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ASYMPTOTIC SOLUTION FOR THE
DARCY-BRINKMAN-BOUSSINESQ FLOW
IN A PIPE WITH HELICOIDAL SHAPE

Igor PazZanin

Dedicated to the memory of my mother Milica.
I love you and miss you, Mama.

ABsTrRACT. We study the fluid flow and heat transfer in a helical pipe filled
with a sparsely packed porous medium. Motivated by the engineering applica-
tions, pipe’s thickness and the distance between two coils of the helix have the
same small order of magnitude, whereas the fluid inside the pipe is assumed to
be cooled (or heated) by the exterior medium. After writing the dimensionless
Darcy—Brinkman—Boussinesq system in curvilinear coordinates, we employ the
multi-scale expansion technique to formally derive the effective model valid for
small Brinkman—Darcy number. The obtained asymptotic solution is given in
the explicit form which is important with regards to numerical simulations.
Comparison with our previous results on the straight-pipe flow is also provided.

1. Introduction

Due to its importance from the practical point of view, curved-pipe flows have
been the subject of numerous investigations for many years. The pioneer researcher
is Dean [1] who studied the fluid flow through a curved circular pipe by the per-
turbation method, back in 1927. Among various geometries of the curved pipe,
helically coiled pipe seems to attract the most attention due to its compactness—
increased surface of the pipe within the same volume. In view of that, one can
find many papers dealing with the helical-pipe flow, both theoretically and exper-
imentally. Here we mention only those that influenced our work. The isothermal
fluid flow through a helical pipe with no porous structure inside has been investi-
gated in [2-11]. The main idea in the analytical papers of those was to employ
the curvilinear coordinates attached to the Frenet basis of the helix and to write
the governing equations in such basis. A comprehensive overview of the work done
on flow and heat transfer characteristics in curved tubes has been provided in [12]
and we refer the reader to the large list of references therein. Asymptotic behavior
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of the heat flow through a pipe with helicoidal shape has been investigated in [13]
by the author of the present paper (see also [14] for the general curved pipe).

Our goal here is to address a non-isothermal fluid flow through a helical pipe
filled with sparsely packed porous medium. We assume that the pipe’s thickness
and the helix step (the distance between two coils of the helix) have the same
small order O(g), 0 < e < 1, while the diameter of the helix is of order O(1) (see
Figure 1). Such assumptions cover a large variety of realistic coiled pipes appearing
naturally in many applications, in particular those related to geophysical systems.
To keep the considered problem in line with the applications, the pipe is supposed to
be plunged in an exterior bath maintained at a temperature different than the fluid
temperature inside the pipe. To describe the porous medium flow inside the pipe,
we employ a fully coupled nonlinear Darcy—Brinkman-Boussinesq (DBB) model.
DBB model represents the thermodynamic closure of the Brinkman-extended Darcy
flow model which allows physically relevant no-slip condition to be imposed on an
impermeable boundary (see e.g. [15,16]). Boussinesq approximation is based on
the assumption that the variations of the fluid density can be ignored everywhere
except in the vital buoyancy term involving the thermal expansion coefficient. We
refer the reader to [17-19].

The survey of the existing literature on the subject indicates that the ana-
lytical results have been reported mostly for straight-pipe flows, see e.g., [20-22].
In the case of the porous medium occupying the helical pipe, it seems that only
one result has been published, namely by Nield and Kuznetsov [23] (see also [24]
for numerical simulations). In [23], the authors employ the simple Darcy model
(which cannot handle the no-slip boundary condition imposed on an impermeable
wall) and present the perturbation analysis in the case when the curvature x and
the torsion 7 of the pipe’s central curve are both O(g). No heat exchange between
the fluid inside the pipe and the surrounding medium is taken into account. In the
present paper, we aim to study the more general Darcy—Brinkman—Boussinesq flow
and, in addition, we allow the heat exchange through the pipe’s lateral boundary by
prescribing the Robin boundary condition. Moreover, the helical pipe under consid-
eration is such that kK = O(1) and 7 = O(g) making the problem more challenging
from the point of view of asymptotic analysis. Indeed, in this setting, Frenet basis
depends on small parameter € in an inconvenient way (it follows the pipe’s coils
and thus oscillates with period ¢) and certain precautions in that direction should
be undertaken.

The paper is organized as follows. In Section 2, we describe the domain’s
geometry and introduce the flow equations endowed with the boundary conditions.
We choose to work in non-dimensional setting because we aim to compare the
characteristic numbers of the problem with small parameter €. In Section 3, we
write the governing problem in curvilinear coordinates using the modified basis
appropriate for further asymptotic analysis. In Section 4, we use the two-scale
expansion technique (with respect to €) to derive the asymptotic approximation
for the unknown velocity, pressure and temperature of the fluid. It should be
emphasized that we manage to explicitly compute the zero-order approximation
and also the higher-order correctors and that represents our main contribution.
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By doing that, we can straightforwardly compare the obtained results with the
one obtained for straight-pipe flow in Benes and Pazanin [22] (see Section 5) and
detect the effects of pipe’s distortion on the macroscopic flow. In Section 5 we also
comment on the possible outcomes of the theoretical error analysis. To conclude,
we firmly believe that provided higher-order asymptotic model can upgrade the
numerical simulations of helical pipe flows and improve the known engineering
practice related to thermoconductive porous medium flow.

2. Description of the problem

2.1. The geometry of the domain. Let (e1,e3,e3) be the orthonormal
basis as depicted in Figure 1. We assume that the pipe’s central curve follows a
helix given by a parametrization:

x . x
(2.1) ro(x1) :xlel—i—acos?leg—i—asm?leg, x1 € 10,1],
where a > 0 is a (non-dimensional) given parameter.

ey

e3

Ficure 1. Helical pipe.

The corresponding Frenet basis attached to a helix is computed as follows:

1 dr. 1 .x1 T
2.2 te(x1) = —_— = (Ee —asin —e —l—acos—e)
( ) E( 1) 4g;l|dl‘1 CL2 _1_52 L £ 2 3 3)
1 dt T . x
(23) n5($1) = W d_ﬂ,‘j = _COS?182 —Sll’l?leg7
1
1 . T
(2.4) be(z1) = te x n. = a2—+82(ae1 +6Sln?le2 —scos?le3>.

We first introduce a straight pipe with circular cross section
(2.5) S. = {x = (z1,72,73) € R® : 2y € (0,1), 2’ = (x2,73) € eB}

with € > 0 being non-dimensional small parameter and B = B(0,1) C R? a unit
circle. Employing the mapping

(2.6) ®.:S. - R3 @ (r) =r.(21) + xong(21) + 23be (1),



192 PAZANIN

we define
(2.7) Q. = D(5:).

Q. represents our three-dimensional domain (see Figure 1) describing a helical pipe
whose thickness and the distance between two coils are of same small order of
magnitude, namely O(e). The pipe’s lateral boundary and its ends are denoted by

(2.8) I.=®.((0,1) xedB), =& ({i}xeB), i=0,1.

7

2.2. The equations and boundary conditions. The helical pipe €. is filled
by a fluid-saturated sparsely packed porous medium. In view of that, the flow and
heat transfer is governed by the Darcy—Brinkman—Boussinesq model written in the
non-dimensional form:

(2.9) u, — ﬁnguE + Vp: = RapT: e in Q.

(2.10) divu, =0 in Q.

(2.11) —AT. +u.-VI. =0 in Q..

The above system is endowed with the following boundary conditions:
oT,

(2.12) u. =0, 8; = Nu.(G —T¢) on T,

(2.13) u. xt.=0, p.=¢q;, T.=1T; on Xf,i=0,1.

Following real-life applications, we take into account the possible heat exchange
between surrounding medium and the fluid inside the pipe so we impose Newton’s
cooling law (2.12)5. Here, v, denotes the exterior unit normal on the lateral bound-
ary, whereas G is a given bounded function of the form G(z) = G(x1), z = ®-(z)
standing for the dimensionless temperature of the surrounding medium. To close up
the boundary-value problem, we prescribe the constant pressures ¢; at pipe’s ends,
as well as the constant boundary temperatures T;. The characteristic numbers of
the problem are defined by (see [17]):

—~ K
(2.14) Da, = Vef22 (Brinkman-Darcy number),
v
orK¢
(2.15) Rap = QBTZ (Rayleigh—Darcy number),
4
(2.16) Nu, = % (Nusselt number),
T

Here v is the (kinematic) viscosity of the fluid, veg is the effective (kinematic) viscos-
ity of the fluid in the porous medium, K stands for the permeability of the porous
medium, g denotes the gravitational acceleration constant, [ is the coefficient of
the thermal expansion, dr is the (dimensional) temperature difference between the
pipe’s ends, while x represents the thermal conductivity. .

In the sequel, we set Rap = O(1). On the other hand, we take Da. = ¢
since in most applications the classical Darcy number Da = % is of small order of
magnitude (see [17]). Following our previous results on the pipe flow, we expect
to deduce different effective models depending on the order of magnitude of Nu®
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with respect to e. We shall detect the most interesting one (in which all the
physical relevant effects are balanced) and perform the asymptotic analysis in this
critical case.

3. The problem in curvilinear coordinates

In this section, we write the governing problem in the curvilinear coordinates
(2;). The approach is based on the introduction of a pair of covariant and con-
travariant basis for the mapping ®.. The vectors of covariant basis, defined by
a;(z) = 22=(z), read

6951-
- T2 —a . I3
(3.1) ap=———e: \/mns + ey,
€ a
(3.2) a, =n,, az= e,

765 + -
4/0/2_1_82 4/0/24_82
where e (1) = sin ey — cos “-e3. The contravariant basis consists of the vectors
a'-a; = d;5, leading to

2
(3.3) al=- ac e + c 5e1,

€
a? —axy + €2 a? —axy+e

9 aExs €2$3

3.4 a“ = — e. +n, +
(34) Va2 +e2(a® —axg + £2) c © Va2 +e%(a? — axg + £2)

€1,

3 eva? + &2 (a — z2)Va? + &2
(3.5) a’= e + e
a? — axy + €2 a? —axy + €2
The following has been observed in [9,10]: the vector a; contains negative power

of ¢ so writing the equations in the pair of basis (a’,a;) would not be convenient
for further asymptotic analysis. Hence, we go back to Frenet basis (t.,n.,b.) and
notice that b, — e; uniformly in 1, whereas |t. + e.| — 0 uniformly in x;. For
that reason, the ideal choice for further analysis would be the basis (e.,n,e;).

In view of that, let us introduce

(3.6) U.=u.0®, = V'e. +V2’n. + Vie,
(3.7) P.=p.o®., 0.=T.0®..
Now we have to write each differential operator from (2.9)—(2.11) in curvilinear

coordinates. Essentially, this has already been done in [10,13], so we omit the

computation details. Taking into account that Da. = € and neglecting the terms
with higher powers of €, the Darcy—Brinkman—-Boussinesq system takes the follow-
ing form:

82‘/51 82V€1 1 6V51 1., , €0P. ¢O0PF
(3.8) _8( O3 93 ' a dxs _CTQVE)—’_VE  adx +58x3 -0
PVEOPVE LOVE 1 o\ o OF
(39) e 50t o " a o, — GV Vg0,

92V3  92vV3 19V3 OP,
3.10 — < E =) 43 = = Rapb.,
(3.10) E( o3 023  a Oz, ) T B fiap
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2 30 1 1
(3.11) ov; +8VE Lyl edv, €0V, ~0,
0xo ors a a O0r; a Oxs
(3.12) (820 8295 100, x5 90 56295 B 313 — &2 829€>
' 0x3 813 adry  a?dxs  a? Ox? a? 0%
€ 00. 00, er3 00.\ ., 00,
(7( )( 871’14_3:03) a2z 8552)‘/6 +8x2 €
0. 00, a300.\ 5 .
+ <8x3 a2 dr, a2 83:3)V =0 i Se.
Following [13], the Newton cooling condition (2.12)5 on (0,1) x e0B reads:
1/ 06, 96, 2 00; 00,
319) (g rage) - (g remg)
ET3 80 395
- T 95\ T a9 N € - Ve
<3x1 &rg) ue(G — 0c)

4. Asymptotic expansion

In order to derive the asymptotic solution, we use the two-scale expansion with
respect to € and expand the unknowns from the system (3.8)—(3.12) as follows:

41)  Viz) = 2V1( 2 IS) 3yl ( 2 x3)
( ) £ (I) E Vo T e c +e€ 1\ L1, — c ) c + 5
(4.2)  V2(x) =V (xl, x;, SES) + Ve (ml, x;, ig) +... a=23,

(43) PE( ) Po(xlvizvxg)—i_EPl(xh 627x3)+6 P2<$1,?2,%)+...,

(44)  0.(x) = eo(xl,%7@) +591(x1,%, %) + 2205 (o, =, ZS) +

The leading-order powers in the pressure and temperature expansion are clear an
determined by the boundary conditions (2.13). However, to postulate the veloc-
ity expansion, one needs to take into account the specific scaling in the equations
(3.8)—(3.11). Consequently, we obtain the ansatz which differs from the one for
straight-pipe flow (see [22]). Now, we proceed in a standard manner: we substi-
tute the expansions (4.1)-(4.4) into (3.8)—(3.12) and collect the terms with equal
powers of €.

4.1. Thermodynamic part. To begin with, we address the thermodynamic
part of the system (3.12), (3.13). By comparing the Nusselt number Nu,, with
small parameter ¢, we identify different effective behaviors of the heat flow, namely:

(1) Nu® > O(e%)
By a simple calculation, one can easily verify that this assumption yields
6o = G implying that the temperature of the surrounding medium domi-
nates the process.

(2) Nuf < O(g?)
Similarly, we deduce that, under this assumption, the effects of the heat
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exchange through the lateral boundary would be negligible in the asymp-
totic model.

(3) Nut = O(g3)
This is, obviously, the critical (and the most interesting) case capturing
all physically relevant effects that we seek for. In view of that, we are
going to carry out our analysis for Nu. = 3. Naturally, Cases 1. and 2.
can be treated in the same manner.

In the sequel, we employ the following notation:

9?® 0%
Ay®=—5+ 57,
0P 0P T2 T3
/¢ _- —_ / = = —_ — .
Vy 8y1 €9 + aerSa Y (?J2,y3) ( c 5 c )

The first term in the temperature expansion is given by the following Neumann
problem:

(4.6) e 2: A0 =0inS=(0,1)xB, e ':V,b0-y=00onT =(0,1) x IB

implying 6y = 0g(x1). The boundary-value problems satisfied by 6;, i = 1,2, are
of the same form so we conclude 6; = 0;(x1), i = 1,2. For the next term in the
expansion we get

. ys db
(4.7) e:Ay03=0in S, &2:V, 05 -y = a—‘;d—x? onT.
The problem (4.7) can be solved by taking

1 dby

S Ys-

(4.8) 03(x1,y3) = o2 dzy

The problem describing 64 has the following form:

2. _ 1 d%6 .
(4.9) € 'Ay’94__cT2 dm%’ in S,
LVl = B 4 4 (G g) onT.

The compatibility condition guaranteeing the solvability of (4.9) yields an ODE
for 6y:

1 d%6,

4.1 —_—
(4.10) a? dx?

+2(G(x1) — 6o) = 0 in (0, 1).

Taking into account the boundary conditions, namely (i) = T;, ¢ = 0, 1, we obtain

(411) 00(1‘1) = TQ cosh(\/ﬁaxl) + A1 sinh(ﬁazl)

+ fm( /O e smh(ﬁag)dg) cosh(v2azy)
- ﬁa< /O b G(€) cosh(\/iag)d§> sinh(v/2az,),
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where the constant A; is given by

T
! — Ty coth(v/2a)

(4.12) Ay = (V3

- ﬂa( /0 ") sinh(ﬂag)dg> coth(v2a)
+ \/5@(/01 G(§) cosh(\/iaf) dé.

Finally, it is straightforward to confirm that 6, is given by the following expression:

1 d?6q 1 dby 1 db,
4.13 0 N=———1+
( ) 4(I1,y) 4q2 dl’% ‘ ‘ 2@3 d —Y2ys + — a2 d - Y3.
2. Hydrodynamic part. Now we turn our attention to the hydrodynamic
part of the system (3.8)—(3.11). The lowest-order term gives % =0 (o =2,3)

implying Py = Pp(x1). Moreover, from (3.9)—(3.10), we deduce 3521 = 0 and

oP, __

Rapby(x1) leading to

dys
(4.14) Pl(l‘l y3) = Rapby(x1)ys + Plo(xl).
The next term is given by 5 ap2 =0 and BPQ = Rapbi(z1) so we have
(4.15) P2($1, Ys) = RGD91($1)Z/3 + Py (z1).
We proceed by identifying the problem for the velocity zero-order approximation:
1dPy, 1dP, 1dPy 1
4.16 = Ay Vg — —Ay Vg — —— ~Rap0 0,
(4.16) e Vo m o s T M ot apbo(z1) =
oP: OP:
(4.17) 2= A V2 + 22 =0, —A,VZ+ 22 = Rapby(zy),
3 Y2 dy3
ovE  ovg 10V}
418) & :divy Vo= +-2=--"Cings.
( ) v Yo dy3 a 0ys3

In view of the no-slip boundary condition for the velocity, we deduce V& = 0,
Py = P3(x1,y3) and

1 dP,
1 Lo il
(4.19) Vo = 4a(l v/ )( Rapbo(z1) + e 1)
(4.20) Vi =0, Ps=Ps(x1,y3),
1
(4.21) Vi ==V,

From (4.17)2 and (4.21) it follows
OP;

1 1
(4.22) SAV E

= RaD 92 (.’)31 )
implying

1 1 dP,
(4.23) Pg(.’lil,yg) = (Rapeg(.’El) - ?RGDHOC”I) + ?dix(l))y?’ + P:)?(l’l),
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due to (4.19).
Note that we still have to compute the pressure Py(z1) and, of course, the
velocity corrector.

4.3. Velocity corrector. The first component of the velocity corrector is to
be determined from the momentum equation (3.8):

10V 10P; 10P,
4.24 2:—(A Vi f—o) V- -S4 282 g s
( ) c vt o) Y a 0xq + a Oys m
Taking into account the obtained expressions for Vi, P; and P, from Sec. 4.2, we

arrive at

1 dP,
1 _ _ 0
(4.25) AV =5 (- Rapbo(z:) + . )v:
1 . dPy
321~ Rapfo(e) + 57
1. db
*R(ID 0y3 + RaD91(x1)

dz,

The remaining two components of the velocity corrector are then deduced from the
divergence equation (3.11):

1ovy 10V}

4.26 Sidivyg V= -2 — -1,

( ) c Wy 1= adxry a0y
However, observe that first we have to compute the corrector 6; appearing in (4.25).
To accomplish that, we go back to the heat equation (3.12) and identify the problem

for O5:

. 100 1 d?0 1 de
55:—(Ay,95_,@+7 21) POyt _gin s,
(4.27) adys a? dri a dxq
' 1 500 1 00 df a0
4 / 4 4 | Yz aby Y3 003
: V05 - - — 5570 r
€ yUs Y = 8 + o v2ys 9y + 2 de, a2 Oys 1 0n
Applying the expressions (4.8) and (4.13) for 05 and 04, we get
1 d291 1 d200 1 d00 1 d@()
Ayl = ———5 — —— — ——yg———Vlin S
ys a? dx?  2a3 di? Y2+ 2a4 dxq Ya adr, ° s
1 d?6q 1 dby ,
/
(4.28)  Vybs -y =5 w2t ——Y3Ys
1 dgl 1 dgg 1 d00)
Syt (2 — @, onT.
T a3V dxy * (a2 dry  a*dxy Ys oL on

In view of (4.19), the compatibility condition related to (4.28) yields an ODE for 6;:
d%6, 5 1 dby
4.29 — — 2a“0 ———
(4.29) da? LT TR da (

Endowing it with the boundary conditions 6;(0) = 6;(1) = 0, we obtain

(4.30)  0;(x1) = Agsinh(v2ax;) + \/ia(/oxl H(¢) sinh(x/ia)d&) cosh(vV2az1)
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- ﬁa(/ozl H(¢) cosh(x/ia)d{) sinh(v/2ax1),

with
H(xp) = 161a2 % ( — Rapby(z1) + %),
1
(4.31) Ay = —\/§a< / H(E) sinh(\/ia)d§> coth(v/2a)
0

4 f2a< /0 “H) cosh(\/ia)dg) sinh(v/2a).

We can also explicitly calculate 05(x1,y’) from (4.28) as:

1 d291 Y2 d290
4.32 6 N=-— 12— "2+5
( ) 5($1ﬂy) 4a2 dl’% |y| 16@3 dl’% (|y| + )
Y3 d90( 2 16 4 )
E0 (52— a2 +1
+ 16a% dz; ¥/l 3 Ys+
L (Ldiz _ idio)
2a3 dm1y2y3 a?dry  a*dr ¥
1 dby (|y'|? \y’\4)( dPy
~ S — Rapf) —)
a2 das1< 16 64 abot o

Now, we are in position to compute Vi! from (4.25) and Vi! =0 on I'. As a result,
we obtain

dP,
(4.33)  Viany) (RaDHO(xl) &0

Tor )= 1y P)

_ 1
"~ 16a2

dPo)(Iy’l2 ly'|* 3)
16 64 64

1
- _ 0 >0
+ a( Rapbo(z1) + dry

1 dby 1
— Rap—uys(1 —|y/|*) — —Rapb 1—1y'%).
+ e Rap 3 (1= lyP) = - Rapbi(en) (L~ 1y P)
To determine Py(x1), we integrate (4.26) over B. We have
1 de d*P,
4.34 —1-1y1)( - Rap-— ) |ay
as) [ [P~ Reo R+ T2) ]y

a
:A [%( — Rapbo(z1) + %)yZyB

1 dPy\ (Y3 Y3ys + Y3
+a(_RaD00(x1)+dx1><8 T 16 )
1, dby

1
Rap—(1—vy2 —3y2)+ —Rapl dy'.
% aDd:cl( Y5 y3)+2a ap 1($1)y3}y

By passing to polar coordinates, one can easily check that all the integrals on the
right-hand side in (4.34) vanish. Hence

4
8
+

™ d90 d2P0
4.35 —| —Rap—+ —=) =0
(4.35) 8a ( aD dry  da? )
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providing
z1
(436) Po(l‘l) = Rap / 90(§)d§ + Az x1 + Ay
0

The constants As, A4 are determined by employing the boundary conditions Py (i) =
qi, © = 0,1, namely

1
(437) Ag =dq1 —qo — RCLD/ Qo(g)df, A4 = qo-
0
It is important to notice that
dP,
(4.38) — Rapby(z1) + dT:O = Az = const.
1

so from (4.19) we deduce that Vi = V! (y/). As a consequence, from (4.26), we get

avE  av3 19V
4.39 divy Vj = — 4 L = -1
(4.39) VLT dys T dys a dys

which can be solved by taking
1
(4.40) Vi=0, V= —gvf.

This completes the derivation of the velocity corrector. It only remains to compute
02(x1). For that purpose, we have to look at the problem for 6g:

1 695 Y2 894 1 8262 3y2 -1 8294
(Al — - === — =
c (A adys a?dyz  a? Ox? a?  Oy3 )
(441) N l%vl _ Y2 d00 Vl 1 dal Vol —0in S7

adr; ' a?dry ° adry
5 1 895 1 805 Y3 803 Y3 694
5.Vl -y = —y2i—+ = —
c vy ay2 Oyo + ay2y3 Oys a?dx; a0y
In view of the previous results, it is straightforward to confirm that the compati-
bility condition ensuring the solvability of the problem (4.41) gives

d*6,

4.42 —
(4.42) dxz?

2020y = —2a%J (1),

with
3 d%6y 1 d?0 1 d%6,
16a* da?  16a* da?  16a* da?
3 db,

(443)  J(zy) =

APy dfy 1
2 T (Rapb(ar) — E0) Y0 Rapg
256a2 dx; (RaD o(z1) dxl) dxq 16a2 apti(w1)
1 do, dPy\ 89 d%6,
_ o g — 0N )
32a2 dz (RaD 0 dwl) 96a* dz?

1 0, 1 d 1 &%,
256a* dr? = 4a* dz?  8a* da?’
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Due to the boundary conditions 82(0) = 62(1) = 0, we finally obtain
(4.44) 0y(x1) = Assinh(v2az;) + \/Ea(/gﬁ1 J(€) sinh(\/iaf)dg) cosh(v2az)
0
_ \/§a</i1 J(E) cosh(\/iag)dé“) sinh(v/2az:),
0

where the constant As is given by
1

(4.45) A5 = — \@a< / J(€) sinh(\/éag)dg> coth(v/2a)
01

+ \/QLL(/O J(€) cosh(x/ia{)df) sinh(v/2a).

5. Results and discussion

To summarize, let us write the obtained asymptotic solution. The approxima-
tions for the filtration velocity and the pressure have the form:

(5.1) wiPPrX () =V (z), z=%®.(x), V.= ]/€1e5 + Vg’eh

62 Vi = (D) e (e L),

(5.3) V3(z) = 531/03(%) + eV (o, %)

(5.4) paPPIX(2) =1l (z), z = ® (),

(5.5) e (z) = Po(x1) +ePy (101, %) +e2P, (xl, %) + e3P (xl, %)

It should be emphasized that all the components in the above solution have been
computed in the explicit form, see Section 4. Using (4.19)—(4.21), it is straightfor-
ward to confirm that the zero-order approximation, namely V¢ = 2Vj'e. +£3V ey,
is as the one obtained for the straight-pipe flow in [22], of course, in the direction
tangential to the central curve of the pipe. Here we do not detect the effects of the
specific pipe’s geometry. For that reason, we correct the zero-order approximation
by computing the lower-order term in the asymptotic expansion. The effects of
pipe’s distortion are captured by the first-order corrector, whose components are
given by (4.33) and (4.40). The first part of asymptotic approximation for the
pressure does not exhibit the effects of the pipe’s curvedness (see (4.14), (4.15),
(4.36)), whereas the third-order corrector feels those effects (see (4.23)).
The approximation for the fluid temperature reads:

(5.6) TEPPIOX(2) = O (z), 2z = P(z),

(57) @E(x) = 00(1‘1) + 591(1‘1) + 6292(331)

/
+ 6393 (Il, B) + 6494 (131, 2) + 5595 (931, £)
e e e
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The functions 6; are given by the explicit formulae (4.8), (4.11), (4.13), (4.30),
(4.32) and (4.44). Comparing with the result from [22], we observe that the first-
order approximation 6y + €6, is consistent with the one obtained for the straight-
pipe flow. The effects of the pipe’s distortion are clearly detected in f and in all
forthcoming terms.

The higher-order asymptotic model described by (5.1)—(5.7) provides an excel-
lent platform for understanding the direct influence of the pipe’s helical geometry
on the effective flow and heat transfer through a porous medium. The asymptotic
solution, as provided here in the explicit form, can be used as a check on computer
models for real helical-pipe flows. From the strictly mathematical point of view,
formally derived model should be rigorously justified by proving the corresponding
error estimate. To accomplish that, the natural way would be to use the same
arguments as we did in a straight-pipe case (see [22]). However, due to the com-
plexity of the flow domain (and, thus, the flow equations), additional terms appear
preventing us to construct the divergence correction in a standard manner. As a re-
sult, we are not in position to derive satisfactory error estimates acknowledging the
correctors. Nevertheless, we believe that this technical difficulty can be overcome
and this is the subject of our current investigation.
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ACUMIITOTCKO PEIIEIHE
DARCY-BRINKMAN-BOUSSINESQ-OB TOKA
Y IIEBU XEJIMKONJHOT OBJINKA

PE3uME. IIpoyuaBamo mpoTok (iyujia i IPEHOC TOIJIOTE y XeJIUKOUTHUM Tie-
BHUMa HCIIyEbEHOM IIOPO3HOM cpeJmHOM. MoTuBncana IpHUMEHaMa Y WHYKEICTBY,
JebsbrHa 1IEBU U pacTojarbe u3Mely JiBe 3aBojHEIlE cIMpaJie UMajy UCTH MaJd peJ
BeJIMYMHE, Ca IIPETIIOCTABKOM Ja ce DIIyuJI yHyTap eBH XJaiau (MIu 3arpeBa) 1o
yTuiajeM crosbue cpenune. ¥ 6e3aumensuonom Darcy-Brinkman-Boussinesq-om
CUCTeMy HalliCaHUM Yy KpI/IBO.J'H/IHI/IjCKI/IlVI KOOp/IMHaTaMa, KOPUCTUJIX CMO TE€XHUKY
BUIIEHIBOBCKOI' IIPOINUPEha pajin GOPMAaTHOT n3Bohema eeKTUBHOT MOJIEIa [IPHU-
MenbuBOr 3a Majun Brinkman—Darcy-jes 6poj. loOujeHo acHMITOTCKO pEIleme je
JaTO y eKCILUTUIUTHO] POpMHU KOja je BaKHa 3a HyMepuuke cuMmystaruje. Taxobhe
je maro mopebere ca HAIMM MPETXOIHUM PE3yJITATAMA BE3AHUM 32 IIPOTOKE KPO3
IpaBe IeBH.
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