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STABILITY OF LEVITRON™ REVISITED

Srboljub Simié

Dedicated to Professor Aleksandar Bak$a, teacher and friend

ABsTrRACT. This note discusses some issues related to stability of stationary
motion of hovering magnetized top in a homogeneous magnetic field. Stability
of synchronous motion is analyzed using the simplified model in which the
hovering motion of the center of mass is ignored. Stability boundaries are
derived using Lyapunov direct method. In particular, it is shown that, for
a given angle A between magnetic moment dipole and principal axis of the
top, there is an interval of stationary values of nutation angle 6y for which the
stationary synchronous motion is stable.

1. Introduction

Levitron™ is a commercial product consisted of the permanent magnetic base

and a top which is also a magnetic dipole. It is possible to produce stable levitating
motion of the top above the magnetic base, akin to stable precession of an ordinary
gyroscope. Although its inventor, Ray Harrigan, was discouraged by the academic
community, he persisted in the efforts to construct a hovering top. This remarkable
toy attracted the attention of physicists because Earnshaw’s theorem rules out
stable magnetic levitation of static magnetic dipoles [1]. Harrigan’s discovery called
for reasonable explanation of the phenomenon and stability analysis of stationary
motion.

The papers of Simon et al. [2] and Berry [3] provided persuasive explanation
of the phenomenon of hovering motion of magnetic top. Among different inter-
esting problems, the stability of stationary motion attracted much attention. Not
pretending to give an exhaustive, and still growing list of references, the ones that

inspired the present work are mentioned in the sequel. Flanders et al. [4] ana-
lyzed the stability of synchronous motion assuming that the centre of mass is fixed
in laboratory frame, i.e., motion in the space T'SO(3). Gov et al. [5] analyzed

the stability of stationary rotation about vertical axis, which is also the symme-
try axis of the magnetic field, taking into account all six degrees of freedom, i.e.,
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in T(R3 x SO(3)). Dullin and Easton [6] studied stability in Hamiltonian frame-
work, i.e., in T*(R3 x SO(3)), proved linear stability of relative equilibrium and
improved Berry’s results [3]. Genta et al. [7] discussed lower and upper stability
limits of the spin velocity. Krechetnikov and Marsden [8] analyzed the influence
of dissipative and positional forces on the stability boundary; it turned out that
both forces appear in the case of Levitron™ due to eddy currents. Recently, Bon-
sioli and Delprete [9] analyzed stability taking into account the aerodynamic drag
torque. Common feature of all the studies mentioned above is that their results
are based upon linear stability analysis. They are reliable when determining the
boundaries of instability regions in parameter space. However, their applicability
may be limited—they do not provide a decisive answer about stability when there
are eigenvalues with zero real part, since the influence on non-linear terms could
become important.

This study presents the results of stability analysis of synchronous stationary
motion based upon simplified model, exploited also in [4], in which the hovering
motion of the mass center is ignored, i.e., the center of mass is treated as a fixed
point. The stability is analyzed using Lyapunov direct method, since in the consid-
ered model one eigenvalue of the linearized system is zero. Thus, in this case the
linear stability does not imply stability of the stationary motion (relative equilib-
rium). It is shown that appropriate Lyapunov function cannot be constructed using
energy-like first integral solely, but rather as a linear combination of two indepen-
dent first integrals—generalized energy integral and angular momentum integral. A
new result, obtained using this approach, shows that, for a given angle A between
magnetic moment dipole and the principal axis of the top, there is an interval of
stationary values of nutation angle 6y for which stationary synchronous motion is
stable.

The paper is organized as follows. In Section 2 the mathematical model is
derived using Lagrangian equations, along with corresponding first integrals (con-
servation laws); stationary motion of the top is analyzed and the first result about
the existence of stationary solution is obtained. Section 3 is technical and con-
tains variational equations of the problem, both exact (non-linear) and linear. In
Section 4 the results of linear stability analysis, obtained previously by Flanders
et al. [4], are recovered. Section 5 exposes the main results of this study based
upon non-linear stability analysis using Lyapunov’s direct method. These results
are compared with the results of linear stability analysis in Section 6. The paper
is closed by some concluding remarks.

2. Stationary motion of the magnetic top

Equations of motion of the magnetic top, with moment m of magnetic dipole, in
a homogeneous magnetic field H, will be given in the form of Lagrangian equations.
It will be assumed that the moment of magnetic dipole is constant, fixed in the
body and forms constant angle A with the symmetry axis of the top. Without
loss of generality, it will be assumed A > 0. It will also be assumed that the
center of mass of the top is fixed, i.e., its hovering motion will be ignored. This
assumption is physically meaningful when the gravitational force is equilibrated by
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the constant magnetic field. It could serve as a reasonable approximation of more
realistic situations, as well. This model of hovering magnetic top was studied in [4],
where Lagrangian equations of motion could be found. In the following text the
governing equations and stationary solution will be given for the completeness of
the exposition and to fix the notation.

Introducing standard Euler’s angles of precession, nutation and rotation (1, 6
and ¢), moment of magnetic dipole m could be expressed as

(2.1) m = mcos Ae; — msinAe,; m = const.,

and magnetic field is assumed to be constant, having vertical direction e,

(2.2) H=-He, = —H(sinfsin pe¢ + sinf cos pe, + cosfe;); H = const.,
where {e¢,e,,e¢} is the standard basis of the moving frame O&n(¢ (see Fig. 1).

F1GURE 1. Coordinate frames of the hovering top problem.

Corresponding potential energy of the magnetic field reads
IMI=-m-H =mH(cos Acosf — sin Asinf cos p).

It is assumed that the body is axially symmetric, with axial moments of inertia
Je = Jy # J¢, so that Lagrangian function of the magnetic top in homogeneous
magnetic field can be written in the form

(2.3) L=E,-TI= %J§(92+¢2Sin29)+%Jc“b—i-’(/.}COSH)Q
— mH (cos A cos @ — sin A sin 6 cos ¢),
where an overdot denotes the time derivative. The Lagrangian equations (%) (2L)—

4
%—5 = 0 for coordinates q = 9, 0,  read

(2.4)  P(Jesin® 0 4 J cos? 0) + Jepcos O + (Je — Je )b sin 20 — Jophsinf = 0;
(2.5) Jel — % (Je — J¢)sinf cos 0 + Jpihsin
— mH (cos Asin 6 4 sin A cos 6 cos @) = 0;

(2.6) Je(p 41 cos 6 — 4@ sin 0) + mH sin Asin 0 sin ¢ = 0.
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Note that governing equations have two first integrals, Jacobi’s (generalized energy)
and cyclic integral for coordinate ¢ since 9L/dt = 0 and OL/0¢ = 0. They have
the following form

2.7) B = 1767+ ¢?sin?0) + 3Jc(¢ + ¢ cos 0)?

+ mH (cos A cosf — sin Asin 0 cos ) = const.

(2.8) C = (Jesin®? @ + J; cos? 0)y) + Jep cos§ = const.

The results of this study will be presented in dimensionless form. To that end
the following dimensionless quantities will be introduced

J=Je/J¢ T = t; w=/mH/J.,

where @ is the reference quantity which has unit s~!'. Using these quantities,
Lagrangian equations (2.4)-(2.6) can be given in dimensionless form

(2.9) Y"(Jsin? 0 + cos? 0) + " cos O + (J — 1)'0 sin 20 — ¢’ sin = 0;
(2.10) (J —1)sinfcosf + ¢ sinf — (cos Asin 6 + sin A cos 6 cos ) = 0;
(2.11) " + 1" cosf — 1’0’ sin 6 + sin Asin fsin ¢ = 0,

where prime denotes the derivative with respect to dimensionless time variable 7.
At the same time, dimensionless form of the first integrals (2.7)—(2.8) reads

(2.12) E= 2J(07 + " sin® 0) + (¢ + ¢’ cos6)?
+ (cos A cos § — sin A sin § cos ) = const.
(2.13) C = (Jsin? 0 + cos? )y’ + ¢ cos§ = const.

Since Lagrangian (2.3) of the system has only one cyclic coordinate, this model
of magnetic top has a peculiar stationary solution, different from the one of usual
top, which describes so-called synchronous motion [4].

LEMMA 2.1. Governing equations (2.9)~(2.11) admit stationary solution

(2.14) P'(t) =wo;  O(t) =00; p(t) = po(=0),
where wy, OBy and pg are real constants, provided they satisfy the constraint
(2.15) w2 (J — 1) sin by cos By + sin(A + 6y) = 0.

PROOF. Stationary solution (2.14) satisfies Eq. (2.9) identically, while Eq.
(2.11) yields sin A sinfg singg = 0. We shall adopt the solution ¢o = 0, since it
will be shown in the sequel that other possibilities (A = 0 or 6y = 0) are ruled out
by stability conditions. Finally, the non-trivial constraint (2.15) to the stationary
solution is a consequence Eq. (2.10). O

Given A and 6y, the stationary value of precessional angular velocity wy can
be determined from equation (2.15)

(2.16) o = \/( sin(A + 6p)

1 —J)sinfgcosby
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In real situations angles A and 6y are small and (2.16) can be approximated as

A 1
(2.17) Wo ~ Wmint/ 1+ 9—; Winin = 4/ 7 7

X ~

3.0
DOy A-n/8
2.9 A=37/32
A=/16
2.0
A=m/32

1.5
1.0

FIGURE 2. Stationary angular velocity wg/wmin vs. 6p for different A.

The last result calls for a brief explanation. The value wpyi, was given by
Flanders et al. [4, Eq. (8)] as a minimal value of precessional angular velocity
needed for the existence of synchronous stationary motion. This statement can be
supported by the following arguments. For small values of angles A and 0y equation
(2.15) can be solved for 6y

A
wi(l—J)—1"

Since A and 6, are assumed positive, the following inequality has to be satisfied

[ 1
(2.19) wo > 1T = Wmin

thus confirming the observation of [4] with constraint J < 1 (i.e., Je < J¢). Ac-
tually, wy determined by (2.16) satisfies this inequality (see Fig. 2), except for
A =6y =0, and (2.19) can be regarded as a necessary condition for the existence
of stationary solution.

(2.18) 0o ~

3. Variational equations

Stability analysis relies on the variational equations—governing equations for
perturbations. They will be given in the form of the system of first-order of ordinary
differential equations (ODE’s).

Before embarking on derivation of variational equations, let us consider some
global aspects of the problem, i.e., the reduction of the system. Since precession
angle v is cyclic (ignorable) coordinate, and implies existence of cyclic integral
(2.13) (or (2.8)), the order of the system can be reduced by one. In a more formal
way, the system is defined on T'SO(3) (or T*SO(3) in Hamiltonian formulation),
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and it is invariant with respect to S'-action (rotation about vertical axis). This
invariance permits reduction to (T°SO(3))/S* (which is diffeomorphic to R3 x S? in
Hamiltonian formulation). The reduction in Hamiltonian formulation is straight-
forward and stationary motion (2.14) can be regarded as relative equilibrium of the
reduced system in R x S2. As a consequence, the stationary motion is a particular
solution of the governing equations (2.9)—(2.11) of the form

P (t) = wo;
(3.1) (t) =00;  0'(t)=0;
p)=0;  g1)=0.

To derive the variational equations, the perturbations of the stationary solution
(3.1) have to be introduced

P'(t) = wo + w1;
0(t) = 6y + xa; 0'(t) = 4 = a;

p(t)

By inserting (3.2) into (2.9)—(2.11), the following set of non-linear variational equa-
tions is obtained

(3.2)

= 3; ' (t) = x5 = b,

1
xy = j{sinAcot(Ho + xo) sinxz
+ (1 —2J)(wo + x1) cot (8o + x2)xa + csc(Bg + x2)Tams5};

Ty = T4,
Ty = T5;
1
Ty = 3{005(90 + z2) cos wz sin A + sin(fp + x2) cos A
(3-3) — (1= J)cos(y + z2) sin(f + 22)(wo + 21)?
— Sil’l(g() + LCQ)(OJ() + $1).’E5};
20
7 = wf@){(msaeo + x9) + Jsin®(8p + 22))
X ((wo + 21)x4 — sin Asinzs) sin(fy + z2)
(L= T)sin(2(6 + 2)) (w0 + 1)
+ sin(fy + x2)xs5) cos(Bg + x2)xa}.
System (3.3) can be written in a compact form x’ = F(x), where x = (z1,...,25)T

is the vector of perturbations. Stationary solution (3.1) corresponds to a trivial
solution (stationary point) x = 0 of (3.3).

Linearized variational equations are obtained by expanding r.h.s. of Eq. (3.3)
in the neighborhood of the unperturbed state z; =0,i=1,...,5

' = 0025790 (z3sin A + (1 — 2J)wos);

/ .
Ty = T4;

X

[
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Th = T5;
(3.4) Ty = l{7(1 — J)woxy sin 26
. 4 = 7 041 0

+ (cos(A + 0p) — (1 — J)w? cos 20)x2 — woxs sin O };

1 in A
TIRTEE VRIS
wo

S (—(1 —2J) cos® Oy + J sin® 00):174}.

The system (3.4) can be written in a compact form x’ = Ax, where A = DF(0),
i.e., the matrix of coefficients of the r.h.s. of variational equations (3.4) which will
be omitted for the sake of brevity.

By introducing variational equations, stability analysis of stationary motion
(3.1) becomes the stability analysis of trivial solution x = 0 of variational equations
(3.3), or (3.4). In the light of introductory remarks about reduction, it may be
noticed that variational equations form a reduced system with respect to governing
equations (2.9)—(2.11). To that end, the stability of stationary motion (3.1) can be
interpreted as the stability of relative equilibrium in the reduced space R? x S2.

4. Linear stability analysis

Linear stability analysis is based upon analysis of the eigenvalues of coefficient
matrix A, see Baksa and Veskovié¢ [10], Merkin [11] or Khalil [12]. If all the
eigenvalues have negative real parts, unperturbed solution is asymptotically stable.
If there is at least one eigenvalue with positive real part, unperturbed solution
is unstable. Finally, if there are some eigenvalues with zero real part, while real
parts of the other ones are negative, unperturbed solution is said to be marginally
(neutrally) stable. Conclusion about stability in the first two cases does not depend
on higher order terms in variational equations. However, in the case of marginal
stability, linear stability analysis could not provide a conclusive answer: higher
order terms could make the unperturbed solution to retain (neutral) stability, to
become asymptotically stable or even to be unstable.

These limitations of linear stability analysis come on their own in the study of
the synchronous motion of hovering magnetic top. Namely, characteristic equation
det(A — AI) = 0 is of the fifth degree, but can be reduced to the following special
form

(4.1) Mad* + X3 +eX? +d\+e) =0,
where

a=2J3

c=J{J(—2cos Acosbty) + (2+ J — J cos 26y) csc b sin A
(4.2) +2(J% + (1 — 3J 4+ 2J%) cos? Oy )wi };

e=—3Jesclysin A{2(1+ J + (1 — J) cos 26p) cos(A + 6p)
(4.3) — (1= J)(2(1 + J)cos 20y — (1 — J)(—3 + cos46p))w?},
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while b = d = 0. Obviously, one eigenvalue is A = 0 and marginal stability is the
best one can expect from linear stability analysis.

In order to recover the results of Flanders et al. [4], it will be assumed that A
and 6y are small. Consequently, due to (2.18) they are not independent, and the
following relation holds

A
(4.4) —xwi(l-J) -1

to
Introducing this relation into (4.2), approximate values of the coefficients (indepen-
dent of A and 6y) are obtained

a=2J3

(4.5) c=2J(=2J + (1 —2J +2J%)wd);
e=2J(1—(1—J)w})?,

which simplify the linear stability bounds.

THEOREM 4.1. Under the smallness assumption (4.4), and 0 < J < 1, synchro-
nous motion (2.14) is linearly marginally stable if stationary precessional angular
velocity wo satisfy the necessary condition for existence (2.19)

/1
(46) wo > ﬁ = Wmin-

PROOF. Since one eigenvalue is A = 0, we have to determine conditions for
non-positivity of the real parts of the remaining ones. Non-zero eigenvalues are
obtained as solutions of bi-quadratic equation aA* + cA? + e = 0. Solutions A2
ought to be real and negative in order to satisfy conditions of marginal stability.
Since )

2 _ 2
A _2a( ct e 4ae),
and a > 0, coefficients of the characteristic equation have to satisfy the following
conditions
(a) ¢>0;
(b) ¢? — 4dae > 0;
(¢) —c£Vc? —4ae <0 = 4ae > 0.

Inequalities (a) and (b) impose the following lower bounds for stationary angular
velocity

27 1/2
v S T LR
( ) wo > w1 1_27 1272 wo > wo \F
while the inequality (c) is satisfied for any wg. Taking into account the value of wyip
given by (4.6), it is a matter of simple analysis to prove the following inequalities

w1 2 1 wo 2
_ 1<, ( ) —4J(1-J) < 1;
(wmin) 1-— 2J+ 2J2 Wmin ( )

w1 2 1
) = s <
wa 2(1 —2J +2J2)
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where equalities hold for J = 1/2. In conjunction with (4.6) they imply

(48) Wo > Wmin 2 W2 2 Wi,

which proves the Theorem.

Inequalities (4.8) are graphically illustrated in Fig. 3. d
3.0

2.5

FIGURE 3. Stability bounds for angular velocity by linear theory.

Theorem 4.1 states that stationary solution wy, determined by (2.16), is mar-
ginally stable in the sense of linear stability analysis if it exists, i.e., if it satisfies
the necessary condition (4.6). Unfortunately, this conclusion cannot be regarded
as a complete proof of stability of synchronous stationary motion for the reasons
stated above. However, for the purpose of comparison, inequality (4.7)2 could be
written in dimensional form

mH 1 ( Je ) 2
w% Jg 4 Jg ’

which was given in [4] as condition for existence of real roots. On the other hand,
inequality (4.7); have the following dimensional form

mH 1 JC 2 JC
()
wng 2 Jg Jg

which is a condition for existence of negative roots in [4].

5. Non-linear stability analysis by Lyapunov method

The problem encountered in this study is typical for systems in which some
kind of energy conservation exists. As already mentioned, this model of hovering
magnetic top has quadratic first integral (2.12), which is actually the (generalized)
energy integral. It usually suffices for the construction of Lyapunov function and
application of the direct method. Nevertheless, in some situations second order
expansion of the energy integral, in the neighborhood of unperturbed solution, also
contains linear terms, and thus does not fulfill the condition of definiteness. This
is just the case in the present problem.
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To resolve the problems of this kind Chetayev proposed the procedure for the
construction of Lyapunov function using a combination of first integrals [10,11],
if there exist more then one. The main problem consists in finding suitable com-
bination of first integrals which is definite in the neighborhood of unperturbed
solution. As a consequence, non-linear stability can be proved since the derivative
of Lyapunov function, constructed in this way, is identically zero. This procedure
is especially promising when the system possesses linear first integral, apart from
quadratic one. In that sense, Chetayev’s procedure is quite similar to the energy-
momentum method (see [13, Chapter 5]).

In our problem, cyclic integral (2.13) can be adjoined to Jacobi one (2.12) to
construct the Lyapunov function in the following way

(5.1) V=E—Ey+x(C - Cp),

where k € R is constant to be determined, and E‘O and C’o denote first integrals
evaluated on unperturbed stationary solution (2.14). Introducing perturbations
(3.2) into Lyapunov function (5.1), one obtains

V(x) = %J(xi + (wo + x1)%sin®(0p + z2)) + %(1’5 + (wo + 1) cos(by + x2))?
+ (cos A cos(8p + x2) — sin Asin(fy + x2) cos x3)
(5.2) — LJwg sin® 6y — $wi cos® g — (cos A cos by — sin A sin 6)
+ w{(Jsin®(0y + x2) + cos? (0 + x2))(wo + 1)
+ 5 cos(fg 4 z2) — (J sin® By + cos? Oo)wo }-
By expanding (5.2) in Taylor series up to second order in the neighborhood of
x; =0,1=1,...,5, it is found out that linear terms disappear, either identically,

or by means of relation (2.15), when x = —wy. Thus, the following quadratic form
is obtained

V(x) = ${(Jsin® 0 + cos® )z} + 2 cos o125 + 23}
(5.3) + (1 = J)w§ cos 260 — cos(A + 6p))z3
+ % sin Asinfo23 + LJ23 + O(||x[?).
where ||x|| is the Euclidean norm of perturbation vector. If this quadratic form is
positive definite, there will exist a neighborhood of unperturbed solution x; = 0
in which Lyapunov function (5.2) is positive definite. Consequently, according
to Lyapunov theorem, unperturbed solution will be stable with respect to small

perturbations of initial conditions, since the derivative of (5.2) with respect to
variational equations (3.3) is zero.

THEOREM 5.1. Stationary synchronous motion (2.14) of the magnetic top is
non-linearly stable with respect to small perturbations of initial consditions, if the
following conditions hold

(5.4) A>0; 6y>0;
(5.5) A > —0y + arctan (% tan 290) =Ar.
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PROOF. To prove the non-linear stability, we have to determine the conditions
of positive-definiteness of the quadratic form (5.3). This will be checked in several
steps. First, note that (5.3) is not a complete quadratic form—only the perturba-
tions x1 and x5 are coupled, whereas the definiteness of the remaining combination
of pure squares depend on the sign of their coefficients only. Hence, it is obvious
that coefficient of z3 is positive since 0 < J < 1. Since A > 0 by assumption,
positivity of the coefficient of 2% leads to A > 0 and 6y > 0, thus proving (5.4).

Definiteness of quadratic form of z; and x5 can be analyzed using Sylvester
criterion, which says that matrix (quadratic form) is positive definite if and only
if all the determinants associated with upper-left submatrices are positive. In our
case the matrix reads

C— <cn c15> . (J sin® 0o + cos? 6y cos 00)

€51 Cs5 cos 6y 1
and Sylvester’s criterion is reduced to the following inequalities
(5.6) Jsin? 0y + cos? 0y > 0;  Jsin? 6y > 0,
that are satisfied due to (5.4)s.

2.0 0.7
/v, 0.6
1.5 900 5
A=0 0.4

1.

A=n/8 0.3 wy>w,
A=37/32 0.2 (stable)
0.5 A=/16
A=m/32 0.1
0 2 4 0.8 0.0 0.1 0.2 0.3 0.4
0 0 0 0, 0.6 A

FIGURE 4. Stability bounds for angular velocity by Lyapunov
method and critical curve in (A, 6p) plane.

Finally, for the definiteness of (5.3), the coefficient of 23 also has to be positive.
This leads to the following constraint for angular velocity

cos(A 4 0p) \1/2
(5.7) ”0>(m) =wr-

The value of wy, has to be compared with wy determined by Eq. (2.16). This
provides a restriction on the values of A and 6y for which the stationary solution
(2.14) is stable

sin(A + 6p) - cos(A + 6yp)

5.8
(58) sin 6 cos 0y cos 26

which leads to stability condition (5.5) and concludes the proof. O
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REMARK 5.1. The inequality 6y > 0, that is the part of stability conditions,
means that the axis of the top has to be tilted with respect magnetic field H. It is
in accordance with the existence of stationary angular velocity from Eq. (2.16).

REMARK 5.2. It is clear that for A = 0 the conclusion about stability cannot
be drawn, since the definiteness is lost (see the coefficient of #3). This justifies an
assumption that the moment m of magnetic dipole deviates from the symmetry
axis O( of the top.

The conclusions of Theorem 5.1 are illustrated in Fig. 4. Curves wy,/wq are
drawn for different values of A. It can be observed that, given A, inequality (5.7),
ie., wr/we < 1, is satisfied only for certain range of values of 6y. Consequently,
inequality (5.5) determines the critical curve Ay (6p) in (A, 6p) plane, which bounds
the stability region, at least for small values of A and 6.

The results of the non-linear stability analysis, by means of Lyapunov direct
method, are new to the best author’s knowledge. So far, the linear stability analysis
was the main tool for determination of stability bounds. The results drawn from
non-linear stability analysis shed new light on the problem and should be compared
with the known results of linear stability.

6. Linear versus non-linear stability

In the final part of the study, new stability results obtained by Lyapunov
method will be compared with the results of linear stability analysis, given in Sec-
tion 4. At first sight, it seems that they are incomparable. Stability bound (5.5),
derived from Eq. (5.7), does not depend on J—the ratio of moments of inertia. On
the other hand, inequalities (4.7) give rise to a conclusion (4.8) which is indepen-
dent of nutation angle #y and deviation angle A. The origin of this contradiction
lies in the fact that linear stability results are approximate—they were derived with
assumption that 6y and A are small and (2.18) holds. This led to a characteristic
equation with coefficients (4.5) independent of 6y and A.

Refined picture can be obtained if the approximation (2.18) is dropped. Then,
complete expressions for the coefficients (4.2) have to be used, but they have to
obey the same inequalities (a), (b), and (c), derived in Section 4. They will be
carefully examined in the sequel and compared with main non-linear stability result,

Eq. (5.5).
Consider the characteristic equation (4.1), whose non-zero solutions satisfy
(6.1) ad* + A +e=0,

with coefficients determined by Eq. (4.2). They have to satisfy stability conditions,
i.e., the inequalities used in the proof of Theorem 4.1. Inequality (a), ¢ > 0, leads
to the following stability condition
2 2J cos Acosby — (24 J — J cos 26y) csc Oy sin A
w
0 2(J2 4 (1 — 3J + 2J2) cos? )

By inserting (2.16) into last inequality, after some straightforward calculation one
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obtains the following stability bound for deviation angle A

2(J? + (1 — 4J + 3J?) cos? fp) tan 6,
3—4J+3J%2+(1 - 4J+3J2)cos200)'
Although this bound contains inertia factor J, apart from nutation angle 6y, it can
be shown that it is negative for its entire range of values (0 < J < 1) and for small

values of 5. Therefore, this inequality practically does not impose any stability
bound whatsoever.

Inequality (b), ¢? — 4ae > 0, leads to the following stability condition
(6.3) kowg + kowd + kg > 0.

It can be shown that discriminant D = k3 — 4kok, < 0, with ko > 0, for the whole
range 0 < J < 1 and small values of angles 6y and A. Consequently, stability
condition (6.3) is unconditionally satisfied.

Finally, inequality (c), 4ae > 0, which is reduced to e > 0 since a = 2J3 > 0,
gives the following stability condition

W2 21+ J+ (1 — J)cos26p) cos(A + 6p)
07 (1= J)(2(1 4 J)cos 20y — (1 — J)(—3 + cos46y))’

By inserting (2.16) into last inequality, another stability bound for deviation angle
A is obtained

(6.2) A > —arctan (

2(1+ J + (1 — J) cos 26p) cos O sin Oy
2(1+ J)cos20y — (1 — J)(—3 4 cos46y)

(6.4) A > —fy+ arctan ( ) = Ajin.

0. 7T YT 1T T 7 )
N /03 05 =07 J=09
r J=0.1

0.5F

FIGURE 5. Critical curves by linear theory (Ajy,) versus critical
curve by Lyapunov method Ajp.

Inequality (6.4) is the only one which imposes genuine restrictions on the values
of A and 6y using linear stability theory. It can be shown that inequality (6.4)
predicts larger region of stability in (A, 6y) plane for each value of J, 0 < J < 1,



268 SIMIC

than the one obtained by Lyapunov method (5.5). However, simple calculation
shows that

(65) A > AL(GO) = Alin(ao7 J)a

where Ay, given by (5.5), is the stability bound obtained by Lyapunov method,
and Az (0) = Ayn(0,J). Moreover, pointwise convergence of linear stability bound
Ajin (6o, J) to non-linear (Lyapunov) one can be easily proved by the straightforward
calculation

(6.6) Hm Ay (6o, J) — AL(6o)| = 0.
J—1

This result is supported by the graphs given in Fig. 5.
Conclusions which may be drawn from this comparative study of linear and
non-linear stability are the following:
(1) inequalities (a) and (b) from linear stability analysis, do not impose any
restrictions to the values of deviation angle A and nutation angle 6y;
(2) inequality (c) from linear stability analysis leads to the stability bound
(6.4); it is less restrictive than the non-linear bound (5.5) for each J €
(0,1) (see inequality (6.5)); however, it tends to (5.5) when J — 1

Although Lyapunov method provides more restrictive stability bound than the
linear theory, it is superior to the latter one since linear theory yields only marginal
stability in this case. Also, it is a universal one since does not depend on J.

7. Conclusions

In this study we analyzed the stability of synchronous stationary motion of
the magnetic top. It was motivated by the fact that existing stability results were
based upon conditions of marginal stability of linear stability analysis. The problem
was treated in dimensionless form and principal results of previous studies, given
by Eq. (4.7), were recovered and generalized. Main contribution of this study is
the non-linear stability analysis of the problem by means of Lyapunov method.
The new result, inequality (5.5), came out from this analysis, determining the
admissible values of the deviation angle A and nutation angle 6y for which the
stationary synchronous motion is stable. This result was compared with linear
stability analysis without small angle approximation (2.18). It was shown that
Lyapunov method provides universal stability criterion, established by inequality
(6.5), independent of inertial properties of the top.

The results mentioned above provide a solid basis for further studies. First,
the lack non-linear stability results motivated the application of Lyapunov method.
However, there is possibility to apply the Lyapunov-Malkin theorem which avoids
the introduction of the Lyapunov function. Second, the motion of magnetic top
is analyzed under rather restrictive assumption that the center of mass is at rest.
Taking into account its motion and analyzing the stability problem in its com-
pleteness is the problem for possible future studies. Finally, all the present studies
were concerned with stability analysis. Mechanisms of stability loss remained out
of their scope. Apart from purely mechanical dissipation, there are other more
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subtle influences which could change magnetic properties of the top. Consequently,
stability bounds could be altered and stationary motion could become unstable in
the course of time. This may also be the fruitful field for prospective studies.
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O CTABMJIHOCTU JIEBUTPOHA - IIOHOBO

PE3UME. V¥ oBoMm pamy ce pasmarpajy HeKd IpoOIeMu CTaOMIIHOCTH CTalld-
OHAPHOTI KpeTama Jiebehe HaMarHeTucaHe YUIrpe y XOMOIN€HOM MarHeTHOM IIOJbY.
CrabuHOCT CUHXPOHOI KPETamha je aHaJIM3WpaHa KOpHINhermeM yIpoImheHor Mo-
Jlesia y KoM je urnopucano Jiebjehe kperame 1eaTpa mMaca. ['panurie crabmIHOCTH
cy onpehene mpumeHnoMm nupekTHOr Merona JbamynoBa. Konkperno, mokaszano je
Jia, 3a jatu yrao A uzmeljy MOMeHTa MarHeTHOT JUIOJIA U OCe CUMETPHU]je YUrpe, Mo~
CTOjU MHTEPBAJI CTAIIMOHAPHUX BPEIHOCTH yIJia HyTaluje 0y 3a Koje je CTalluOHAPHO
CHHXPOHO KpeTarhe CTaOUIIHO.
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