. Introduction
The original Chaplygin system
Owp + 0z (pu) =0

O(pu) + Oy (pu2 — %) =0

was introduced as a model for a fluid passing by an obstacle (see [2]). The model of
generalized Chaplygin gas appears in a number of cosmology theories as a compress-
ible fluid with a pressure inversely proportional to a gas energy density, p = —C'/p®,
C>0,0<a<1,see[l]. It is used as a model for the dark energy in the Universe.
(We will use C' =1 in the rest of the paper for simplicity.) The system consists of
the mass and momentum conservation laws

Orp + O, (pu) =0
1
2 _— =
8t(pu) + 890 <pu pa) 0.

Let us briefly give the properties of the system. It is a strictly hyperbolic system
with the eigenvalues A1 = u — \/ap’HTa, A2 = u + \/ap*HTa and appropriate
lta +a

eigenvectors ry = (—1, —u++/ap~ 2 )T and ro = (1, u—i—\/ap*lT)T. Both fields
are genuinely nonlinear.

(1.1)
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Using the standard procedures one can find rarefaction curves:

2\/& _l4a _lta

T = T,
+ a

2\/a ( p*HTQ _ e

Po > ), P> po,

Ry:u=up+ P < po

Ry :u=mwup—

and shock ones:

— 1 1
Sl:u:uo_ P po(i(,_ia)v P > po,
po \p§ p

— 1 1
Sy tu=wug— P po(j*j)v p < po-
po \p§ p

Shock speeds for points at both curves S; and Sy are given by

l-a oo _ H¢
c=up=x p1+au'
Po P — Po

where + sign is for Sy and — for S;. A solution to the Riemann problem

u _ (p07u0)7 x <0
(12) (pv )|t:0 - {(pl)uﬁ) >0 .

for (1.1) is given as a combination of the elementary waves for the points (p1,q1)
above and on the curve
q0 _lta —1lfe
(1'3) Iy = Fss(pano) g = (; —p 2 —pPg 2 )p.
0

Below that line there are no classical solutions. One can use shadow waves [3] in
order to solve the problem there. These waves are approximate solutions to balance
law systems. In [4] the following lemma is proved

LEMMA 1.1. There exists a simple shadow wave written in the form

(po, uo), r<(c—et
—et<x<ct
(14) (pou)(at) = § o toe) (cm el <w<c
(pl,Euul,S)v << (C+E)t
(p1,u1), x> (c+et,
that solves (1.1) with the initial data (1.2) if and only if
1 1
(1.5) (uopopr — u1pop1)® > (po — p1)<7 - T)pOpL
P Po

The speed ¢ is given by

[ou] + \/ [ou]? — (o] [M]

Cc = B
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FIGURE 1. Classical waves

where [x] denotes a jump x1 — xo. The strength of the shadow wave equals

0= \/(Uo —u1)?pop1 — (po — ,01)(i - i)

PT PO

The solution (1.4) converges to

,up), x<ct
(16) (7 0) 1) = £ 170 +ot
(p1,u1), x> ct,

in the distributional sense as € — 0.

“Solve” here means that a distributional limit of the left-hand sides in (1.1)
with (p, u) substituted by a net (1.4) equals zero as ¢ — 0.

In order to get a unique solution to the given Riemann problem, one has to
exclude all points (p1,u1) satisfying (1.5) above the line I'y; by an admissibil-
ity criterion. The usual one, overcompressibility, Aa(po,uo) = A1(po,uo) = ¢ >
A2(p1,u1) = A1(p1,u1), is not enough. In [4], one can find a better condition made
by using Lax entropy pairs, but there are still points above I'g¢ for which one cannot
know whether they are admissible or not.

Our aim is to perturb the second equation in (1.1) by adding a small term
depending on e such that we get a modified Chaplygin model described in [5].
Then, we expect that ¢ — 0 will recover the above shadow wave solution only
below the curve I'ss. That could be used as a new admissibility criterion. One can
see a similar procedure for the original Chaplygin system in [6].
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2. Modified Chaplygin gas model

We will use the following perturbation of the system (1.1) based on the model
from [5] by letting the positive parameter in the flux function vanish
Orp + Oz (pu) =0
2.1 1
1) O(pu) + 0, (pu2 +ep— p—a) =0.

Let us assume initial data (1.2) for the system. Such Riemann problem has a unique
solution in the physical domain p > 0, u € R given as a combination of elementary
waves. Let us briefly describe those solutions.

We have a strictly hyperbolic system with the eigenvalues A\; = u—+/e + ap—(1+a)

A2 = u++/e + ap~(1+®) and appropriate eigenvectors r; = (—1, —u++/e + ap—(1+°‘))T

and 1y = (1,u++/e + ap*(Ha))T. Both fields are genuinely nonlinear for a € (0, 1)
and ¢ small enough.
Perturbed rarefaction curves are given by

p
Ry :u=up— / sTIWe+as—(+a)ds,  p < po
PO
p
Ry :u=up —|—/ sTIWe+as—(+a)ds,  p> po.
Po

Perturbed shock curves are

(2.2)

1 — —a
Sl,s:u=uO—\/ﬁ((po —p ) +elp—po), p>po
(2.3) .
Sz tu=1uo— ——((pg " = p*) +(p—po)), p»<po

VvV PPO

A shock speed for a point (p,u) at the curve Sy or Ss is given by

11—« o _ 11—« o O
cre=uw— [T (B0 0), or e =0ty P (B0 1),
Po p=Po Po J

A solution to the Riemann problem

(pw)limo = § P00 <0
. (p1,u1), >0

for (2.1) is given as a combination of the elementary waves for all points (p,u) €
Ry x R contrary to the case of generalized Chaplygin gas (1.1). That is the main
difference between (1.1) and (2.1). One can find an illustration in Figure 2: grey
lines represent non-perturbed rarefaction and shock curves, the black line is I',.
Note the important fact: S; . crosses the line I'y;.

One could see that all perturbed R and S—curves tend to unperturbed ones, but
with one significant difference. The perturbed Ss—curve lies sufficiently below the
critical curve I'gs so one could expect that it could be possible to obtain a S; + S
solution to (2.1) below the critical curve. One can see an illustration in Figure 3.
Unlike the original system we have the following lemma.
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FIGURE 2. Perturbed elementary waves

THEOREM 2.1. The Riemann problem (2.1), (1.2) has a unique entropic solu-
tion consisting of a combination of shocks and rarefaction waves.

As e — 0 the solution tends to the one to (1.1). Additionally, it converges to
the shadow wave solution (1.4) if and only if (p1,u1) lies below the curve Tyg.

PRroOF. Proof for all areas but the one between S; . and S . curve is almost
the same as for the original system (1.1). We will present a proof for that area
here.

First, we will prove that any point (p1, u1) between these lines can be connected
to (po, uo) by a combination of two shocks. Let us denote a middle state by (p., uc).
It is a solution to the following system of equations

1 \/ = .
Ue = U) — e — Y —pz ) +elpe — , e > P0,
" o (P = po)((pog* — p=?) +€(p= — po)); pe > po

1 - —a
wr = te = ——1/(pr = p) (0™ = pr®) +pr — p2))s 1 < e

VvV P1Pe

Thus, the value p. is a solution to the equation f1(p) = fa(p), where

fl(p):=uo—\/(p10—;)(plg—pla)jts(ppoﬁi—z)
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and

o=t (2= D) (- L) oL+ 22).

One can see that fi(p) < 0, p > po, fi1(c0) = —o0, fi(p) > 0, p > p1, and
f1(00) = oo so there exists a unique solution p. to the equation u. = f1(p.) =
f2(pe). Immediately, one sees that p. is increasing and goes to infinity like const /e
as € — 0. The value of u. is then uniquely defined, too.

We will now prove that a distributional limit of a shock combination 57 ¢+ .55 ¢
is the same as a limit of the shadow wave solution to the unperturbed system (1.1).

Denote by ¢; . a speed of a shock wave connecting (po, ug) with (pe, ue) and by
c2,c a speed of a shock wave connecting (pe, ue) with (p1,u1). Using the relations

_ Pele — POUO _ Pele — P1UL
= Coe = ——"—"

Cle )
Pe — PO Pe — P1

we have

_ . Pe
o:= lim(ca. —¢ =
e = eredbe = O =

=(p1 — po) ;1_1}%) ue — (pru1 — pouo)

)((pouo — pru1)pe + (p1 — po)petic)

Letting ¢ — 0, we get lim._,o u. = limy_, o fi(pe) = uo — pal/Q(pao‘ + y)l/2 and
lim, o ue = limy_ oo fo(pe) = w1 — pl_l/2(p1_a + )12, where y = lim._,gep.. One
can find y from these relations, y = £2 — py®, where

PoP1 Upg — U 1 2 1 1 1 1
£= - (uo — u1) —(*—*)(7—*&) .
p1—po\ +/Po N po  p1/\pg  Pf

—Perturbed S,
—Unperturbed S,
_Fss
0.5}
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FIGURE 3. Perturbed elementary waves
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Finally, that gives

1 1 1 1
o= /popry|(uo —u1)? + (— - —)(—% — =
( ) (Po 1 ) (Po P1 )
that equals o from (1.6). Also lim._,¢¢;c = limesou. = ¢, i = 1,2, with ¢ from
(1.6). That means that the distributional limit of the solution to (2.1) for (p1,u1)
below T'ss equals the distributional limit of (1.4). Above that curve the limit is
S+ Ss. O

Thus, this theorem could be used as an admissibility condition for eliminating
unwanted shadow waves above the curve I'y,.

An approximate solution to (1.1) is admissible if and only if a classical solution
to (2.1) converges to the same distribution.
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ITPUXBAT/BMUBOCT PEIIIEIHA YOIIIIITEHOT
YAIIJINTUTHOBOTI TACA

PE3uME. IlozuaTo je ma mocroje pemema PumamnoBor mpobiieMa 3a yOIIITeHN
YalIMruHOB Tac Koja cajpxke Jeiara (QYHKIEjy. Y HEKHUM CUTyalldjaMa He MOrY
Jla ce IpuMeHe yobudajeHe MeToje OMpara je[MHCTBEHOr CJIa0Or pellera, KaKo
je o nmokazano y [4]. Ilwb oBor paja je Ja ce UCKOPHUCTH OIPAHUYEHO DEIIehe
IepTypOBAHOT YOIIITEHOr JaIJIMTUHOBOT MOJIEJIa MaJIOM KOHCTAaHTOM € > 0 u Habe
JEJIMHCTBEHN JIMMHUT TAaKBOTI periema kaja € — 0. Ciabo perreme HerepTypboBaHor
cucTeMa KOjeM TeKU TO Delllere I1epTypOoBaHOr cucTeMa he OUTH IPUXBATIHUBO.
Ileprypbamnuja je ypaljena kopumhemeMm Mopesia MOAUGMUKOBAHOI Al IMTMHOBOT
raca gedunucanoM y [5].
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