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FRACTIONAL TELEGRAPHER’S EQUATION
AS A CONSEQUENCE OF CATTANEO’S HEAT
CONDUCTION LAW GENERALIZATION

DusSan Zorica and Stevan M. Cveti¢anin

ABsTRACT. Fractional telegrapher’s equation is reinterpreted in the setting of
heat conduction phenomena and reobtained by considering the energy balance
equation and fractional Cattaneo heat conduction law, generalized by taking
into account the history of temperature gradient as well. Using the Laplace
transform method, fractional telegrapher’s equation is solved on semi-bounded
domain for the zero initial condition and solution is obtained as a convolution
of forcing temperature on the boundary and impulse response. Some features
of such obtained solution are examined.

1. Introduction and model formulation

Fractional telegrapher’s equation, generalizing classical telegrapher’s equation

1 02 1 2

(1.1) g%u(x,t) + B%u(x,t) = %u(w,t),

where ¢ is speed of wave propagation, D is diffusion coefficient and u is some physi-
cal quantity, x is the space coordinate and t is time, is applied in modelling various
physical phenomena ranging from the anomalous diffusion and heat conduction to
the wave propagation in different media: viscoelastic materials and guided media
for electromagnetic signals, which has led to a broad range of generalizations of
telegrapher’s equation (1.1). Fractional telegrapher’s equation, containing the frac-
tional derivatives of orders o € (0,2) and 8 € (0,1), instead of the second and

first order partial derivatives in (1.1), is considered in [3,28]. Multi-term fractional
telegrapher’s equation, considered in [8], contain N terms of fractional derivatives
of orders na, with n € {1,..., N} and « € (0,1), while in [25] multi-term telegra-

pher’s equation, with the highest order derivative being equal to one and fractional
derivatives of order between zero and one, is used to describe the diffusion-type
processes. As a special case of more general distributed-order diffusion-wave equa-
tion, fractional multi-term telegrapher’s equation is analyzed in [4] in the setting
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of Volterra integral equations and solved in [5] using integral transform method.
In [12], the second and the first order partial derivatives in (1.1) are respectively
replaced by the fractional derivatives of orders « € (1,2) and o — 1, with the ad-
dition of term linear in u and forcing term. Problems on unbounded and bounded
domains, modelled by fractional telegrapher’s equation, are considered analytically
and numerically in [7,9,20,22] without the presence of forcing term and in [15,16]
with the presence of forcing term.

The aim is to reconsider fractional telegrapher’s equation in the setting of heat
conduction phenomena, as well as to obtain its solution on semi-infinite domain
in the integral form for all values of the orders of fractional derivatives, using the
approach presented in [11] and extending the results of 3], and to examine the
features of such obtained solutions.

Fractional telegrapher’s equation

2

(1.2) 70D} TAT(z,t) + ODfAT(x,t) = D%AT(z,t), a,B€(0,1), D :%,
where 7, p, ¢, and A denote material constants: generalized relation time (mea-
sured in g'te—8 ), material density, specific heat capacity, and generalized thermal
conductivity (measured in m), AT = T — Tyt denotes temperature difference
between the absolute temperature 7" and constant reference temperature Ty as a
function of spatial coordinate z € [0,00) and time t > 0; OD;Hrf is the operator
of Riemann—Liouville fractional differentiation of order n + £, with n € Ny and
¢ €(0,1), defined by

dn+1 t—g
Dy Hy(t) = e xy(t), t
0 y( ) dt"+1(I‘(1—§) *y( )), >0u
see [18], with * denoting the convolution in time: f(t) x g(t) = fot f(u)g(t — w)du,

as the model of heat conduction in one-dimensional semi-infinite rigid conductor
will be obtained in Appendix A by considering: material heating, described by the
energy balance equation

0 0
(13) pCaAT(xvt) - _%q(xvt)v

where ¢ denotes the heat flux, and heat conduction, described by the two-parameter
generalization (parameters «, ) of fractional Cattaneo heat conduction law

(1.4) 70D P (4D%(x, 1)) + q(z,t) = —ADL? (%AT(L t)).

Note that system consisting of the energy balance equation (1.3) and constitutive
equation (1.4) is equivalent to fractional telegrapher’s equation (1.2) if the temper-
ature gradient (2 AT) and heat flux (¢) are bounded at initial moment (¢ = 0), as
well as if initial condition is zero (AT (z,0) = 0). The temperature difference with
respect to the reference temperature is introduced in order to emphasize that equa-
tions (1.3) and (1.4), and therefore (1.2) as well, are valid only for temperatures
much higher than the absolute zero, since equations (1.3) and (1.4) are invariant
under the transformation T'= AT + T}et. In this setting, the zero initial condition
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means that the conductor has uniformly distributed reference temperature at initial
moment, rather than zero absolute temperature.
The fractional Cattaneo constitutive equation

0
(1.5) ToD¥q(x, t) + q(x,t) = —A%AT(x,t),
is obtained from (1.4) when 8 = 1, since the fractional derivative of the zeroth
order of a function is a function itself. Additionally, taking « = 1 in (1.5), the
classical Cattaneo law

0 0

t t “A—AT(x,t
rsa(e, 1) + 4l t) = ~AS-AT(w,),
is obtained, since the fractional derivative of the first order is the classical first
order derivative, while taking o = 0, the Fourier law is recovered. On the other
hand, assuming o = 0 in (1.4), the one-parameter generalization (parameter §3) of
fractional Cattaneo law is obtained in the form

(1.6)

(1.7 7D} a(e, 1) + (e 1) = ~AoD} (-
since there is a fractional derivative acting not only on the heat flux, but also on
the temperature gradient, having both derivatives of the same order. Additionally,
taking f = 0 in (1.7), the generalization of classical Cattaneo law is obtained,
since the left-hand-side of (1.7) is as in the classical Cattaneo law, while there is a
time-derivative of temperature gradient on the right-hand-side.

The history of heat flux change is taken into account by the fractional Cattaneo
law (1.5), since the fractional derivative of order o € (0, 1) is acting on the heat flux,
while the one-parameter generalization of fractional Cattaneo law (1.7) takes into
account the history of temperature gradient change as well, having the same orders
(1— ) of fractional derivatives acting on both heat flux and temperature gradient.
In the two-parameter generalization of fractional Cattaneo heat conduction law
(1.4), both type of history effects are taken simultaneously.

Considering one-and two-parameter generalizations of the fractional Cattaneo
heat conduction law (1.7) and (1.4) in the hereditariness setting, i.e., considering
the heat flux being dependent on the memory of temperature gradient in the form

AT(x,t)),

0 ¢ 0
q(z,t) = =AK(t) * %AT(@‘,IS) = —/\/0 K(t— u)%AT(x,u)du,

where K is the memory kernel, one has (1.4) and (1.7) respectively rewritten in
terms of the one-and two-parameter Mittag-Leffler functions

£-1 o0
— Be(—M =212
(1.8) een(t) = Be(—\S) = L [85-1-)\}, with Ee(z ;an—&—l

_ -1 TN | A
(19) eg’g)\(t) t Eg,(:( At ) L |:85+)\}7 with Egg Z F f’l’L"f'C
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see [14], as
(1.10) (x,t) = A (t) * 2AT( t) d
: q\xr,t) = 7_61_;,_04_[3704,% O x, an
A0 A d 0
(1.11) a(a.) = =2 = AT(2,1) + ;(— ael_ﬁ,%(t)) * S AT(x,t).

Unlike the memory kernels

1 _:

Ke.o(t) = ;e*? >0 and Kyc(t) = 1(t) >0, t>0,

—7'§€o(7
corresponding to the classical and fractional Cattaneo heat conduction laws respec-
tively, that are completely monotonic functions (function f is completely monotonic
if (=1)"f™(t) >0, n € Ng), memory kernels

d 1

1
(L12)  Kope() = —(3(t)+ Ter s 2 (D) and Kyolt) = ~e1 0 p a1 (),

corresponding to one-and two-parameter generalizations of the fractional Cattaneo
heat conduction law (1.11) and (1.10) respectively, are either sum of the term with
Dirac d-distribution (Fourier type kernel) and term containing negative memory
kernel (%el_ﬁyé(t) < 0, t > 0), or not completely monotonic (e¢ ¢ » is completely
monotonic if £ € (0,1] and £ < ¢, see [14]). Derivation of the memory kernels
(1.12), along with the necessary assumptions, is given in Appendix B.

The review of heat conduction equations obtained via classical heat conduction
laws, including Cattaneo (1.6), Jeffreys and many other, is given in [17]. Possibility
of using the fractional Cattaneo law (1.5), along with its different variations, within
the theory of anomalous transport processes is explored in [10]. By fractionalizing
the classical Cattaneo constitutive model (1.6) in different manners and by combin-
ing such obtained heat conduction laws with the energy balance equation, classical
telegrapher’s equation (1.1) is generalized in [13,23,24,27] and the corresponding
problems on bounded, semi-bounded and unbounded domains are analyzed using
analytical and numerical tools. Fractional Cattaneo law (1.5) is further general-
ized, either by considering its multi-term (or even distributed-order) version in [26],
or by considering the spatial non-locality in [1,6,21,29], or even by considering
the non-locality in Cattaneo—Christov heat conduction law in [19]. In [2], several
space- and time-fractional heat conduction problems are reviewed.

2. Analytical solution

Generalized fractional telegrapher’s equation (1.2) will be solved using the
Laplace transform method on the semi-bounded spatial domain 2 € [0,00) and
for t > 0, assuming the boundary conditions

(2.1) AT(0,t) = To(t) and ILm AT(z,t) =0, t>0,
as well as the zero initial condition

AT(x,0) =0, ie., T(x,0) =Tt x€[0,00),
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due to the requirement of equivalence between system of equations (1.3), (1.4),
corresponding to heat conduction, and fractional telegrapher’s equation (1.2), as
described in the previous section.

Introducing the dimensionless quantities
AT — T
) TO = 0
Tref Tref
into generalized fractional telegrapher’s equation (1.2) and into boundary condi-
tions (2.1), having the bars omitted, one obtains

_ t _
T of=l, t=rmes, gt =,/D@*)B, T=

r=—,
x* t*

2
(2.2) oDt T (2, t) + DI T (2, t) = %T(x,t), subject to
x
(2.3) T(0,t) = Ty(t) and lim T(,t) =0, ¢>0.

Applying the Laplace transform f(s) = L[f(t)](s) = [;° f(t)e~*'dt, Res > 0,
0 (2.2), for x € [0,00), Res > 0, one has

2

5 5 92 .
s (2, 8) + s°T(x,8) = @T(x,s), ie.,
2

(2.4) %T(m, s) — (s't + )T (z,s) = 0.

Solving (2.4), with the boundary conditions (2.3) taken into account, yields

(2.5) T(z,s) = To(s)e V""" 2 €0,00), Res>0,
since Re /¥ (s) > 0, for Res > 0, with
(2.6) Y(s) =s'T+ 5%, secC.

Namely, the imaginary part of 1, after substitution s = pel?, p > 0, ¢ € [0, 3)is
made, is

Im(p, ) = p" T sin((1 + a)p) + 7 sin(By) > 0,

which implies arg(s) € (—m, ), i.e., Re/9¥(s) > 0, for Res > 0, due to a, 8 €
(0,1) and Im¢(s) = —Im(5), where bar denotes the complex conjugation.

Solution to the initial-boundary value problem corresponding to generalized
fractional telegrapher’s equation (2.2) is obtained by inverting the Laplace trans-
form in (2.5) as the convolution of boundary condition Ty, given by (2.3); and
the impulse response Ts (the response temperature to the prescribed Dirac delta
temperature on the boundary) in the form

T(x,t) =To(t) « Ts(x,t), x€[0,00), Res>0,
(2.7) Ts(z,s) = e~ oVeiTots?,

Definition of the inverse Laplace transform will be used to calculate the impulse
response as

(2.8) Ty(w,t) = L [Ty (x, )](x, £) = % /F Ty(z, s)eds,
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with Ty, parametrized by s = pg+ip, p € (—00, ), being the Bromwich contour, by
employing the Cauchy integral theorem fr f(2)dz = 0, where f is analytic function
within the contour I', with the Bromwich contour I'g as its part. Function v, given
by (2.6), as it will be proved, may have zeros in the first Riemann sheet, implying
that the Laplace transform of impulse response Ts (2.7), due to the square root
of ¢, may have branch points. This fact will affect the choice of the integration
contour I'. Note that s = 0 is also a branch point of Ts, due to the non-integer
order power of s.

Substituting s = pel?, p > 0, ¢ € (—m, 7], into function 1 (2.6), yields real and
imaginary parts as follows

Ret)(p, ) = p' ™ cos((1 + a)g) + p” cos(By),
Im(p, ) = p' T sin((1 + a)p) + p” sin(Byp).

The complex zeros of v, if they exist, are complex conjugated numbers having
negative real part. The first property follows, since if ¢ — —¢, then Im¢(p, —p) =
—Im(p, p). The second property follows, since if ¢ € (0, ], then Im ¢ (p, ¢) > 0,
due to a, 8 € (0, 1), while if ¢ = 0, then Re(p,0) # 0 for p > 0.

Rewriting function ¢ (2.6) as

(2.9) Y(s) =s (P 1), seC,
it becomes evident that:

e if < 3, then function v, except for s = 0, does not have zeros in the
complex plane;

e if @« = 3, then function v, except for s = 0, has a negative real zero
so = —1;

e if @ > f, then function 1, except for s = 0, has a pair of complex
conjugated zeros having negative real part, given by so = el TFe=7 and
So = eilﬁ .

This implies that /4(s), appearing in Ts (2.7), except for s = 0, in the first
case does not have a branch point, while, in the second and third case, has negative
real branch point and complex conjugated branch points with negative real part,
respectively.

If a < f3, then in (2.9) one has the equation s* +1 =0, 14+a — =& € (0,1),
which, as it is well-known, has no zeros if arg s € (—m, x|, while if @ = 3, then the
solution sy = —1 is obvious. For d > 0 and ¢ € (1,2) the equation

s¢ +d = p®cos(Cp) +d+ipsin(Cp) =0, implies sq= Leii%
vd
If « > B, then (2.9) is recovered for d = 1 and ( = 1+ «a — 8 € (1,2), so the
solutions to (2.9) are sg = eT a7, Note that ¢, = T € (§,m), i.e., the complex
zero has negative real part.

In order to calculate the impulse response Ty, using the inverse Laplace trans-
form (2.8), the Cauchy integral theorem, stating that §. f(z)dz = 0 if f is analytic
function in the region D having contour I' as its border, will be used.
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In the case when 4/9(s) does not have branch point other than s = 0, i.e.,
when a < 8, the impulse response is already calculated in [3, Egs. (3.8) and (3.9)]
and it reads

(2:10) Ty(a, 1) = ok J;™ (7o Ve TR BT iR Y oot

In the case when 4/ (s), additionally to s = 0, has a pair of complex conjugated
branch points sg = pye'#o and 55 = pye~ %o, with py = 1and ¢y = 75=5 € (%,7),
i.e., when o > (3, the Cauchy integral theorem 551“ Ts(z, s)es'ds = 0, with the contour
IF'=TouUl ul'aUl3, Ul Uy U5, U5, UTg U7 UT's UT'g chosen as in Figure
1, yields the impulse response

To

Res

I7

FiGure 1. Contour T.

1 > Vptteei(te)eo 4 pheifeo i ;
(211) T(;(Jj’ t) = 27/ (e—x 14 e +pPe el(<p0+pt sin ¢g)
1 Jo

_ 1+ae—i(l+a)e Be—iBeo _j i S
_e x\/p ae 0+4pPe g 1((,00+ptsmtp0)>eptcostpodp7

since the integrals along contours I's, U I's, and I's, U I's;, read
~ 0 n - . .
lim T5 (il?, S)estd _ / e—w\/pl-%—ael(l-%—a)vo +pBeifeo epte 0 eupodp
RT:OS% ) 0o

o
_ 1+agi(l+a)e BeiBwo
_ _/ e x\/p e 0+pPe 0el(gao+ptb1nLpo)eptcosapodp7
0

oo
. T — 1+ae—i(l4+a)eqg Ba—iBe —ipg
lim Tg(x,s)eStdSZ/ emaVriToe FPleT O gpte 0 R0 d
roz Jrar 0

00
/ol tae—i0+a)eo 4 pha—1Bv0  —i i
:/ e .L\/p ag 0+4phe % 1(4,00—|-pt>11[14,90)eptcosLpodp7
0

where contours I's, UT's;, and I's, UT's;, are parametrized by s = pei®o, p € (r,1—r)U
(14+7,R) and s = pe=%0, pe (r,1 —r)U(1+r,R), with ¢, = ﬁ, respectively,

while the inverse Laplace transform of Ty is given as in (2.8), and the integrals
along contours I'y, I's, I'y, I'g, I'7, I's, and T'g tend to zero as R — oo and r — 0.
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In the case when /v (s), apart form s = 0, has a negative real branch point
sop = —1, i.e., when a = 3, the calculation of the inverse Laplace transform of Ty
will be the same as in the previous case with ¢, = ﬁ = 7, yielding the impulse
response

1 e ap—iam apiam
(2.12) Ts(x,t) = 27/ (efa:\//) e VI=p _ g—z\/pe \/lfp)e*ptdp.
7 Jy

It is left to prove that the above mentioned integrals tend to zero. The integral

along contour I'1, parametrized by s = p+ iR, p € (0,pg), with R — oo, is

Po
_ar/sl ot gB _ iR)lta iR)A i
IF1 / e~ TV 58 o5t g / e m\/(p—HR) +(p+iR) e(”'HR)tdp.
Iy 0

Assuming s = pe'?, with p = \/p2 + R2 ~ R and ¢ = arctan% ~ % as R — oo,
the previous integral is estimated by

Po
lim ||Ir, || < lim /
R—o0 R—oo Jq

Po
< lim
R—o0 0

Po RH—TQ (EEOL
< lim e " s T eP'dp = 0,
R— o0 0

“(ta)m B
efz\/RlJrO‘c] 2 +RPe' 2

ePldp

1ta ;(t+a)m 1 _j(+a—p)r
—xR 2 e 4 1+Wc 2

e ePldp

since 1 + « € (1,2) implying cos (H%)” > 0. Similarly, limp_,o |Ir,| = 0.

The contour I'y is parametrized by s = Rel¥, with ¢ € (g, <p0) and R — oo, so
that the integral reads

®o - i
—ar/sltatsB o/ Rltagi(lta) Beoif e,
Ir, :/ e~ TV s Tots ebtdS:/ e z\/Ritee ¢+RPelf? \Rte iRel?do,
Ty z

2

and therefore, in the limit when R — oo, its estimate is

®o 14+ i(1+a)g; T .
: : —xR 2 e 2 14+ ——L _e—i(l+a—p)e
lim [Ip,| < lim R‘e \/ RITa—P efteos e,
R—o0 R—oo |
2

4 14+a

. 0 LR s AE)e
< lim Re TR 2 cos 5 ethosapd(p:O

)
R—o0 ™
2

since, for ¢ € (g, 800), cos ¢ < 0 and R tends to infinity faster than RHTQ, regardless
on the sign of cos %. Similar arguments imply limpg_, o |I74| = 0.

Parametrization of the contour Ty is s = rel¥, with ¢ € (=, ¢,) and r — 0,
yielding the integral

%0 :
xSl toat B _ Ttagi(lta)e i BeiBe i, s
Ir, _/ e TV E T sl ——/ emaVritee Friet? erteTirelPdyp,
Ty ®

]

so that in the limit when » — 0 one has

Yo
. . —ar/ritagi(l+a) BeifB -t cos
lim ‘IF4| < lim r‘e 1\/7 e PHrielfe e7tcos¢pds0 =0.
r—0 r—0 —%0
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The integral along contour Iy is

Yo i
—xr/s1+ B — ip)1+ ip)B 1PVt i
Irs:/ e TV TS eStdSZ/ € wy/(s0+rei?) 1o+ (sofrei?) glsotre )tlre“pd%
I's

—T+¢g

since contour I'g is parametrized by s — so = re'?, with ¢ € (¢, — T, p,), With
r — 0, so that in the limit when r — 0 it is estimated by
Po i Yo
lim |Ir,| < lim/ r‘e—w\/% Fsolle*f|dp = lim retResody =0,
r—0 r—0 —m+g, r—0 —mt,

having in mind ¥(sg) = 8(1)+a + sg = 0. Similarly lim, o [Ir,| = 0.

3. Graphs of impulse response

The impulse response in transient regime, as a solution to fractional telegra-
pher’s equation (2.2), is obtained analytically in integral form (2.10) if a < f,
(2.11) if & > B, and (2.12) if &« = . Evolution of the impulse response will be
calculated and graphs of its time and space evolution will be presented, along with
the discussion about their physical interpretation.

3.1. Time evolution of impulse response. Figures 2 and 3 present the
evolution in time of impulse responses at discrete points of space, calculated by
(2.10) and (2.12), displaying aperiodic character, if \/1(s), except for s = 0, does
not have branch point, and critically aperiodic character, if 1/1(s), except for s = 0,
has a negative real branch point.

Graphs in Figure 4 display the damped periodic impulse response, obtained in
the case when 1/%(s), except for s = 0, has a pair of complex conjugated branch
points, thus calculated by (2.11). Recall, the (dimensionless) quantity appearing

T(xt)

0.15
0.10

0.05

0.00

FIGURE 2. Impulse response as a function of time at discrete po-
sitions for « = 1/3, 8 = 2/3.
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T(xt)
0.20 -

x=15
0151

010!

005!

000Uar™ g
0 2 4 6 8

FIGURE 3. Impulse response as a function of time at discrete po-
sitions for o = 2/3, 8 = 2/3.

T(xb)

0.8

0.4+

02"

0.0

FIGURE 4. Impulse response as a function of time at discrete po-
sitions for o = 19/20, 8 = 1/5.

in fractional telegrapher’s equation (2.2) and its impulse response (2.11) as well,
is the relative difference of the absolute and reference temperature (7' = Tif -1
and its time evolution is depicted in Figure 4, so the temperature actually attains
values above and below the reference temperature, while the relative temperature

oscillates around zero.

3.2. Space profiles of impulse response. Figures 5-7 present graphs of
impulse response’s space profiles evolution in discrete time instances. Although
the leading order of (fractional) differentiation in fractional telegrapher’s equation
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(2.2) is greater than one, space profiles shown in Figures 5 and 6, calculated by
(2.10) and (2.12), correspond to the diffusion-type character (during time there is
no spatial propagation of the Dirac delta disturbance applied at the boundary) of
the impulse response, which is obtained as a consequence of the difference between
orders of time differentiation 1+« — 8 € (0, 1), i.e., when a < S.

The wave-type character (there is spatial propagation of the Dirac delta distur-
bance during time) of the impulse response, calculated by (2.11), is evident form
Figure 7 and it is a consequence of the difference between orders of time differen-
tiation 1 + a — 8 € (1,2), i.e.,, when o > . From Figure 7 one sees that, as time

TxH
0141

0.12
0.10
0.08
0.06

0.04

0.02

FIGURE 5. Impulse response as a function of position at discrete
time instants for « = 1/3, 8 = 2/3.

Txh
0.15
0.10

0.05

FIGURE 6. Impulse response as a function of position at discrete
time instants for « = 2/3, 8 = 2/3.
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T(x.t)

o.o:-%wgwi e X

FIGURE 7. Impulse response as a function of position at discrete
time instants for o = 19/20, 8 = 1/5.

passes, the peaks of the impulse response propagate in space, while their height
decreases and their width increases. There also exists a negative (more precisely
the absolute temperature is less than the reference temperature) peak that travels
during time, while its height increases up to a certain moment and then seemingly
starts to decrease.

4. Conclusion

Fractional telegrapher’s equation (1.2) is reinterpreted in terms of heat con-
duction theory and obtained by considering the energy balance equation (1.3) and
the two-parameter generalization of fractional Cattaneo heat conduction law (1.4),
taking into account not only the history of heat flux change, but also the history of
temperature gradient. Rather than considering the absolute temperature, the dif-
ference with respect to the reference temperature is considered, implying that the
equivalence between fractional telegrapher’s equation (1.2) and system of equations
(1.3) and (1.4) hold for a conductor having uniformly distributed reference tem-
perature. It is also shown that if the heat flux is written in terms of temperature
gradient history as (1.10), the memory kernel, corresponding to the two-parameter
generalization of fractional Cattaneo heat conduction law (1.4), is non-completely
monotonic two-parameter Mittag-Leffler function.

Dimensionless fractional telegrapher’s equation (2.2), with the temperature dif-
ference relative to the reference temperature as the unknown function, is solved for
the zero initial condition on semi-bounded domain and the solution is obtained as a
convolution of the forcing (relative) temperature on the boundary and the impulse
response. The solution is obtained using the Laplace transform method and the
impulse response proved to have two different type of behaviour depending on the
relation between the orders of fractional differentiation in (2.2). In the case when
a < B in (2.2), the spatial profiles of impulse response show the diffusion-type
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character and the time evolution is aperiodic, while if & > 8 in (2.2), the spatial
profiles of impulse response show the wave-type character and the time evolution
is periodic.

Appendix A. Derivation of fractional telegrapher’s equation (1.2)

Starting from the system consisting of the energy balance equation (1.3) and
heat conduction law (1.4) and applying the fractional integral of order 1 — /3 to the
constitutive equation (1.4), one obtains

0
(A1) ToD¥q(z,t) + ol Pqla,t) = ~Ag AT (1),
x
where the fractional integral of order £ > 0 is defined by
570 = 5 (0
t) = —= * f(t), t>0.
o G

The previous expression is obtained assuming that a%AT and ¢ are bounded at
initial moment, implying that (Dgq is bounded at ¢ = 0 as well as that

(o7 (Lot )] = W DRl D)o = 0,

due to the composition property of fractional integral and Riemann—Liouville frac-
tional derivative of the same order ¢ € [0, 1]:

d

olf (0D} £ (1)) = £(£) = Foliloli* f()]i=o-

Taking the partial derivative of (A.1) with respect to coordinate x, and substituting
a%q from (1.3), yields
0 1-g/ 0 0? A
Da(—AT ot ) I 5<—AT ot ) DL _AT(z,t), D=2

moDF (g AT(@ D))+l {5, AT @, ) gz AT @) pe
Assuming the zero initial condition, i.e., AT(x,0) = 0, one obtains fractional tele-
grapher’s equation (1.2), due to the composition property of Riemann-Liouville
fractional derivatives of orders ¢, ¢ € [0, 1]:

2
D5 (D5 (1)) = aDF < F(1) — g olt <ol F (Wm0, e
e(d _ pEtt d? e
oDf (5 £(0) = oD§ () = 5 oLl [F ()],

since the zeroth order fractional integral of a function is a function itself (oI? f(t) =
f(t)); due to the composition property of fractional integral and Riemann—Liouville
fractional derivative of the orders &, ¢ € [0, 1]:

oI5 (0D (1) = oDE OIS (1) — oISl ™S (Bico, i,
d

(7)) = S (015 70) — Sol 7=,



48 ZORICA AND CVETICANIN

and the fact that Riemann-Liouville fractional derivative of order £ € [0,1] is
defined by

d
oD F(t) = L T5 (1),

For the properties of used compositions see [18].

Appendix B. Derivation of the memory kernels (1.12)

Applying the Laplace transform to the heat conduction law (1.4), one has
(B.1) 75 7P L[D%q(x, 1)](s) + §(x, 5) = —)\slfﬁaﬁAT(I, s), Res >0,
z

since the boundness of ¢ at initial moment implies the boundness of (D¢, having
[oI? (0D%q(z,1))]i—o = 0 as a consequence and also the boundness of ZAT at
t = 0 implies [OIf(a%AT(x, t))]t=0 = 0, due to the Laplace transform of Riemann—

Liouville fractional derivative of order £ € [0, 1]:
LD f(B)](5) = s°F(s) = [ol:~* f(B)]i=o0-

By the same argumentation as above, (B.1) becomes
9 -
s P G(x, s) + G, s) = f/\slfﬂa—AT(x, s), Res>0,
x

so that

A si=h 0 . ~

(BZ) q(l‘,S) = —;W%AT(Z‘,S), Res > 0.

Using the Laplace transform of convolution and two-parameter Mittag-Leffler func-
tion (1.9), the previous expression (B.2) transforms into (1.10), with the memory
kernel (1.12),.

For ao =0, (B.2) takes the form

. AostP 9
G(z,s) = —;W%ATCE,S), Res > 0,

yielding (1.11), with the memory kernel (1.12)1, since

s1-8 sl—B—1

d
T ST el = L[ Ze s +30)].
where the Laplace transform of derivative and one-parameter Mittag-Leffler func-
tion (1.8) are used.
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OPAKIIMOHA JEJHAYVNHA TEJIETPAOMYAPA
KAO ITOCJIEIVITA YOIIIIITEIA KATAHEOBOT
3AKOHA ITPOBOBEIHA TOIIJIOTE

PE3UME. @paximoHna jeiHaunHa Tejierpadudapa je peMHTEPIPETUPAHA Y OKBU-
Py Teopuje nmpoBohema TOIIOTE U JOOUjeHa je KOPUITNemeM jeIHAYNHE €HEPTeTCKOT
6usanca u GppaknoHor KarameoBor 3akoHa IpoBohema TOIIOTE, KOJU je YOIIIIITeH
y3UMameM y 003Up W MCTOpHje TpagujenTa temmeparype. Kopucrehu ce meromom
Jlamacose Tpancdopmarmje, ppakIiuona jeqHadnHa Teserpadudapa je, y3 HyJTe
[IOYeTHE yCJIOBE, PEIIeHa Ha MTOJIyOeCKOHAYHOM IIPOCTOPHOM JOMEHY U pelleme je
JI0O6MjeHO Kao KOHBOJIYIMja TeMIlIepaType Ha IPAHWIM U UMITYJICHOT oj3uBa. Vcmu-
TaHa Cy U HEKa CBOjCTBa JOOMjEHOT Pelerha.
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