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EFFECTS OF SMALL BOUNDARY PERTURBATION
ON THE MHD DUCT FLOW
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ABSTRACT. In this paper, we investigate the effects of small boundary per-
turbation on the laminar motion of a conducting fluid in a rectangular duct
under applied transverse magnetic field. A small boundary perturbation of
magnitude e is applied on cross-section of the duct. Using the asymptotic
analysis with respect to €, we derive the effective model given by the explicit
formulae for the velocity and induced magnetic field. Numerical results are
provided confirming that the considered perturbation has nonlocal impact on
the asymptotic solution.

1. Introduction

It is well-known that only a limited number of the fluid flow problems can
be solved (or approximated) by the solutions in the explicit form. To derive such
solutions, we usually need to start with (over)simplified mathematical models and
consider ideal geometries on the flow domains with no distortions introduced. How-
ever, in practice, the boundary of the fluid domain can contain various small ir-
regularities (rugosities, dents, etc.) being far from the ideal one. Such problems
are challenging from the mathematical point of view and, in most cases, can be
treated only numerically. The analytical treatments are rare because introducing
the small parameter as the perturbation quantity in the domain boundary forces
us to perform tedious change of variables. As a result, we obtain the problem
that cannot be solved analytically and is only amenable for numerical simulations.
Having this in mind, not many analytical results on the subject can be found in
the existing literature, both engineering and mathematical. We refer the reader
to monograph [1] (and the references therein) for more details on the subject of
boundary perturbation in boundary—value problems for PDEs.

In this paper we address the magnetohydrodynamic (MHD) flow of electrically
conducting and incompressible liquid through a duct under the action of a trans-
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verse magnetic field. Such flows naturally appear in the industrial applications, such
as nuclear reactors, MHD generators, accelerators, pumps, etc. For that reason,
MHD duct problems have been continuously investigated for a long time, starting
from the pioneering paper by Hartmann [2] to nowadays. Here we mention only
the papers that influenced our work and refer the reader to [3-8].

The goal of this paper is to study the effects of slightly perturbed boundary
on the MHD flow through a rectangular duct. More precisely, we assume that the
cross-section of the duct has the following form:

Qez{(:ﬁ,g)eR%—b«Ra —a<g]<a—)\f(§>}.

The ratio € = g is taken to be a small parameter (0 < € < 1), while f is assumed to
be an arbitrary smooth function of O(1) magnitude. For the purpose of our anal-
ysis, it is convenient to work in non-dimensional setting so we normalize physical
variables by a (see Section 2) and address the MHD flow problem in the domain
(see Fig. 1):

Q={(z,y) eR*: —c<a<c, —-1<y<l—cf(a)}, =2

e e I y=1—e€f(z)

-1

FIGURE 1. Cross-section of a duct after non-dimensionalization.

Due to the strong coupling of the equations of fluid mechanics and electrody-
namics, exact solutions can be derived only in case of ideal geometries under simple
(physically doubtful) boundary conditions (see e.g. [9]). Here, of course, we cannot
hope to do the same, so we employ asymptotic analysis and seek for the approx-
imate solution. Instead of rewriting the governing problem in an e-independent
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domain (by introducing the suitable change of variables), we choose different, more
efficient approach. It consists of expanding the unknown functions in the Taylor
series with respect to y (in the vicinity of the upper boundary) and applying the
asymptotic expansion technique (see Section 3). The boundary value problems
describing the first two terms in the expansion remain strongly coupled, but we
can solve them analytically in case of non-conducting walls parallel to the imposed
magnetic field and perfectly conducting walls perpendicular to the field. Employing
Fourier series representation of the solution, we derive explicit expressions for the
first-order approximation and corresponding corrector. The first-order approxima-
tion does not feel the effects of the small boundary perturbation and that was to be
expected. The effects we seek for appear in the correctors, as confirmed numerically
with many illustrations in Section 4. We use relatively small Hartmann numbers in
the process to better illustrate the desired effects, since greater Hartmann numbers
lead to solutions having an infinite number of inflexion points. It turns out that
the small perturbation of the domain boundary affects the solution not only locally
(near the upper boundary), but also (moderately) far from the perturbed boundary
and these findings represent our main contribution.

We finish the Introduction by providing additional bibliographic remarks. For
fluid flows, the boundary perturbation investigations are mostly done in the context
of periodically corrugated boundaries, see e.g. [10-15]. The study not limited to
periodic corrugations has been performed recently for classical Newtonian flow [16],
micropolar fluid flow [17] and porous medium flow [18]. This work is, in fact, the
continuation of this research. The results presented here are valid for an arbitrary
(smooth enough) boundary perturbation function f and that should be empha-
sized. To conclude, though the MHD duct flows have been studied extensively (as
mentioned above), the influence of the boundary perturbation on such flows has
not been addressed so far, at least to our knowledge. Thus, it is our firm belief
that our results will prove useful in the engineering practice, in particular in those
industrial applications where the MHD flow is affected by the wall roughness.

2. The equations and boundary conditions

We study the stationary flow of an incompressible conducting fluid governed
by a pressure gradient along a duct, under an applied transverse magnetic field.
We suppose that no secondary flow is produced and that there are no variations in
the duct cross-section or imposed magnetic field with distance z along the duct. As
a consequence, all physical quantities except pressure are constant along the duct
(i.e. independent of z). Finally, we assume that the induced magnetic field due to
the motion of the fluid does not disturb the applied magnetic field so the latter can
be taken as the constant field of flux density By in y-direction. In view of that, the

classical Maxwell equations reduce to (see e.g. [4] for details):
924 % OHE  9pF .
2.1 ( : ) Bz P _ in Q°
(2.1) Moz T o) TP ~ s m
1 0?H: | 9*HS s -
2.9 ,(73 7) By Xz ), in QF.
(2:2) o\ 012 + 09> + 5o Ay m
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In the above system, the unknowns are the fluid velocity 4¢ and the induced mag-
netic field H <. The superscript € is added into the notation to stress the dependence
of the solution on the small parameter as well. We denote by o, u and % the con-
stant conductivity, viscosity of the fluid and pressure gradient, respectively. The
above equations should be endowed with the appropriate boundary conditions. As
indicated in the Introduction, we impose:

OH¢ G
(2.3) g =0, 8; =0, for y = —a,a — Af(g),
(2.4) as =0, HE =0, for & = —b,b,

meaning that we have non—-conducting walls parallel to the applied magnetic field
and perfectly conducting walls perpendicular to the field.

Let us rewrite the problem (2.1)—(2.4) in dimensionless form. To accomplish
that, we introduce:

7 1, b A
xZE» y:yv M:aBO\/Ea C=—, €= —
b a I a a

. P ¢ p o HE

= FFaN) = T ape 5-
2(—5) 7 (e
In view of that, the problem under consideration becomes:
Pus 0%uc 0OH®

2.5 M =-1 in Q¢
( ) o2 + 8y2 + ay ) m )
0*’H¢ O%H°¢ ou®

2.6 —t+———+M—=0 in Q°

( ) o2 + ayQ + ay ) m )

with the boundary conditions
OH®

(2.7 u¢ =0, — =0, fory=—1,1—¢€f(x),
Ay

(2.8) u® =0, H =0, for x = —c,c.

Note that a non-dimensional parameter M (Hartmann number) appears in the
dimensionless equations depending on the flux density, fluid viscosity and conduc-
tivity. Its order of magnitude could be very important in practical applications.
Our goal is to investigate the effective behaviour of the flow governed by (2.5)—(2.8),
as € — 0.

3. Asymptotic analysis

To keep the notation as simple as possible, in the following we assume that
f < 0. By doing that, we have Q = {(z,y) ER?: —c < x <c¢, -1 <y <1} C Q°
so that the solution (u€, H¢) of (2.5)—(2.8) is defined on Q. As a consequence, we
are in position to directly expand velocity in Taylor series with respect to y near
the upper boundary (otherwise, we would have to extend the solution to 2 and
contaminate the notation). Before, proceeding, it must be emphasized that this
is just a technical assumption, i.e. the obtained results are valid for an arbitrary
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(smooth enough) function f. That is essentially due to the fact that it can be
proved that the approximation derived in the sequel is asymptotically the same as
the one that could be built if we have first passed to the e-independent domain by
introducing the change of variable, namely z = ;Z,5. This part is straightforward
and can be done following the same procedure as in [16,18].

We expand as follows:

. o1 9kue A . 1 okHe k
u(z,y) = Ha7k(w,1)(y —DF H(zy) =) R (z,1)(y — 1)*.
k=0 k=0
In view of the boundary conditions (2.7), we deduce
. . ou® €2 5 0?uf
(3.1) 0=u(z,1—¢€f) =u(z,1)— ef(:r)a—y(:r, 1) + Ef(x) 9 (x,1)—...,
OH¢ OH¢ 0’He
. = —ef) = —— - (.1
(32) 0 ay (z,1—€f) 3y (z,1) —ef(x) oy (z,1)
2 3 e
2y -
+ SIS )

On the other hand, we seek for the unknowns in the form of the asymptotic expan-
sion in powers of e:

u(z,y) = u'(z,y) + eu' (z,y) + €v’(z,y) + ..,

(33) HE(I7y) = Ho(xay) + EHl(I,y) + 62H2(‘T’y) +o

Plugging the above expansions (3.3) into (3.1)—(3.2) yields

UO
0= u(w,1) + e(ul(,1) - f(x)%(x, D)
ou' f(z)? 0%u°
+& (e, D = ) G )+ S (1) + ...,
0 1 2 170
0= @) + e G 1) = @) T (01)
H? o2 H! F(x)? 03 HO

+e (@) - 10w+ TS @) 4

Oy?

As a result, we obtain the effective boundary conditions satisfied by the first two
terms at the upper boundary:

u’(z,1) =0, 86]1;0(3?71) =0,
ou® OH' 0*H°
ul(x,l):f(;v)a—y(x,l), Ty(%l):‘f(x)TyQ(%l)'
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3.1. First-order approximation. The first-order approximation (u", H")
satisfies the following system:

oud 920 OHO

3.4 — —=-1 in Q
(3.4) o2 T o TM, , in Q,
0?HY  9?HO ou®

3.5 —t —+M—=0 in Q

( ) aIQ + ayQ + ay ’ m 3z,
equipped with the boundary conditions

0HO 0HO

(36) uO(x7_1) :Ov ’U,O(IIZ‘,l) 207 Ty(xa_l) :Ov Ty<x71) :07
(37) uO(_C’ y) = 07 UO(C7 y) = 07 HO(_Ca y) = 07 HO(Cv y) =0.
We note that the above problem is strongly coupled. Following [4], we can solve it

by seeking the solution in the form of the Fourier cosine series, namely:

LS Lyr

(3.8 u’(z,y) = ka(y) cos (@x),
k=0

(3.9 H(z,y) = Z hi(y) cos (@x)
k=0

Observe that (3.8)—(3.9) are postulated in a way so that the boundary conditions
(3.7) are automatically fulfilled.

REMARK 3.1. Taking into account the practical applications, it would be even
more of interest to analyze the case of the rectangular duct with perfectly conduct-
ing walls parallel to the imposed magnetic field and non-conducting walls perpen-
dicular to the field. The boundary conditions in that case read:

u® =0, He =0, fory=—-1,1—¢f(x),
HG

u® =0, 4 =0, for x = —¢,c.
ox

By following the above procedure, we would arrive to the conclusion that the system
(3.4)—(3.5) cannot be solved in order to meet the zero boundary conditions for the
velocity at x = —c, c. It means that the boundary layers appear in the vicinity of
r = —c,c forcing us to change the approach. This is the subject of our current
investigation. Formal analysis of the boundary layers in this case has been carried
out in [5] for high Hartman numbers and with no boundary distortions introduced.

In the sequel, we use the representation

(3.10) 1= iak cos (Mx),

¢
k=0
where
1 [° k41 2. (—1)k
(3.11) ap = 7/ cos (Mx)dx = (71)
cJ_. c (k+3)m
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Substituting (3.8)—(3.9), (3.10)—(3.11) into the equations (3.4)—(3.5), we get a
second-order system of ODEs satisfied by vy, hy and aj, namely:

(3.12) v — advg + Mh), = —ay,

(3.13) b} — a2hy + Mvj, =0,

with ap = GADT et us solve (3.12)—(3.13). Differentiating (3.12), we obtain the
following equation

(3.14) vy — ajvl, + Mh) = 0.

Multiplying (3.13) by the Hartmann number M and then subtracting the obtained
equation from (3.14), we get

v — (a2 + M?)vl, + aiMhy =0
implying

(3.15) hy, = o' + (af + M?)v}).

(-
a2M
Now, from (3.12) and (3.15) we deduce the equation for vy

v,(f) — (202 + M)}l 4 ajvy, = aiay.
We can easily solve it leading to
(3.16) vk (y) = Vit sinh(r1y) + V2 cosh(ripy) + VS sinh(rary)
1
+ Vk4 cosh(rary) + —5ax,
L

where 71, ro = [% (2ai+M2iM 4oz + MQ)} 12, Finally, plugging the equation
(3.16) into the relation (3.15) gives

(3.17) (le o ZQJ\]\f Tﬁk) cosh(r1xy)
k
LV (hk ak —|— M2 _ rlk) sinh(rlky)
n V (Tgk ak —|— M2 r§k> cosh(rary)
+ Vi (mk aj ZQAJ{/[Q T%) sinh(raxy).
k

From the boundary conditions (3.6) and Fourier representations (3.8)—(3.9) we de-
duce the boundary conditions for v, and hy:

u(z,~1) =0 = wv(~1) =0,
u(z,1) =0 = (1) =0,

0
aaiy(x,—l) =0 = hi(-1)=0,
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OH"
Consequently, we determine the constants V), | = 1,2,3,4 as
Vkl - 0,
agr2k By

2 _
Vi = Tszk)’

Q%leAk COSh(le)(l T i Ar

(3.18)
VE=o,
ag

_ai cosh(rzk)(l — —:iiﬁ:) ’

Vk4 =

. (024 M2)—p3 X 22y p3
with A = ru( A M) =y ond By = rer(@ A M) =15 Ty conclude, our first-order
akM osz ?

approximation reads

(k+3)m )
=2,
c

u(a,y) = > vily) cos

(3.19) 0 bl

H(w,y) = Y hely) cos (2
k=0

where v (y) and h(y) are given by (3.16)—(3.17) and the constants V}! are provided
with (3.18).

3.2. Correctors. As expected, no effects of the boundary perturbation can be
seen from the first order approximation (3.19). Thus, we continue the computation
by identifying the next term in the asymptotic expansions (3.3). The problem
satisfied by the corrector (u!, H') reads as follows:

0%ut  9%ut OH!

922 + RYE + M ay = -1, in €,
0?HY  92H! oul .
W‘Faiyz—FMaiy—O, in €,
with
0
(3.20) WO, ~1) =0, u'(z,1)= f(x)aai(x, 1),
Y
OH! OH! 02 HO
(3.22) u'(—c,y) =0, u'(c,y)=0, H'(-c,y)=0, u'(c,y)=0.

We notice that the perturbation function f(x) now appears in the boundary condi-
tions (3.20)—(3.21) carrying the effects we seek for. We again represent the solution
in the form of the Fourier cosine series:

ul(z,y) = iwk(y) CoS (Mx>,
k=0

c
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de cos (#x)

Consequently, the boundary conditions (3.22) are automatically satisfied and, as in
Section 3.1, we get
(3.23) wy(y) = Wi sinh(r1y) + W2 cosh(rizy) + W3 sinh(ropy)

1
+ Wi cosh(rary) + 2 s
k

1 ; - 7”31@
di(y) = Wy ( 2M ! ) cosh(r11y)

— i ) sinh(r14y)

2
(3.24) « i’ffz) 3
3 ( M2k — T
+ W ( oziM ) cosh(raxy)
ror(ai + M?) — 13\ .

+ W,?( a%M 2 ) sinh(raxy).
From (3.20); and (3.21)1, we deduce
(3.25) w(=1) =0, d(-1) =0,

while for the upper boundary we have (see (3.20)2, (3.21)2)

(3.26) Zwk cos (L%)”x) - f(x)ivgu)cos (@x)
k=0 =0

e e (TP <) Y eos (EEDT),
1=0

Since we will use finite series approximations in the numerical simulations, we can
consider a finite number of terms in (3.26) and proceed as follows:

> (o (52T = 3 i) flayeos (27,

Multiplying the above equation with cos (@x), integrating with respect to x,
and taking into account that

[ o (B e (00, [ 1=

—C

we obtain

(3.28) wk(1):é (1) f(x)cos(mx)cos<mz>dx.



92 MAHABALESHWAR, PAZANIN, RADULOVIC, AND SUAREZ-GRAU

Analogously, from (3.27) we conclude

3.20)  d(1) = %Z (1) _C‘ f(x) cos (@

=0

(L +C%)7rx) dx.

:l?) COS

Now, it remains to compute the constants W}, I = 1,2, 3,4 appearing in (3.23)—
(3.24). We do that by taking into account the boundary conditions (3.25), (3.28)—
(3.29) leading to

%wk(l) — W3 sinh(ray,)

W)=
k sinh(r1x) ’
swi(1) — 2% — Wi cosh(rar)
W]? == k 9
(3.30) cosh(rig)
i — () = AU
¥ 2sinh(ror ) (Brror — Arrik)’
o G = Apwg(Dr, + 255 A
kT 2cosh(ro) (Brror — Arrix)
where A = % and By = % Thus, the computed cor-
k k
rectors can be written in the following form:
n 1
3.31 ul(z = w, cos Mm
Y kY c )
k=0

H'(z,y) = Z di.(y) cos (@x),
k=0

with wy(y), di(y) and W} given by (3.23), (3.24) and (3.30) respectively.

3.3. Asymptotic approximation. To conclude this Section, we define our
asymptotic approximation as

(3.32) Unpprox (T, Y) = u’ (2, y) + eu' (z,y),
€ _ 0 1
(333) Happrox(xa y) =H (.’E, y) + eH (xv y)a

where the functions u°, u', H°, H' are provided in Sections 3.1 and 3.2. It is
important to emphasize that all those functions have been computed explicitly.
The asymptotic solution is affected by the small boundary perturbation and those
affects are present in the correctors (u!, H'). Thus, it is reasonable to expect that
the influence of the boundary perturbation on the effective flow is not just local
(i.e., near the upper boundary), in particular if € is not too small. This assertion is
going to be confirmed in the following section by providing the numerical example.

4. Numerical illustrations

In this section, we visually present our asymptotic solution in order to indicate
how the flow adjusts to the presence of small boundary perturbation. Throughout
the section, we employ the boundary perturbation function f(z) = — cos (7%) for
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x € (—2,2). By considering such restriction of the cosine function, we, in fact,
consider the non-periodic boundary perturbation. This is consistent with the fact
that our analysis is not limited to a perturbation of a periodic nature.

In the numerical example, we take the Hartmann number M = 5. Taking
higher Hartmann numbers leads to the solution having an infinite number of in-
flexion points, which is not easily visualized, so we restrict ourselves to the case of
Hartmann numbers of smaller magnitude. We first plot the correctors derived in
Section 3.2. We bring the 2D profiles of the velocity and induced magnetic field
for fixed values of z and y, together with 3D figures. Then, we visually present the
whole asymptotic solution given by (3.32)—(3.33) for different magnitudes of small
parameter €, namely € € {0.1,0.01}. Again, we depict the 3D figures along with 2D
profiles for fixed values of x and y. 2D profiles are brought only for e = 0.1, since
smaller values of € produce no significant impact on the solution.

First, we visualize the correctors u' and H' provided by (3.31). We first plot the
velocity corrector profiles for fixed values y = 1.0 and =z = —1.5,-1.0,0.0,1.0,1.5
and the solution on the whole domain (see Figures 2-5). We then present the profiles
of induced field corrector for fixed values y = —1.0,1.0 and x = —1.5,—1.0,0.0,
1.0, 1.5, with the solution on the whole domain as well (see Figures 6-10). The
correctors u!' and H' have been computed up to n = m = 10 in the Fourier series
approximations, since increasing those indexes leads to no significant improvements.
The coefficients wy (1) and dj (1) (given by (3.28) and (3.29)) have been calculated
using the numerical integration in MATLAB. One can deduce from the scale and
shape of the correctors that they contain the effect of the boundary perturbation,
being significant near the perturbed boundary y = 1 and also present to some
extent in the whole domain.

X y

FIGURE 2. The profile of u! for fixed y = 1 (left) and # = —1.5 (right).
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FIGURE 4. The profile of u! for fixed 2 = 1.0 (left) and z = 1.5 (right).
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FIGURE 5. The corrector u!.
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FIGURE 6. The profile of H! for fixed y = 1 (left) and y = —1 (right).

T T T T T T T T T

FIGURE 7. The profile of H' for fixed x = —1.5 (left) and z = —1.0 (right).

FIGURE 8. The profile of H! for fixed z = 0.0 (left) and z = 1.0 (right).
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FIGURE 9. The profile FiGURE 10. The cor-
of H! for fixed z = 1.5. rector H'.
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FIGURE 11. The profile of for fixed y = 1.0 (left) and x = —1.5 (right).
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FIGURE 12. The profile of u¢ for fixed © = —1.0 (left) and = = 0.0 (right).
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FIGURE 13. The profile of ug,, . for fixed z = 1.0 (left) and
x = 1.5 (right).

FIGURE 14. Velocity approximation u for e = 0.1.

approx

Then, we present the whole asymptotic approximation given by (3.32)—(3.33).
We first depict the velocity approximation profiles for fixed values y = 1.0 and
x =—1.5,-1.0,0.0,1.0,1.5, and the solution on the whole domain for ¢ = 0.1 (see
Figures 11-14). Then we plot the profiles of induced magnetic field approximation
for fixed values y = 1.0,—1.0 and x = —1.5,—1.0,0.0, 1.0, along with the solution
on the whole domain for € = 0.1 (see Figures 15-18). We can clearly detect the
effects of the boundary perturbation near the upper boundary, and the small, but
noticeable impact (moderately) far from the boundary. Lastly, we visualize the
velocity and induced field approximation on the whole domain for ¢ = 0.01 (see
Figures 19-20). The desired effects for such e turns out to be negligible, so we omit
the corresponding 2D profiles.
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FIGURE 15. The profile of Hf
y = —1.0 (right).

for fixed y = 1.0 (left) and

pprox
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FIGURE 16. The profile of Hf
x = —1.0 (right).

for fixed z = —1.5 (left) and

pprox

FIGURE 17. The profile of Hg . for fixed z = 0.0 (left) and
x = 1.0 (right).
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FiGURE 18. Induced field ap- FIGURE 19. Velocity approxi-
proximation Hg . for e =0.1. mation ug,,., for € =0.01.

FI1GURE 20. Induced field approximation H¢ for e = 0.01.

approx

5. Conclusion

Understanding the effective behavior of the laminar motion of a conducting fluid
in a rectangular duct under applied transverse magnetic field is important from the
practical point of view because we naturally come across such processes in numerous
industrial applications. Since, in practice, the boundary of the fluid domain can
contain various small irregularities, it is particularly of interest to study in what
way MHD flow is affected by the slightly perturbed boundary. In view of that, in
the present paper, we present a formal derivation of the effective model in case of
the duct flow flow with non-conducting walls parallel to the imposed magnetic field
and perfectly conducting walls perpendicular to the field. The analysis employs
a singular perturbation technique and the results are confirmed by the numerical
illustrations.

We believe that the result presented here provides a good platform for under-
standing the influence of small boundary perturbation on the MHD duct flow. The
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fact that we have derived the effective system in the form of the explicit formulae
for the velocity and induced magnetic field is particularly important with regards
to numerical simulations. Since the problem under consideration naturally appears
in numerous applications, we hope that the results provided here could have an im-
pact on the current engineering practice. Our further research efforts will be mainly
focused on extending the presented analysis on a non-stationary flow, namely to
the setting in which the shape function f depends on the time variable as well.
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E®PEKTU MAJINX ITOPEMERAJA HA TPAHUIIN
MX/JI TOKA YV KAHAJIY

Y paay ucnuryjemo edekTe Maanx mopemehaja Ha TPAHUIE JJAMIHAPHOT TOKA
[IPOBOJIHOT (DJIyHa y IIPABOYTaOHOM KaHAJIY IO/ YTUIAjEM IOIPEYHOI MArHETHOT
nosba. Ha mpeceky KaHaja yBOIM ce MaJjiM morpaHudHu nopemehaj Besmunbe €.
Kopucrehu acummrorcky ananunsy y ogHOCY Ha €, 700MjaMO JeJIOTBOPHIA MOJE JAT
eKCIUTUIUTHAM (DOpMysIaMa 3a OP3WHY W MHIYKOBAHO MATHETHO mojbe. Hymepudaru
pe3ynTaTu Cy MOTBPIAWIN Ja pa3MaTpaHu mopemenaju nMajy HeJoKaJaH YTHUIA] Ha
ACUMIITOTCKa Pellebha.
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