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ABSTRACT. In a note at the 1928 International Congress of Mathematicians
Cartan outlined how his “method of equivalence” can provide the invariants
of nonholonomic systems on a manifold @ with kinetic lagrangians [29]. Car-
tan indicated which changes of the metric outside the constraint distribution
FE c TQ preserve the nonholonomic connection DxY =ProjpVxY, X,Y e E,
where VxY is the Levi-Civita connection on @ and Projg is the orthogonal
projection over E. Here we discuss this equivalence problem of nonholonomic
connections for Chaplygin systems [30,31,62]. We also discuss an example-a
mathematical gem!-found by Oliva and Terra [76]. It implies that there is
more freedom (thus more opportunities) using a weaker equivalence, just to
preserve the straightest paths: Dx X = 0. However, finding examples that
are weakly but not strongly equivalent leads to an over-determined system of
equations indicating that such systems should be rare. We show that the two
notions coincide in the following cases: i) Rank two distributions. This implies
for instance that in Cartan’s example of a sphere rolling on a plane without
slipping or twisting, a (2,3,5) distribution, the two notions of equivalence coin-
cide; ii) For a rank 3 or higher distribution, the corank of D in D+[D,D] must
be at least 3 in order to find examples where the two notions of equivalence
do not coincide. This rules out the possibility of finding examples on (3,5)
distributions such as Chaplygin’s marble sphere. Therefore the beautiful (3,6)
example by Oliva and Terra is minimal.

1. Introduction: d’Alembert, Hertz, Cartan, Chaplygin
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A constrained mechanical system consists of a Lagrangian L:T'QQ — R and a
distribution F c TQ of rank s < n = dim . D’Alembert’s principle gives

(1.1)

——-—=), with A=AC(q), suchthat E:C(q)-¢=0.
q

Equations (1.1) are given in column form, one entry for each ¢;, with C an rxn

matrix, and A = (Aq,..
When cast in Hamiltonian form, with p = 0L/d¢, H = pg— L (see eg. |

Xnn=(q,p) = (0H[0p-0H [0q+ X) = X +(0,)), A-0H[dp=0.
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., Ar) a Tow r-vector, r = n — s is the number of contraints.
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The multipliers A1, -+, A, can be eliminated by brute force, more or less as follows.
Matrix C' has an invertible r x 7 block. One uses the corresponding r equations to
solve for all the A’s. Splitting C'(¢)-¢ = 0 in two blocks, one could solve for r of the
¢’s in terms of s = n — r others, the coefficients being functions of all the ¢’s. Also,
by differentiating, one eliminates r of the §’s.

Eventually one gets a system of first order ODEs for the n-coordinates ¢ and
for s of the velocities, totalizing a system of n + s ordinary differential equations.
This procedure is very awkward. This is why geometric approaches are so helpful.

This paper is also intended as a review for a non-expert, familiar with basic
differential geometry, at the level of the first chapters of [52]. For a crash course on
Geometric Mechanics, with emphasis on control, of interest to mechanical engineers
working in Robotics, see [70]. A geometric mechanics approach to nonholonomic
systems was anticipated by A. Baksa [8], see also [66]. For a short survey on
nonholonomic systems, see [10]. For a comprehensive introduction, see [3]. Our
goal is to discuss the equivalence problem of Cartan’s nonholonomic connection
DxY under changes of metric. We pursue a recent observation by Terra and
Oliva [76] that there is more freedom if one is happy by keeping the same straightest
paths Dx X =0. We show nonetheless that in many cases the notions coincide.

1.1. From d’Alembert to Hertz. Jean le Rond d’Alembert asserted in his
Traité de Dynamique that, due to the constraints imposed on the system, a force
appears in the right hand side of Euler—Lagrange equations. This force produces
no resultant work in the system!. It was noticed by H. Hertz in his Prinzipien
der mechanik ( [51], 1894) that d’Alembert’s principle yields different equations
than those obtained by the calculus of variations with constraints (the so-called
“vakonomic” paths), except when the distribution is integrable (holonomic); in this
case both lead to geodesics of the induced metric on every leaf L of the foliation.
Inspired by Gauss’ least constraint principle, Hertz proposed the principle of least
curvature: the path followed by an inertial mechanical system is as straight as
possible, given that the velocity vector must satisfy the constraints. This gives the
correct equations for nonholonomic systems (hereafter shortened as nh)?.

1.2. Appell, Whittaker, Maggi, Hamel. We will skip, for brevity, the
accomplishments of their generation at the beginning of the 20" century. In danger
of being superficial, we take the nerve to say that their contribution was mainly
on the practical side: ‘quasivelocities’. Let ¢ € R™ be local coordinates on ", and
consider a local moving frame, defined by an n x n invertible matrix R(q),

0 & 5} . .0 . 1.
€J =7 =2 T1I5 - wrer=) 45—, 7=(R(q)) ¢
ony ,; dqr’ 2 2 dq;’
L Part II, Chapter 1 (1743, 1758). For an appraisal of d’Alembert’s work, see [33]. The
validation of d’Alembert’s principle has been experimentally established (see eg. [54,55,68], as

the limit of appropriate damping forces.

2 An inertial system is governed exclusively by its kinetic energy. Poincaré appreciated Hertz’s
view that Mechanics could be founded on the concept of constraints rather than forces: “il nous
force a réflechir, & nous affranchir de vieilles associations d’idées” [78]. We prefer to call the
solutions of (1.1) straightest paths. The terminology nonholonomic geodesic would be more ap-
propriate for the vakonomic setting.
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In books on mechanical engineering the keyword quasicoordinates refers to nonex-
isting entities 7w such that

syt s e,

87‘("] - 1 6(]1 871'] N 7
Using such quasicoordinates, the multipliers can be eliminated automatically, and
the number of ODEs would be just n + s. Moreover, they realized that when
symmetries were present, a proper choice of quasicoordinates would yield reduced
equations, which in some cases could be explicitly integrated in closed form.

1.3. Nh connections: Cartan and contemporaries. In the late 1920’s
Cartan, Synge, Schouten, Vranceanu and Wagner provided a differential geometric
description of nh systems. For historical information on that period we refer to [35].
They considered only purely inertial Lagrangians (no potential energy) and we will
follow suit here.

Let g denote the Riemannian metric on @ and F c T'Q a distribution.

DEFINITION 1.1. The (partial) connection on E c TQ, encoding d’Alembert’s
principle, is the combination of two operations,
i) computing the Levi-Civita connection VxY, of g for XY € E
ii) projecting VxY orthogonally back to E.

This is analogous to the induced Levi-Civita connection on a submanifold of a
Riemannian manifold. The nh connection is therefore

(1.2) DxY =Projp VxY
and the straightest path equation is given by
DxX =0, XeFE.

Affine connections on T'Q) are classical objects. According to [35], the study of
affine connections on subbundles of T'Q (partial connections) started with Schouten,
and was further developed by Vranceanu, Synge and Wagner. Without this knowl-
edge, nonholonomic connections were discussed in [63] in which one of the authors
was a participant. See [45] for a recent work in which the notion is used.

1.4. Chaplygin and Hamiltonization. The idea of Hamiltonization of nh
systems goes back to Chaplygin himself. In the first decade of the 20th century he
developed the method of reducing multipliers [31], applied to systems with abelian
symmetries. In some cases, under a time reparametrization depending on the base
variables s € S, the reduced system can be cast in Hamiltonian form, and in several
examples the reduced system is integrable (more information in section 6).

The jurisprudence was established by Chaplygin’s sphere. It is a dynamically
unbalanced sphere, but with the center of mass at the geometric center. The
configuration space is Q = SO(3) x 2. The sphere rolls without slipping on a
horizontal plane, twisting about the vertical axis allowed. The problem can be
viewed as an abelian (G = R?) Chaplygin nh system [30,31]. See also [36]. The
no slip contraints define a distribution E of rank 3 that is strongly nonholonomic
(i.e. 1-step, 3-5). It was shown to be Hamiltonizable when reduced to T*S? [13].
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1.5. Organization of the paper. In sections 2 and 3 we discuss E. Cartan’s
note at the 1928 ICM. Cartan’s method to obtain the dynamics, in the case of Lie
groups, is equivalent to Arnold-Euler’s [2]. Section 3 gives the initial G-structure
for the equivalence method. Section 4 builds on recent work by Terra and Oliva [76].
They consider a weaker notion of equivalence, the preservation of the acceleration
Dx X instead of the nonholonomic connection DxY. We present cases where the
weak and strong notions coincide. The special case of Chaplygin systems is outlined
in section 5, and section 6 presents final remarks and directions for further research.

We finish the introduction with a historical note®.

1.6. Chaplygin and Cartan. They were born 3 days apart, Cartan on April
9, and Chaplygin April 5, 1869. What more in common? Both came from poor
families and were discovered and protected by their elementary school teachers.
They endured hardships and tragedies in WW2.

Chaplygin was very much involved in the revolutionary movement in the 1910’s.
He protested persecutions in the 1930’s, defending Luzin fiercely. Still, he was
awarded in most prestigious medals due to his achievements, specially during the
War: Hero of Socialist Labour, Order of Lenin (twice), and Order of the Red
Banner.

Cartan’s son Louis, a member of the Resistance, was murdered by the Nazis.
Henri Cartan, the oldest, was a leader in the creation of the European Math Union
after the war and was influential in bringing Germany back.

Cartan can be described as a pure, pure mathematician, and Chaplygin a
very applied one?, but this may be misleading; they shared a common interest
in gravitation and cosmology. Chaplygin gas is still a basic ingredient for dark
matter theory. As Chern and Chevalley [32] wrote about Cartan, and Lyusternik
on Chaplygin, both were excellent teachers and were all for Women in Mathematics.

Lyusternik tells the following anecdote in [71]: ‘I was examined by Sergei
Alekseevich on particle mechanics [entering the Moscow State University]. My
answer was in no way remarkable. I was surprised several months later when taking
the [course on] Mechanics of a System that he remembered my name. ‘There’s
nothing surprising about that’, I was told, ‘Chaplygin has a phenomenal memory’.
When he was Rector of the Higher Courses for Women, he knew all the students
by name’.

3 Information from “The Early Years of the Moscow Mathematical School” (Lyusternik,
[71]) and the websites http://www-history.mcs.st-andrews.ac.uk/Biographies/Chaplygin.html,
http://www-history.mcs.st-andrews.ac.uk/Biographies/Cartan.html

4 Chaplygin’s career was mostly in aeronautical engineering. We quote from the MacTutor
site: The Central Aerohydrodynamic Institute, or TsAGI, was founded in 1918 and Chaplygin
helped organize the Institute from that time. In fact from the time that TsAGI was founded, he
devoted almost all his energies to the project. On the death of Zhukovsky in 1921, Chaplygin
became Chairman of the Board, a position he held until 1930. He was Executive Director of the
Institute from 1928 to 1931, then he became head of the scientific work of the Institute (...) In the
autumn of 1941, the Central Aerohydrodynamic Institute was evacuated from Moscow to Kazan
and Novosibirsk. Chaplygin took charge of the Novosibirsk branch of the Institute and rapidly
organised the building of a wind tunnel and research laboratories. However, the hard work and
difficult circumstances told on his health and he died from a brain haemorrhage in October 1942.’


http://www-history.mcs.st-andrews.ac.uk/Biographies/Chaplygin.html
http://www-history.mcs.st-andrews.ac.uk/Biographies/Cartan.html
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1.7. Hilbert: “Mathematics Knows No Races” [82]. There was a strong
political aspect at the ICM in Bologna, held from September 3 to September 10
1938. Hilbert intended to deliver a speech (but it did not happen, not clear why)
with that timely title. But Hilbert’s dream is becoming true (and hopefully will
remain so). At ICM 2014 and 2018 Fields medals were awarded to mathematicians
born in Third World countries, one of them Maryam Mirzakhani. She died so early.

2. Cartan’s equivalence for nh connections

It is not a surprise that Cartan used adapted moving frames® in his approach
for nh mechanics in [29]. He considered only kinematical Lagrangians L =T on a
configuration space @), where T is the kinetic energy of a Riemannian metric and
the constraints defined by a distribution F c T'Q)Q with rank s < n.

Cartan advocated his equivalence method to obtain invariants characterizing

the nonholonomic connection (1.2). See [50,75,77] for modern description of the
equivalence method with applications.
Cartan’s note was revisited in [63]. As pointed out by Terra and Oliva [76],

there is an inaccuracy. It was asserted that Cartan’s equivalence criterion (see
section 3.2) provided necessary and sufficient conditions for a change of metric in
Q@ to keep the straightest paths. Cartan’s criterion gives sufficient conditions, but
they are not always necessary, and this brings more opportunities. We will show
nonetheless in section 4 that the exceptions are rare.

The difference A(X,Y) = VxY -VxY between two affine connections in Q is a
2-tensor (very easily seen to be bilinear). Clearly V and V have the same geodesics if
and only if A is skew-symmetric. This implies (obviously) that Vx X = VxX. One
can make the same observation about partial connections, the difference between
DxY and DxY being a “partial” 2-tensor. Terra and Oliva propose a broader
notion of equivalence: the preservation of the straightest path equation Dx X = 0.

We start with the stronger notion of equivalence, preservation of DxY. We
will consider the weaker notion Dx X in section 4. We will show that for rank 2
distributions, preservation of DxY is equivalent to preservation of Dx X. We also
show that the notions coincide when dim(F + [E, F]) - dim F < 3.

DEFINITION 2.1. E c T M is bracket generating if any local frame e; for F
together with its iterated Lie brackets [e;,e;], [ei, [€j,ex]],... spans TQ.

The only case Cartan discussed in some detail were the 1-step distributions,
those satisfying E+[E, E] = TQ. We call those distributions strongly nonholonomic
(Snh). In this case, Cartan proved that, preserving the connection DxY’, one can

5 For a thorough account of moving frames in mechanics, see [73], where there is an interesting
historical observation: at the same time as Cartan (in France), Schouten (in Holland) was also
interested in moving frames for nh mechanics [80]. In fact, nonholonomic mechanics was trendy
at that time! Vranceanu, then a student of Levi-Civita in Rome, also made a contribution to
nh geometry at the 1928 ICM [87]. In Ireland, Synge was also studying nh systems [84]. A
few years later, Wagner studied the geometry of nonholonomic systems in his doctoral thesis
under V. F. Kagan at Lomonosov Moscow State University (see [35] for an account of Wagner
curvature tensor).
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modify the metric in the orthogonal complement F' of FE in T'Q, as long as F
remains orthogonal to E. This seems uneventful in view of d’Alembert’s principle.
The simplest example of a strongly nonholonomic distribution is a contact
distribution (2-3) in . Their invariants are given in [37]. Chaplygin’s ball (3-5)
is also Snh. For a k > 2-step distribution, Cartan observed something unexpected.
Denote by EM = E + [E,E]. As in the Snh case, one can change the metric
in the orthogonal complement F of E inside E(V). F remains orthogonal to E.
Surprisingly, there is total flexibility in changing the metric outside E(, as if the
nh geometry becomes ‘saturated’ at the level of E(Y). The proof is in section 3.

About the invariants, Cartan indicated that for distributions with k > 2-steps,
implementing the equivalence method would become cumbersome. We have the
impression that at this point Cartan lost interest.

“Vinterét géométrique sévanouirait rapidement a mesure que
les cas envisagés deviendraient plus compliqués.”

In fact, as far as we know, he did not pursue this study later. We took the
nerve to do the equivalence problem for nh connections on 2-3 [37], the 2-step 2-3-5
distribution [38,65], and the Engel 2-3-4 in [64].

Cartan was right in his warning: it can be difficult to interpret geometrically the
invariants. At any rate, in spite of Cartan’s somewhat pessimistic statements, with
the help of computer algebra further cases may be done nowadays. Cartan’s method
of equivalence is algorithmic and (almost) unsupervised. We wish to advertise this
study for the special case of Chaplygin systems, both in the strong and weak senses.
Some thoughts are presented in section 5.

2.1. Derived ideal. The bracket generating condition can be refined in terms
of a filtration of ideals of differential forms. To do this let Z be the ideal of all
differential forms annihilating E. It is locally generated by n — s one-forms.

DEFINITION 2.2. The set of forms Z' = {ne I | dnp =0 mod (I)} is called the
derived ideal of 7.

Set T = Z° and define Z7 inductively by Z7 = (Z7!)’. The condition that
E is bracket generating can be redefined in terms of the sequence of inclusions
I° 51" 5 I? 5 - terminating with the 0 ideal. In the vectorfields side, we denote
E' = E + [E, E] and define inductively E(®) = E, E/ = (E’~')’. Then ZU) is the
annihilator of E¢). This comes from the following lemma, a simple consequence of
Cartan’s magic formula:

LemMA 2.1. ZW) s the annihilator of EM) = E + [E, E].

PRrOOF. Just stare at

dO(V, W) =2VO(W)+We(V) £ 0[V,W]

where the correct signs do not matter. O

REMARK 2.1. The filtration of ideals Z() forms the annihilators of E) where
B3+t = BI 4 [EI E7] which form the big’ growth vector. If, instead, we take
E=F'=H=H!and H*' = E+[E,H’] we get the ‘small’ growth vector. In
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general E' contains H'. In the examples discussed here the big and the small
sequences are the same. As we will see shortly, nonholonomic geometry (meaning
DxY) sees only the first derived ideal.

2.2. The Levi-Civita connection. Once a frame in @ is chosen, it defines
a riemannian metric 7' in @ for which it is an orthonormal basis. Let (e;) be an
orthonormal frame and (w’) its dual coframe satisfying wr(es) = §77. The metric
writes in terms of the coframe as
9= (@) @)
Recall that the Levi-Civita connection of the metric is given by (see eg. [52])
(2.1) Vxey=wry(X)er,
where the connection forms wy; satisfy (uniquely) the structure equations
de+wIJ/\wJ =0, wrj=-wys.
In the traditional Christoffel symbols notation one writes
(22) Vewes =Txger, Tiy=wis(ex), Tiy=-Tki,
PROPOSITION 2.1 (Cartan’s moving frames approach for geodesics).
Vie=0 < vk =-voT75(q), ¢=vper, T7y=wis(er).

2.3. Euler-Arnold equations: I‘i. J versus cﬁ. In control problems, it is

very useful to prepare a table of the expansions of the commutators [es, ek in its
own moving frame {er,}

les,ex] = cix(a)er.
Thus it is important to relate the Christoffel symbols F%J = wry(ex) with the
values of ¢, (= wk[er, es]).

PROPOSITION 2.2. We have the relations

(2.3) wrk(es) —wry(ex) =w'es, ex]
(2.4) QF{K =2wyk(er) = wI[eJ,eK] —wJ[eK,eI] _CL)K[BI,@J].
PROOF. dw!(es,ex) = ~wles,ex] = ~Spwir A wh)(es,ex) = wrilex) -

wri(ey). Hence (2.3) follows. These relations can be inverted with the usual
trick. If we write the cyclic permutations of (2.3), we get three equations relating
six quantities on the right hand side, but in reality they are just three objects due to
the anti-symmetry of wy(ex) in the lower indices I, J. Solving this linear system
yields (2.4). O

PROPOSITION 2.3 (Euler—Arnold equations). The geodesic equations can also
be written as

(2.5) Vee=0 < i)K:—vIvJ[(cf(J+cJKI)/2]:—UIUJC%J(q), ¢=vrer.

PrOOF. Immediate from the previous Proposition. One of the three terms in
(2.4) does not contribute due to the skew symmetry with respect to I, J. (]
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EXAMPLE 2.1. For a Lie group, with say, a left invariant frame and left invariant
metric the ck ; are constants. The expert reader will recognize that (2.5) becomes
the Arnold-Euler equations in the Lie Algebra, in the case of an orthonormal frame.
For a general non-orthonormal frame (see eg. [62])

(2.6) Qs =g" el g,

where we changed to the usual notation vy = €y and we define a left invariant
metric by 27 = (G$,Q), with G = (Gry) is a symmetric positive definite matrix.
The vector () represents a Lie algebra element expanded in the basis ex. The
presence of entries g% of the cometric matrix G™! is morally a “nonlocal” effect.

2.4. Straightest paths (4 la Cartan or a la Euler—Arnold). We will use
the following conventions and un-conventions: capital roman letters I,J,... run
from 1 to n. Lower case roman ¢,7,... run from 1 to s (The dimension of the
constraint distribution). Greek characters a, /3,7, from s+ 1 to n. Summation over
repeated indices is assumed unless otherwise stated. We apologize if we are some-
times careless in using upper or lower indices, and sometimes we put X to indicate
a summation more explicitly. We will further subdivide the Greek characters into
lower and upper case to account for forms belonging to the derived ideal Z' of
T = span{w®}.

Cartan proposed studying nonholonomic systems using adapted coframes

(2
w .
w:[wa], where 1<7<s, s+1<a<n.

This coframe is dual to an adapted orthonormal moving frame {e;, ey}, the first s
vectors being tangent to E.

PROPOSITION 2.4. The Nh connection of Definition 1.1 is obtained simply by
running the indices only up to s:

De.ej = Ffjek (1<4,5,k<s).

A curve c(t) is a straightest path if ¢ = Y5_; vger (v = wi(¢) quasivelocities)
with (see (2.2) and (2.5))

(2.7) O = —viv‘jffj or equivalently, Uy = —vivjc};j.

In the sequel we will sometimes use the sz =wj;(ex) (that we call the Cartan
format) and sometimes the c};j = w;j[ex, e;] (that we call the Arnold-Euler format),
whichever is more convenient in the situation being considered.

COROLLARY 2.1. Given a left invariant distribution E, and a left invariant
metric (it may be given by a matrix G), the nonholonomic equations are obtained
by the orthogonal projection with respect to this metric, of the Euler equations
(2.5), (2.6) for non-orthonormal frames for Q on the distribution E.

NoTA BENE. We stress that although Ffj # c};j, the difference is skew symmetric
in the indices 7, j. For the straightest path equations the difference will disappear
after the summations over 4, j of the corresponding Ov;v;, so we may take the C}q-

But for the nh connection we need to stick to the Ffj.
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2.5. Example: maximally symmetric 2-3-5 distribution. Let

o2 59 g0 20

e 6$1 26$3 ! 261‘4 28$5

e——+xi+x2i+xx—

2 8%‘2 1(9.1’3 ! 83?4 ! 2(9.1’5
0 0 0

= =2 +3r,— +3

es3 [61,62] 8;53 + $18$4+ 1‘28335

€4 [61763] Saiua

€5 = [62,63] = 3%

which form a basis for a 5-dimensional nilpotent Lie algebra on SR°. The exponential
map gives a diffeomorphism between the nilpotent algebra and the group. Using
the Baker—Campbell-Hausdorf formula one determines the cubic polynomial group
law which is:

T Y1 T+ Y1

T2 Y2 T2+ Y2

z3|-|ys|= z3+y3 + 5 (T1y2 — T2y1)

T4 Ya Ty +ys+ 3 (21y3 — 3Y1) + %(@y% —Z1Y1Y2 + TTY2 — T172Y1)
T5 Ys o5+ ys + 5 (T2y3 — T3y2) + 75 (T2y1y2 — T1Y5 + T1T2Ys — T3Y1)

By construction the vector fields X; provide a left invariant frame on G. The
dual coframe is

771 dIl

772 d{EQ

3| = L (~wodwy + 21dws - das)

n* L(—gi2oday + 23dxs - 321das + 2day)
n° %(—x%dwl + x122dxs — 3T2dx3 + 2dX5)

PROPOSITION 2.5. Let E = span(ey,es) be a rank two distribution on an n-
dimensional Riemannian manifold Q. In terms of an orthonormal coframe w,

. 1 2 2 1 2, 2
U1 = —WiqU1 V2 — Wig(V2)*, Vg = wis(v1)” + Wigt1 Ve

where
9 dwr AW A AW 1 dw? A w?
(2.8) Wiy = — and  wiy=-—

A AW
WEA A wm ’

WA Awn

PROOF. Since w provides a basis for the cotangent space, we can express each
component of the Levi-Civita connection one-form w;; as wiljwl ++wiiw™. Because
s = 2 we only need w2 and since the path c is tangent to E we only need wi,w® and

w?,w?. Using the structure equations we compute dw! Aw? A---AW™ = —wlywl A= AW™

and dw? Aw3 - AW = Wlw! A A W™ 0

[This is easily modified for rank s distributions with s > 2. One obtains a linear
system of equations for the required coefficients of the Levi-Civita connection.]
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We take g = (n%)? +--- + (#°)? making the given frame orthonormal. Since
dn' = dn? = 0, the previous proposition implies that the nonholonomic geodesic
equations are v = 92 = 0. Hence

(ila$2a¢3a¢4azb5) = Ael + B€2

which are equivalent to the system of equations

i A

Lo B

g |=| wid2 - x2dn
l"4 l‘%mg - xlxgil
i’5 —Z%i’l + xll'beQ

whose solutions give the nonhonolomic geodesics in terms of polynomials of up to
third degree (for z4,z5).

REMARK 2.2. Cartan introduced in his thesis [26], and developed in two very
famous papers [27, 28], the simplest exceptional complex Lie algebra Gs. It turns
out that F is the maximally symmetric 2-3-5 distribution and that its Lie algebra
of symmetries is precisely the 14-dimensional, non-compact real form of Gs.

Cartan’s work has been discussed in the 1990’s by Bryant and Hsu [22,23] and
more recently in Agrachev, [1], Bor and Montgomey [12], and Baez [4,5]. Two ways
have been found to realize “concretely” a Lie group for G5. One is via octonions
and the other as the symmetries of the rolling distribution, without slip or twist, of
two spheres in the ratio 1:3. It seems that Cartan never explicitly discussed rolling,
but it is implicit in his work. Bryant pointed out that for the 1:3 (or 3:1, it does
not matter) rolling distribution, Cartan’s tensor F (the lowest order invariant for
2-plane fields in %) vanishes, thus it is locally equivalent to ‘fat’ distribution from
Cartan’s 1910 paper-the nilpotent 2-3-5 as we presented above.

3. G-structures in nonholonomic geometry

At the 1928 ICM Elie Cartan described the transformations of coframes on
a manifold leading to the same nh connection. In modern language, a family of
coframes together with a matrix group G of transformation is called a G-structure.
It is a sub-bundle of the coframe bundle m: F*(Q) — @, as a GI(n) principal bundle
[50,75]. Both for subriemannian (SR) or nonholonomic (NH) geometry, the story
begins with the change of coframes

(3.1) (:ja) B (g Jj) (:)“)

with
CeO(s), AeGl(n-s), BeM(s,n-s).

3.1. “Master packages”. We now derive the conditions for strong and weak
equivalence. Dually to (3.1), the frames change via

(cirea) = (E1,20) (g’ ﬁ)
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We can take C = identity without loss of generality. They correspond to changing
the metric in @ but keeping it unaltered inside E. In the case of SR geometry,
there are no restrictions in these matrices, this is the initial G-structure. For nh
systems things are more subtle. Proposition 2.4 implies

ProrosITION 3.1. i) Strong equivalence: the nh connection is preserved
under the change of metric if and only if for all 1 <i,j,k < s.

=k k
=Ty
ii) Weak equivalence: the trajectories are preserved under the change of met-
ric if and only if
E;Cj = czj + skew symmetric stuff in i, j.

We thank Prof. Waldyr Oliva for calling our attention to the additional flexi-
bility in the weak notion. It is due to the “nota bene” in section 2.4.

To find the transformation rules we take C' = identity, so e; = €;, 1 <¢ < s and
re-compute the structure constants:

[€e,Ei] = [er,ei] = cziej +cp;(Bja€; +stuff €y) = (cél +cp;Bja )€ +stuff €.
We get immediately that for 1<14,5,¢<s, and sum over s+1<a<n:

PROPOSITION 3.2.
¢,

3

p o
~> &y = ¢ + € Bia

(which clearly is still skew symmetric with respect to indices £,1i.)
. . T
I S §(c?kBm —cpiBja + C?ina)
(which clearly is still skew symmetric with respect to indices j,k.)

PROPOSITION 3.3 (Master equations). The “package of conditions” for nh con-
nection equivalence is

(32) C_?kBioc - CgiBjoc + C?ina =0.

For the straightest paths equivalence the conditions are
(33) C%Bja + C%Bz‘a =0.

For a Chaplygin system where ) - S is a principal bundle, B and the cf; will
be functions of the base variable.

Since the preservation of the nh connection implies that the trajectories are
maintained, (3.2) implies (3.3).

A question then arises: in what circumstances does (3.3) in turn imply (3.2),
i.e. the two equivalence notions coincide?

We present situations where the notions coincide in the next section 4. The
counter example by Terra an Oliva [76] is reviewed in section 4.6.
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3.2. Change of metric preserving the nh connection (Cartan’s way).
Both sets of conditions as given by the above proposition 3.3 seem difficult to
analyze. The package (3.2) for nh connection equivalence looks specially diabolical.
Probably, this is why Cartan chose to work with coframes structure equations. He
focused only on the nh connection equivalence. Let us now review his approach.

In the previous section 2.1 we defined the first derived ideal T(Y). Recall that
it is formed by combinations 6 = Y a,w® (coefficients are functions in Q) of the
w® such that df € Z. This means that the 2-form df, as a 2-form, can be written
in terms of wedge products where every term contains at least one of the w®’s; in
other words, there are no terms of the form w’ Aw’. Equivalently, df vanishes when
applied to a pair of vectors in E. This is clear from Cartan’s magic formula.

We mentioned in the introduction that Cartan observed that for nh systems,
there must be restrictions on B in order to preserve the nh connection. He proved
that for strongly nonholonomic (Snh) distributions, B = 0. Thus, in that case, F'
must remain perpendicular to E in the new metric, although one can change the
metric at will in F'. Probably the reason that Cartan was only interested in the
nonholonomic connection (and not the trajectories) is because he showed that there
is a unique (intrinsically defined!) special metric in F. A more general result was
presented in [63]. Let 7 = dim(Z(M), so

dim(E+[E,E])=n-r.
As we mentioned before, we subdivide the n — s Greek indices into r capital Greek

indices ® and ¢ = n—s—r lower case Greek (those listed as the last batch of objects).
In the sequel, when we say “all the Greek”, it means both lower and upper case.

DEFINITION 3.1. The specially adapted frames for T'Q)
(3.4) (eisedp,ep), 1<i<s, s+1<P<s+r, s+r+l<op<n
are those that satisfy the following requirements:
i) The e; span E.
ii) The ey generate a complement F of E in E + [E, E] (thus (e;,e,) generate
E + [E, E], which is annihilated by Z(1).
iii) The eq are chosen to complete the full frame for T'Q) (we placed them in the
middle sector for convenience).

The dual coframe of the frame just constructed is denoted
(wi,w(b,w¢)f, 1<ig<s, s+1<P<s+r, s+r+1<op<n.
Notice that by duality, the w® € Z(). The last forms, in lower case Greek, are

in Z but not in Z!). The most general change of frames among specially adapted
ones is of the form

C By By
(3.5) (ei,eq,,e(b) = (éi,ap,éds) 0 A, 0273
0 A A

where the 023 block is zero by construction, that is: the first and last batches still
generate E + [E,E]. Also C € O(s), A, € Gl(r), Ay e Gl(n—s-1).
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It is not hard to check that all possible metrics in ) are contemplated by
this construction: given any frame {fr}-1, ., in Q, there is an orthogonal matrix
R € O(n) such that the rotated frame {f;}- R has the first s vectors in E and the
first s+ r vectors in FE + [FE, F].

The change of coframes writes as

(I)i C Bl BQ wi

(36) @®l=]0 A, 0273 w®
w® 0 Ay A w®
THEOREM 3.1. [63] In the notation of (3.5) and (3.6), make C = identity

without loss in generality. The condition for the nh connection to be the same for
the two metrics, determined by the corresponding coframes, is

By =0.
For the proof, we must compare the structure equations
(3.7 dw' = —w;; Aw? —wio AW, dR" =~ AT — Wi AD”.

DEFINITION 3.2. We say that forms (on any degree) are F-equivalent if their
difference is in Z and denote ~g. So anything containing one of the Greeks (the
w®’s or the w?®’s) can be dropped in terms of the equivalence relation.

LEMMA 3.1. The nh connection is preserved if and only if do® ~p dw®.

PROOF. By (3.6) with C = identity, we have ¢; = €;. In view of (2.1) and (2.7)
the connection is preserved by the change of metrics if and only if

Wij ~E (Dij.
So in view of (3.7) we get dw’ ~p dw'. O

PROOF OF THEOREM 3.1. Since @' = w'+ (B )ipw?® +(Bz)iaw® it follows from
the lemma that d[(B1)iaw® + (B2)iaw®] ~g 0. Now,

d[(B1)iew®] = d(B1)ie Aw® + (B1)iedw?® ~5 0
as dw® ~p 0 (because by choice w® e ZM). Tt follows that
d[(Bg)ia A wo‘] = (B2)7,'a Aw® ~E 0.

This means that the 1-form given by the combination (Bsg);ndw® is in ZM . But
unless all the coefficients vanish this is impossible. We exhausted the generators of
ZM with the upper case Greek indices. Hence By = 0. It was once said that when
basic theorems are interesting they are trivial to prove. O

SUMMARY. In subriemannian geometry one can add any combination of forms
in Z to the w;. In nonholonomic geometry we can still add forms in Z() and
preserve the connection. Thus nh geometry has some degree of “near-sightedness”.
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3.3. Initial G-structure for Nh connection equivalence. The condition
Bj = 0 means geometrically that the orthogonal complement F of E in E(!) cannot
be changed. But the metric in F can be altered. Any complement H of EM) to
TQ can be declared orthogonal to E(®) without affecting the connection. From a
different perspective, look back at the Levi-Civita connection of @, restricted to
the latin indices

(3.8) Ve, €5 = wij(exr)e; + waj(er)ed + waj(er)eq.

In general the wej(er)ew € H do not vanish, and they are outside E +[E, E]. This
is not harmful, since the nh connections are obtained by dropping out all the Greeks
eg and e, terms in (3.8). The first terms, defining the nh connections are the same
in both metrics.

THEOREM 3.2. The initial G-structure for the equivalence problem for Nh con-
nections DxY is the sub-bundle on the frame bundle consisting of coframes

w = (wi, w®, w?), 1<ig<s, s+1<PLs+r, s+r+1<p<n

where w®, w® annihilate E and w® annihilate E* = E+[E, E]. The initial G-group
acting on w consists of matrices of the form

Cc B 0
0 A, O
0 A A

with C € O(s), By € M(s,1), Ao € Gl(r,1), Aye M(n—s-mr,1), Ay € Gl(n—s—-7).

Dimension count. Let dimF =s,dim F =t, dim H =r, so that n =dimQ =r+s+t.
The number of independent functions is

s(s+1)/2+t(t+1)/2+r(s+1).

Revisiting example 2.5. Here Z = Z° = span{n3,n*,1°} and we can compute
dn' =dzy Adzy 0, dn*=dzyan®=0, dp’ =dzaarn®=0 (all mod Z),

hence the uppercase Greeks are Z* = span{n*,1°}. Furthermore we can check that
dn* and dn® # 0 mod I' so that 72 = 0.

The column vector (nt,n2,1%,1n%,n is thus an adapted coframe, where for
convenience we kept the uppercase Greeks n*,7° at the end of the list. The initial
Go c GI(5) consists of all matrices of the form

Cn Ciz2 0 bis bis
Cor Cox 0 bay bos

5)757"

0 0 as3 azs ass
0 0 0 44 Q45
0 0 0 as4 Ass

In light of proposition 2.8, Cartan’s condition is easy to appreciate. If we let C
be the identity matrix and replace n; with 71 = 11 + bians + b1s5n5 and 72 with
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Tla = Mo + baany + basns, then the coefficients o, and al, in the motion equations
(2.5) remain unchanged since

d774/\773/\774/\775:dnSAT]?’AT]4A175=O.

4. Remarks on weak equivalence-preserving the acceleration Dx X

Cartan’s equivalence criterion-to preserve the nh connection, obviously implies
that their nonholonomic paths are the same. Much to our surprise, Terra and Oliva
have recently found an example of a change of metric that does not preserve the
nh connection but still preserves the paths. We will discuss their example at the
end of this section. First, we will make some considerations indicating that this
is an “extreme event’. We start by showing that when dim E = 2, preservation of
trajectories implies, conversely, preservation of the connection. In [37,38,64], the
cases of, respectively, 2-3, 2-3-5, and 2-3-4 distribution growth were studied.

4.1. Rank two distributions.

PROPOSITION 4.1. For any nonintegrable distribution E of rank 2 on a manifold
Q of dimension n endowed with an arbitrary Riemannian metric, the straightest
path equations are preserved if and only if By = 0.

PROOF. Theorem 3.1 yields sufficiency. To show necessity, let w = (w?, ... ,w")T,
where 1 indicates transpose, be an specially adapted coframe (3.4) in Definition 3.1,
with Z = span{w®,...,w"}, T = span{w?,...,w" '}, and g = (w)? + -~ + (w™)2.
Here Z(1 is the annihilator of the three-dimensional distribution E(Y) = E+[E, F],
and w™ ¢ ZM . Note that in the special case n =3, Z1) =0 and w?® ¢ 1.

The structure equations for w are

wt fiwt Aw?
w? faw! A w?
3
w 0
dl = |= (mod ).
wnl 0
w" Faw! Aw?

Note that f, # 0 since w” ¢ IV, Applying Proposition 2.3, the straightest paths
equations for the quasivelocities vy and vy are

b1 = fav109 + f1(va)?

4.1
4.1) by = —f2(v1)* + frv1ve.

Now suppose that in equation (3.6) By = (b1, by)" and, without loss of general-
ity, C, Ao, and Ay are identity matrices, and that A; = 0. The modified coframe is
thus @ = (w!,...,0") = (W +b1w™, W2 +byw™, w3, ..., w")T with associated modified
metric (©1)2 +---+ (@™)2. Note that the quasivelocities v; and v, are unchanged.

The structure equations for @ are
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"y (f1+b1fn)0" AG®
& | (R bafiot na?
~3
I E 0 (mod I).
1 0
o oot A2

The straightest path equations for (the same) quasivelocities are now
b1 = (f2 +bafn)vive + (f1 + b1 fn)(v2)?
b = =(fa+bafn)(01)” + (f1 + b1 fn)v10s.

Comparing with the original equations (4.1) and recalling that f,, # 0, we can see
that it is necessary for b; = by = 0 to preserve the nonholonomic paths. O

4.2. “Master equation” for keeping the straightest paths, revisited.
Recall that the nonholonomic dynamics in the Euler—Arnold format is given by
(4.2) v; = cgi(q)vjw, 1<4,5,£<s, ¢=uve;,
where the e; € E (i =1,...s) are part of a full orthonormal frame e; (J =1,...n),
with

[er,es] = cKex.
Recall that we change metric as follows. An orthonormal basis {&;,&,} for the new
metric is related to {e;,eq} by
(43) ej = élCij, €q = éija + e Airg-
Here B is s xr and A is r x r, functions of ¢ € Q. We take C =identity, so e; = €;.

DEFINITION 4.1. For each i =1,...s, denote by C? the (n - s) x s matrix
(Ci)af = cg;-

We call them “weights”. Note that the last r rows of those matrices are zero
since we are working with specially adapted frames.
We get immediately from the package of conditions (3.3):

PROPOSITION 4.2 (Master Equation for Weak Equivalence). The necessary and
sufficient condition for a change of metrics (4.3) to preserve the straightest paths
equation (4.2) is:

All the s x s “weighted matrices” BC* for i=1,...s are skew symmetric.

Recall that this means
(4.4) Y (cGiBja +¢§iBu) =0, forall 1<jf<s and 1<i<s.
[e%

As we mentioned before, the skew symmetry requirement is natural since any skew
symmetric bilinear form v' Aw vanishes when v = w. In hindsight this proposition
results from the Euler-Arnold form for the nonholonomic dynamics, using the cfj (q)

instead of the Ffj(q).
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4.3. There are more equations than unknowns. Let r = dimZM), so
t =n—s—r is the dimension of the complement F of E in E(). This is the number
of the a indices that matter forming matrix By. Note that for all the remaining
a’s we have cf; = 0. We differentiated those latter in Definition 3.1 by using upper
case Greek letters (and indeed there are r of them).

Each matrix C* has two blocks. The upper, which we call C?, is the relevant
one, of size (n—s—r) xs. The lower block is of size r x s and is filled with zeros.
Therefore, in computing the products BC?, we should divide matrix B in two
blocks. The left one, which we call B, is of size s x (n—s—r) and meets the upper
blocks C*. The right one, which we call By, is of size s x r.

We can see that there are no conditions for By since it meets the lower part
of the C* which are zero. The skew symmetry conditions (4.4) are limited to the
small Greek indices «’s, and apply to block Bs, of size s x (n — s —r). The number
of unknowns is u = s(n — s —r). On the other hand, the number p of equations
encoded in C'By + (C'By)T =0 is

p=s(s(s+1)/2) = s°(s +1)/2.

We could assert for sure that there are nonzero solutions for Bs if there were more
unknowns than equations, u > p, i.e., if sx (n—s-7) > s2(s+1)/2, or equivalently, if

n>s(s+1)/2+s+r (*).

However, this is never the case. Since dim E(") < s+ s(s-1)/2 = s(s +1)/2 (the
maximum number of new vectorfields that one can form with the brackets) we get

n<r+s(s+1)/2
which precludes (*). So there are always more equations than unknowns.

4.4. Corank 1, strongly nh, distributions. Here s = n-1,r = 0. Is it
possible to find an example of nh geodesics equivalence with B # 0?7 We indicate
why not using the Master Equations. We will give a more general argument in the
next subsection, using Cartan’s viewpoint. To begin with, note that there are far
more conditions (p = (n - 1)?n/2) than unknowns (u=n-1).

Matrices C*,1 <7 <n -1 are row-vectors of size n — 1

C" = (cf;, Chys - - ~70271,2—)
and the matrix By = B is a column vector of size n — 1
B=(by,...bp1)".

The product BC? is a (n—1) x (n - 1) matrix whose i-th row (1<i<n-1) is

bi(c’fj, cgj, ey 02—1,]')-
For the nh connection equivalence we know already that all b;,7=1,...,s=n-1

must vanish since the distribution is Snh. But it would be interesting to have a
direct argument using the conditions (3.2). Since there is only one « = n, the usual
alternating trick shows that every term in (3.2) vanishes, i.e. all ¢ b; = 0. Since
some c;}. # 0, we conclude that all b; = 0.
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It is a little bit more difficult to analyze the conditions for keeping the straight-
est paths (i.e., weak equivalence)

(4.5) bicy; +brci; =0
for all 1 <4,7,k<n—-1. It is convenient to form the skew symmetric matrix
C= (CZ )

Making k = j in (4.5) kills automatically the first term and we get b;c;; = 0 (not a
sum over j, it is just a single product).

PROPOSITION 4.3. If ¢, # 0 then bj = b; = 0.

If there is an example with a b; # 0, then the whole j-th column (so also the
j-th row) of ¢ must vanish. Conversely, suppose the j-th colum of C is formed by
zeros (so also the j-th row). Then the equation (4.5) for that value j is void. It
seems therefore that the most favorable case for the possibility of having a nonzero
B is when only one structure coefficient is nonzero.

At first sight it seems that that pair of b's vanishes and all the other could
be arbitrary. We now show that (4.5) forces a lot of others (we think that this
argument gives all) to be zero too.

When one structure coefficient is nonzero we have the group R™ x Hs, where
Hj is the smallest Heisenberg group. Denote (yi,...,Ym,,y,2) the coordinates.
The corank 1, strongly nh distribution E is generated by the 0/0y;, together with

X1=0/0x, Xo=0/0y+x0/0xz.

The only nonzero commutator is [ X7, X5] = 9/0z.

B is a column matrix with m + 2 entries. Let us look at the first m entries
bi,i =1,...m. The second term in (4.5) vanishes because all the possible ¢, = 0.
But we may take K = m+1, j = m+2 and since cﬁiimﬂ =1 we conclude that
b; = 0,2 =1,...m. In order to show that b,,.1 and b,,,2 also vanish in the nh
geodesic equivalence we now look directly at Hs. More generally, the reasoning is
valid for all Heisenberg algebras H,,n = 2m + 1.

The last coordinate is called z. The distribution of rank n —1 = 2m (even)
is generated by vectorfieds P;’s and Q;’s with [P, Q;] = §;;0/0z, 1 < i,j < m.
Conditions (4.5) lead to B = 0. This is because when we make ¢ = k, we get
2bici; = 0 (again, a plain product). But for every k there exists one (unique) j
with czj #0.

Therefore for the standard metric in the Heisenberg distribution, there is no
difference between preserving the connection and preserving the straightest paths.

4.5. Corank of E in E®) = E +[E, E] < 3. The reasoning we now present
takes care of the previous case s = n — 1 and many others. It implies for instance
that to find examples where the straightest paths are the same in non-equivalent
nH connections, the corank of F in E + [E, E] must be at least 3, no matter what
the rank of E' is. So such examples can happen in (3,6), (4,7,...),(4,8,...), etc. but
not in (2,3), (2,3,4), (2,3,5), (3,5), etc. The minimal example is in (3,6), precisely
the situation in [76].
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We present the argument for a rank 3 distribution just to write things out
explicitly. We show that to preserve the straightest paths, covectors that are not
in Z' cannot be added to the w;,i=1,2,3 if £+ [E, E] has dimension 4 or 5.

PROPOSITION 4.4. Suppose E is a totally nonholonomic, rank 3 distribution
on a manifold Q of dimension n > 3. If the corank of E c E+[FE, E] is one or two,
then the block Bs in (3.6) is zero.

PRrROOF. We slightly change the notational conventions as follows. Suppose w is
a specially adapted coframe for this distribution for which wg, 4 < ¢ <7,spanZ ),
When can we add multiples of wg, 7+1 < ® < n to the w;, 1 <14 <3, while preserving
the straightest path equations?

Let [w;;] be the Levi-Civita connection forms matrix relative to the coframe
w. Expand the components of w as w;; = ¥ji_; wfjn’“. The nh trajectories are then

. 1 2 3 1 2 3
01 = —02(WiaV1 + Wigl2 + Wio¥3) — U3(Wi3¥1 + Wi3V2 + WigVs3)
. 1 2 3 1 2 3
(4.6) U2 = 01 (Wig¥1 + WigU2 + WigVs) — U3(Wag1 + WigVa + Wh3Vs)
. 1 2 3 1 2 3
03 = 01 (Wi5V1 + WigU2 + Wi5V3) — Uz (Wag¥1 + WiV + W53V3).
Now suppose Bs # 0 and we modify w by adding linear combinations M; = Y. agwe
to the w;, 1 < i < 3, to obtain a new coframe @. The distribution F is preserved,
but the metric has changed. Denote the Levi-Civita connection form relative to
: ~ [ : ~ _yn o~k k
the modified coframe by @ = [@;;] with components w;; = ¥_; &5
The equations for the quasivelocities (the same as above) are now
. ~1 ~2 ~3 ~1 ~2 ~3
01 = =02 (W]9V] + WigU2 + Wi5v3) — v3 (W51 + Digve + O7303)
. ~1 ~2 ~3 ~1 ~2 ~3
(4.7) U2 = 01 (@]9V1 + DigV2 + D75v3) — U3(Waqv1 + Wiz + Wy3V3)
. ~1 ~2 ~3 ~1 ~2 ~3
03 = 01 (@301 + D52 + Dy503) — V2 (D501 + W33V + W53V3).
Subtracting the expressions for 07 in (4.6) and (4.7) and equating the coefficients
in v;v; to zero we obtain

1 ~1 _ . 2 ~2 _ 1 ~1 _ 3  ~3 _
Wig — Wip = Wip — Wi = Wiz — Wiz = Wiz — Wiz =0

and

(4.8) Wifz - ‘:le))z = _(W%S - @%3 .
Doing the same for ©5 and ©3 we find that

(4.9) W?z - @§2 = (W%zz —Wy3)

(4.10) ng - 5’%3 = —(W%:s - @%3

with the difference between all other pairs equal to zero.
Equations (4.8), (4.9), and (4.10) are not independent and we can write

3 ~3 2 -2 1 ~1
(4.11) Wip = Wip = —(wi3 — W13) = Wa3 — Wa3 = Q.
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We know that connection forms w and @ = w+A lead to the same nH trajectories
if and only if

0 Qp -Qp =
-Qn? 0 nt % %

A= 5{7772 o QOI S (mod),
* % * * 0 =

Since dw = -0 A @ = —(w + A) A @ we must have

M\ (-2Qn* An?
(4.12) d| My | =] 200 An? (mod ).
M; -2Qn* Am?
Since the dM; are linearly independent, the M; must be linearly independent.
This is only possible if the corank of F in E +[E, E] is three or more. O

The conclusion of this proposition is also true for distributions of rank greater
than three. In this case (4.11) becomes

Q= “’g _a’fj = —(wy), —wy),) = ‘”;k _‘:’;‘k
and, modulo n - {n*,77, 1"}, (4.12) becomes
M; -2Qn’ An*
df Mj | =] 2Qn" A nk' (mod )
My, =2Qn" ~1p?
and the conclusion follows as before.

4.6. The example in Q = S0O(4) by Terra and Oliva [76]. In this ex-
ample, n = 6,s = r = 3. First we will discuss it using the Cartan approach, and
afterwards by a modification of the “master equations”, which may be helpful in
concocting other families of examples.

4.6.1. Via Cartan equations. Let {x1,xe,T3,24,x5,26} be a basis for so(4)
with

00 0 -1 00 0 O 00 0 O
oy = 00 0 O oy = 00 0 -1 s = 00 0 O
000 0Ff 000 0 00 0 -1y
10 0 O 01 0 O 001 0
00 0 O 0 01 0 0 -1 0 0
. 00 -1 0 s = 0 0 0 O g = 1 0 00
01 0 of -1 0 0 Oof 0 0 0 0}
00 0 O 0 0 0 O 0 0 00

Let X = {X1, X2, X3, X4, X5, X6} be the corresponding left invariant frame for
TQ. Consider the bi-invariant metric g on SO(4) induced by the Cartan-Killing
form:

1
g(Xi,Xj) = —5 tr(mi7wj).
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It is easy to see that relative to g, X is an orthonormal frame. The distribution
E =span{ X1, X, X3} is 1-step bracket generating with

(X2, X3] = Xy, [X3,X1]=X5, [X1,X2]=Xe.

Let w = [w'] be the dual coframe with w’(X;) = 6;;. The structure equations are

dw' = —(~w? Aw® +w? AWY)

dw? = —(~w' AWl + WP Aw?)
dw® = —(w' AW —w? Aw?)
dwt = —(W? AW + WP AWP)
dw® = —(~w' Aw® —wt AWS)
dw® = —(w' Aw? + Wt AWP).

T is spanned by {w? w® w%} and Z' = 0. The connection forms are

0 ~w8 WP 0 —w3 Ww?

w8 0 —wt WP 0 —w!

[wij] = 1 “w? w43 02 —wt Cle6 05
21 0 —-w’ -w 0 -w w

w3 0 —wl W 0 —w*

—w? Wt 0 -w wt 0

If ¢ is a straightest path with ¢ = v1 X + v2 X5 + v3X3, the nonholonomic equations
are simply

V1 =Us =03 =0 (since wij(c') =0, 1<1,J <3)

For 0 <a <1 let G be a deformation of g given by (relative to the ordered basis X)

1 0 0 a 0O
01 00 a O
0 01 0 0 a
a 001 00
0 a 0010
0 0 a 001

Since the distribution F' spanned by X4, X5, X is not orthogonal to E when
a # 0, the nh connections are different. Terra and Oliva observed in [76] that one
gets the same nonholonomic paths.

In terms of the original coframe w, the coframe @ for this metric is

wl + aw4

w2+aw

UJS + awG

V1 - a2w?
V1-a2w®
V1-a2wb

5

S EL & & & &
= A S R e
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Note that we have added to w', w?, and w® multiples of w*, w®, and w®, which are
not in the first derived ideal. So the connection form restricted to E will change.
True enough, the structure equations for w are

5 3 5

+w? Aw®) —a(w? Aw? +w® Awd)

dw? = —(—w' AWb + WP Aw?) —a(—w! Awd - wt AWS)

5 4

dw' = —(~w® Aw

dw? = —(w' AP W Aw?) - a(w Aw? +wh AWY)
dw’ = V1 - a2(w? Aw® + W Aw)
dw® = V1 -a?(~w' Aw® —wh Aw®)
dw® = —V1 - a2(w! Aw? + wh AWd).
As expected the connection form, when restricted to E changes: mod (Z) we get
G2 = —%@3, (g = %@2, Gng = —%@1.
The nonholonomic equations for the deformed metric are then

01 = —v1w11(€) — vawi2(¢) — vawiz(¢) = —v1(0) — U2( - gU?’) B 1;3(9113) =0

2 2
. . . . a a
Vg = —121LU21(C) - UQLUQQ(C) - ’U3UJ23(C) = —’01(5’03) - 1}2(0) - ’U3( - 5?]1) =0
. . . . a a
V3 = —U1UJ31(C) - UgUJgg(C) - ’U3UJ33(C) = —’Ul( - 51}2) - ’Ug(i’vl) - 7}3(0) =0.

While the nonholonomic connection has changed, the changes cancel exactly in the
straightest path equations. A mathematical gem indeed!

4.6.2. Via Euler-Arnold equations (2.6). With the expectation to concoct other
examples, we invoke Proposition 2.1 on a Lie algebra of dimension n. We denote
by G the matrix of the metric relative to a basis ey, = 1,...n, and we denote
by Q7,1 = 1,...,n the coordinates in this basis. Denote by Pg the orthogonal
projection over E, spanned by the first vectors i = 1,...,s. The equations for the
nonholonomic system are obtained by applying Pg to the right hand side of Q in
the Euler-Arnold equations for geodesics in the Lie group.

We now recall a Linear Algebra formula to project over a subspace generated
by vectors a1,...,as. Let A be the n x s matrix whose columns are the a;.

Pq() = A(ATGA) ATGQ.

This is often more convenient than a Gram—Schmidt procedure on the a;.
When the a; = e; are the first s vectors of the basis ey, then

sts S
A_[Orxs]’ r=n-s.

A simple computation yields that the projection has matrix

I (G1)'G
PG:[O ( 11)O 12:|7
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or simplifying the notation, by cutting the rows of zeros
P() =[] (G11) ™' G12]0

where G is partitioned as (G171 is s x s and Ga is s x 1)

- [Gn G12:|.

* *

We thus get a recipe to compute the nh equations for the Qz,z =1,...,s: Add
to each of the first s equations Y a suitable combination of the remaining Qa,
a=s+1,....,n, and afterwards cross out all terms containing one of the Q4’s
(since they vanish on E). The coefficients on the combination are gijgja, where
the tilde means that we are inverting the minor block Gi1 (that we denote é)
(Notice that the formulas for all the Q7 require the inverse of the full matrix G).

We now construct a family of metrics for which the projections become very
simple. Consider an even dimensional vector space, of dimension n = 2s, where half
of the basis is denoted A; and the other half B,. Let

I S
e-[4 9]
where K is a symmetric matrix so that G is still invertible. Actually, we only need
K to commute with its transpose. It is immediate to verify that in this case
oo (I-ssHt —s({I-88H1
-St(r-ssHt (1-88H71 |
P =[I]5].

Taking into account that

Oym, 1<J
9im = 1

<S8
Sam, S+1<J=s+a<sn

the resulting equations for the nh dynamics are
S
& = Z (CZ'L + Z Cj:asam)Qng, i=1...s.
1<m €<s a=1

We reintroduced the summation symbols for better clarity. We obtain a result
similar to the “master equations”.

PRrROPOSITION 4.5. The nonholonomic dynamics is independent of the matrix
S if and only if the expression

(4.13) Ap = 3 i Sam
a=1

is skew symmetric in the indices {,m, for alli=1,...s.
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We can now re-check Terra and Oliva’s example. We shuffle the basis for so(4).
For ey, e5, e we take the standard 3 x 3 skew symmetric matrices bordered by zeros
in the fourth row and column,

(ei)jr = (Ai)jk = —€iji,  4,5,k=1,2,3

and for e; = By, ex = By, e3 = B3 the only nonzero entries will be in the last row
and colum, as shown below:

00 0 0 0 0 1 0 0 -1 0 0
00 -1 0 0 0 0 0 1 0 00
=101 0 ol #7100 ol =0 0o o ol
[0 0 0 o0 0 0 0 0 0 0 0 0
[0 0 0 -1] 0 0 0 0] (0 0 0 0
000 0 000 -1 000 0
Bi=lo o0 ol 2270 o0 of B0 0 0 -1
(1 0 0 0] 01 0 0] 0 01 0]

The structure constants are
[Ai, Aj] = €ijr Ak, [Bi, Bj] = €Ak, [Ai, Bj] = €1 B

Relative to the basis e; = By, es = Ba, e3 = Bz, eg = Ay, e5 = Ag, eg = Az, as
done in the previous subsection, the family of metrics is given by the 6 x 6 matrix
(symmetric, positive definite) G' with

S = afgxg.

For a = 0 the metric is bi-invariant. The unconstrained dynamics system is trivial:
Q;=0,1=1,...,6. In fact, since gyar = dyp1, we get Qg = e Q0. Observe
that all the non-vanishing structure constants satisfy ci = —Ch so the terms in
the right hand side cancel in pairs®.

We test the condition (4.13) with 0 < a < 1.

Due to the symmetries between the indices 1,2,3 in G and in the Lie brackets,

it is enough to test for i =1 and £,m = 2,3, with S, = adpq.

f=m=2: 5, S22 but 51 = €212 = 0.
f=m=3: cnggg but Cgl = €313 =0.
£=2,m=3: 031533 but Cgl = €213 = —1.
{=3,m=2: 51520 but 31 = €12 = +1.

The skew symmetry requirement of Proposition 4.5 is fulfilled. Although the
unconstrained Euler—Arnold system does not vanish, it projects orthogonally over
FE, so the nonholonomic dynamics is trivial.

6 This is true for SO(n). The standard bi-invariant metric in sO(n) is given by the Killing
form, (Q1,Q2) = —(1/2) tr(Q21Q2) which defines an isomorphim sO(n) = sO(n)*. Euler’s equations
then write as M = [M,Q], M = G(Q) € sO(n). The positive definite bilinear operator giving the
total energy of the n-dimensional rigid body is defined by H = (G(Q1),Q2). Obviously for G = id,

M =[Q,Q2]=0. SO(4) is special: it has a two parameter family of bi-invariant metrics.
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5. Cartan meets Chaplygin

We outline a research proposal: equivalence problems for Chaplygin systems.
There is a new twist. One can focus on the dynamics on the base. The horizontal
lift to the total space will be considered “just” a quadrature (this makes no justice
to linear ODEs with time varying coefficients).

Given two purely inertial G-Chaplygin systems (symmetry group G),

(5.1) (G">Q" > S8 T\w:TQ—~G), (G->Q"-S*Tw:TQ~G),

with constraint distributions E = kerw, E = ker @, respectively, find what are the

invariants that imply the existence of a local diffeomorphism ¢ : ) - @ satisfying
a required criterion, which could be, if £ = F,

i) Preserving the nh connections, as discussed in sections 3 and 4:
D3Y =¢.(DxY), X=06.(X),Y =¢,Y.
ii) Sending the straightest paths in @ to the straightest paths in Q
DgX = $u(DxX), X =¢u(X).

If E + E (we change the connection in addition to the metric):
iii) Preserving the projected connections in S.
iv) Sending the reduced paths in S to the reduced paths in S.

In equivalence problems it is traditional to work locally, on neighborhoods of
points g € Q and ¢ € Q. So there is no loss in generality to assume

Q=UxG, Q=-UxG,
with U = U an open set in 28%. To start, one needs to describe the initial subbundles

inside the full coframe bundle F*(U x G) and the corresponding matrix group.

5.1. The reduced affine connection. Let T be a G-invariant riemannian
metric in . Given X,Y vectorfields in .S, one defines an affine connection in S
as follows. Lift them to horizontal vectorfields h(X),h(Y) in Q. Going back to
definition 1.1, compute

Dyxyh(Y') = Projg Vix)yh(Y)

where V is the Levi-Civita connection in @) associated to the metric T. It is easy
to see that it is also G-invariant.

DEFINITION 5.1. The reduced affine connection is
(5.2) DSY =7, (Dpcxyh(Y)).

QUERY 5.1. D? is an affine connection in S in the usual sense. One should be
able to compute its structure equations, plus the torsion and curvature tensors in
terms of moving frames in S. For this task, one can use results by A. Lewis in [69].
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DEFINITION 5.2. The reduced Chaplygin dynamics is governed by
DYX =0

the geodesic (i.e. straightest path) equation of the affine connection D®. Ttisa
metric connection with respect to the projected metric Ts.

PROBLEM. In (5.1), fix a principal bundle G" - Q™ — S*, with vertical spaces
V. We allow T" and w to change. When do the reduced connections D = Dg and
D = D given by the definition (5.2) have the same geodesics (criterion iv)?

One considers the difference tensor

B(X,Y)=DYY -D3}Y

which is easily seen to be bilinear. As it is well known (see [52, section 5.4.]), D and
D have the same geodesics if and only if B is skew-symmetric, which is equivalent
to the (obvious) condition

DY X =D X.
At the @ level, this amounts to the requirement that
(5.3) Proj (Vn(x) (X)) = Proj (Vi x) (X)) € V

for all vectorfields X in S. V is the (same) vertical distribution of the two principal
connections, the first orthogonal projection is relative to metric 7" and the second
to T, and likewise one takes the two distinct Levi-Civita covariant derivatives.

6. Final comments and other research directions

6.1. Cartan equivalence of Chaplygin systems. The basic task is how to
use (5.3) in section 5 to obtain the initial structure for Cartan equivalence in terms
of frames in S and the Lie algebra of the group G. For integrable distributions the
solution is very simple. Both reduced dynamics are hamiltonian, with H = H being
the respective kinetic energies in @ restricted to the corresponding distributions
and then projected to S. Since for metrics the unique invariant is the Riemannian
curvature, the requirement is that T|g and T/ be the lifts (to their distributions)
of a same metric g in S, the complements being arbitrary. The reduced connection
is simply the Levi-Civita connection of the metric gS.

For nonintegrable distributions there is a complication: the projected system in
S non-hamiltonian. The reduced equations are of the form D% X = F(X), where F
is a “gyroscopic type” force, i.e. g(F(X),X) =0. This force comes from a “(J, K)”
term combining the momentum map of the G-action in ) and the curvature of the
connection (see eg [62]). The problem becomes more interesting and is related to
the query 5.1. We also thank the referee for pointing out that a duality exists
between a Levi-Civita type connection and an almost-Poisson bracket, in the more
abstract context of mechanics in Lie algebroids [9,49,67].

6.2. Non-equivalent connections with the same straightest paths.
The example of Terra and Olive generates interest in finding in what circumstances
the weak equivalence does not imply the strong. We saw that there is a need for
having “room” for at least three dimensions between FE and F + [E, E]. In such
cases, are there consequences for the equivalence problem? For hamiltonization?
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6.3. Perspectives on Hamiltonization. Chaplygin’s reducing multipliers
method was geometrized in [21]. We mentioned in the introduction that it is
tied intimately to hamiltonization and integrability. Currently, the almost Poisson
description of nh systems is how one starts the quest for hamiltonization [19].
Hamiltonization is done usually after reduction of symmetries and a change of time
scale depending on reduced variables (in Chaplygin systems the base manifold).
Time change is related to the existence of a smooth invariant measure.

Unfortunately, our impression is that Cartan’s equivalence approach (changing
the metric) is of no avail for these purposes (we hope to be wrong). At any rate,
we are preparing a sequel paper, in which Cartan moving frames in @) are extended
to moving frames in 7°@Q and then used to produce a simple way to obtain the
Maschke/Schaft bracket [24,72,79]".

Necessary and sufficient conditions for the existence of invariant measures can
be found in eg. [25,43]. Compiling a list of the known nh systems with a smooth
invariant measure is in order, together with information about which ones have been
hamiltonized and their integrability. For a rolling rigid body (several versions of
the problem) results on the existence of an invariant measure and Hamiltonization
have been gathered in the form of tables [15,16,18]. In these papers, a conformally
Hamiltonian representation is found for a reduced system on T*S?. See [46] for
a negative case. Chaplygin sphere was shown to be Hamiltonizable in [13] and
the methodology explained in [17]. A glimpse of the subject (we apologize for the
many omissions since the theme is booming) can be found in references such as (in
random order) [6,7,34,39-42,44,48,53,56-61,85,86]. There are many more and
more will be coming! Some recent information follows, kindly given to us by Luis
Naranjo and Ivan Mamaev.

6.3.1. Possibility of hamiltonization in the first level (Leg(E) = M c T*Q).
Sufficient conditions in order for a Chaplygin system to be hamiltonizable at the
first level T*(Q/G), similar to Stanchenko’s [83], were found by Naranjo and Mar-
rero (personal communication). For Chaplygin’s sphere, such conditions are not
satisfied. It is believed that, in general, one cannot achieve hamiltonization at the
first level. However, this question should be formulated in a clearer manner®.

6.3.2. Obstructions to Hamiltonization. The conformal Hamiltonization of a
bivector B seems a very interesting problem. Given a function H, a mandatory
requirement is the existence of an invariant measure for Xz = B-dH. In the case
of nh systems, some obstructions to Hamiltonization are discussed in [14,19,20].

6.3.3. Turning integrals into Casimirs. The underlining idea is to modify the
Mashke van der Schaft bracket [72,79] to make first integrals into Casimirs of the
reduced system [47].

7 Adding semi-basic bivectors that do not affect the dynamics (& la Stanchenko [83]) will
become evident in this approach. The experts will agree that such preliminary constructions,
before reduction, can help hamiltonization.

8 For instance, in the case of Chaplygin’s sphere, if it is homogeneous, then the system
on M can be understood as an invariant subsystem of a Hamiltonian system, namely, that of a
homogeneous sphere moving in R? without constraints. In this case Leg(F) is a level set of the
first integrals of the Hamiltonian system on T Q.
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6.4. Themes from Cartan’s ICM1928 paper. One wonders why Cartan
did not discuss the weak notion of equivalence. We believe that he was concerned
mainly with DEY in the strongly nonholonomic case (1 step, E + [E, E] = TQ).
Recall, we saw that in this case, for the preservation of the partial nh-connection
on E, the metric can be changed outside E as long as the orthogonal space F' = E*
with respect to the original metric in @ stays the same. Cartan was interested in
a complementary partial connection on F. For this he shows in § 6 to 8 that there
is an intrinsically defined metric in F such that the partial connection D (now
projecting to F') plus a suitable 2-tensor has zero torsion.

Moreover, it seems to us that at their time Cartan and contemporaries antici-
pated a construction that is nowadays popular in robotics, control theory, computer
vision and statistics on manifolds (see eg. [74,81]). Namely, obtaining the devel-
opment of a curve in @ over a fixed tangent space using the connection. The ‘true’
mechanics at a point g € @) is transported to a mirror Euclidian setting. The in-
ertial motion in () becomes a motion with Euclidian metric but with an applied
force (using parallel transport of an object at ¢). We think it will be rewarding
to revisit those aspects of Cartan’s paper, not discussed in this review, and just
touched upon in [63].
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KAPTAH CPERE HAIIJINTNHA

PE3uME. Ha Mebhynapoaunom konrpecy maremarudapa 1928, Kapran je namo-
MEHYO JIa IbeT0B “MeTO/T eKBUBAJIEHIIN]e” TOBOIH 0 NHBAPHUjAHTH HEXOJIOHOMHOT CH-
creMa Ha KOH(UI'YPAIMOHOM IpocTopy @ ca Jlarpamxkujarnom onpehernm KuHeTnd-
KoM eHeprujoM [29]. KapraH je a0 KapaKTePUCTUKY [POMeHe MeTPUKE BaH JUCTPH-
oyuje Be3a E c T'() Koja ouyBasa HexoJoHOMHY noBe3aHocT DxY = Projp VxY,
X,Y € E, rie je VxY Jlesu-Husnra nosesanoct Ha () u Projy, oproronasnsa mpo-
jexmmja Ha E. OBje pasmaTpamMo HaBeieHU TPO0JIeM eKBUBAJIEHIIN]e HEXOJTOHOMHIX
nosesanoctu 3a Yammruaose cucreme [30,31,62]. Takohe pasmarpamo u nmpumep
- MaTeMaTH4KH Jparyss! - kora cy nponanum Oumsa u Tepa [76]. Ty nmamo Burme
cioboge (nakse u Bunte morylinocru) kopucrehu c1abujy eKBUBAJIEHTHOCT - 1yBajy
ce camo mHajupasbu myTeBm: Dx X = 0. Unak, Tpaxeme npumepa Koju cy ciabdo,
aJIn He CTPOro €KBUBAJEHTHU JOBOIM 0 mpeonpeheHOr cucrema jeqHadnHA, IITO
Jaje MHINIHA]Y JIa Cy TaKBU cHUCTeMu peTKu. Mu moka3yjeMo Jia ce Ba IPUCTYIIa
noksanajy y ciaenehum ciaygajesuma: i) ducrpubynujama panka 2. Ha npumep, y
Kapranosom npumepy cdepe Koja ce KOTpJba [0 PaBHU 0e3 K/IN3ama U YBUjarba
kaja umamo (2,3,5) mucrpubyumjy; i) Kaga je aucrpubynuja panka 3 wiu Buiie,
HEOIIXOJIAH YCJIOB Jla Ce IPHUCTYIU DPAa3jiuKyjy je za je xopauk oz D y D+[D,D]
6apem 3. OBo MCKIBYUyje MOTYNHOCT HastaxKkerma IpuMepa y caydajy (3,5) muerpu-
Gynuja, kKao kox Yamsmruaose cdepe. Jakie npenusan npumep (3,6) quctpubyrumje
koju cy nobunu OnmBa u Tepa je MuHMMATIAH.
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