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SMALL OSCILLATIONS OF AN IDEAL LIQUID
CONTAINED IN A VESSEL CLOSED BY AN
ELASTIC CIRCULAR PLATE,

IN UNIFORM ROTATION

Hilal Essaouini, Larbi El Bakkali, and
Pierre Capodanno

ABsTRACT. The problem of the small oscillations of an ideal liquid contained
in a vessel in uniform rotation has been studied by Kopachevskii and Krein in
the case of an entirely rigid vessel [3]. We propose here, a generalization of this
model by considering the case of a vessel closed by an elastic circular plate.

In this context, the linearized equations of motion of the system plate-
liquid are derived. Functional analysis is used to obtain a variational equation
of the small amplitude vibrations of the coupled system around its equilib-
rium position, and then two operatorial equations in a suitable Hilbert space
are presented and analyzed. We show that the spectrum of the system is
real and consists of a countable set of eigenvalues and an essential continuous
spectrum filling an interval. Finally the existence and uniqueness theorem for
the solution of the associated evolution problem is proved by means the semi-
groups theory.

1. Introduction

When an elastic disk rotates uniformly in its own plane, in relative equilibrium,
the principal tensions are along and perpendicular to the radius vector. If a is the
radius, pg the density and wg the angular velocity of rotation, their values at the
distance r from the centre are [1,4,5]:

def def
o = P = A(a® — r?)pow?; 099 = Q = (Aa® — Br?)pows
with 3 143
A= + J; B— g’
8 8

o denoting Poisson’s ratio.
Since 0 < 0 < %, we have A > B and P > 0, Q > 0. These values of P and @
are unaffected by a small displacement w normal to the plane of the disk.
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In the following, we are going to study the transverse vibrations of the disk.

The normal displacement w is a function of the polar coordinates (r, ) and of
the time ¢: w(r,0,t).

The potential energy of the centrifugal forces is [4, 5]:

h ow\2 @ /0w\?2
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where h is the thickness of the disk and the integration extends to the area of the
disk.
The potential energy of flexure is [4]:
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where F is Young’s modulus.
The kinetic energy of the plate is

C = %h// (%—Z))Qrdrdﬁ

We denote by ¢(r,0,t) the density of normal external forces acting on the disk.
Using Hamilton’s principle

)
/ [5‘55V15‘/2+//q5wrdrd0}dt0,
t1

we obtain the equation of the transverse vibrations of the plate [1,4]:

Pw h O ow hQ 0%*w
7:,7137) — — — DAA ,
P = 5o (Prae) 5 o W
where D = ﬁ}—t;) is the flexural rigidity.
If the boundary of the plate is clamped, we must take
w =0, a—w:() for r=a.
or

2. Position of the problem and equations of motion

We consider an axisymmetrical container closed by a circular plate I' (density
po, radius a, thickness h), that has the same vertical axis Oxs than the container,
and is clamped at the wall of the vessel. O is the center of the plate (Figure 1). The
container contains a heavy, incompressible, inviscid liquid (density p) in contact
with the plate; we call S the part of the wall of the vessel that is wetted by
the liquid. The system container-liquid rotates with the constant angular velocity
wo about Ozs (Figure 1). We study, in linear theory, the small oscillations of
the system liquid-plate about its equilibrium position, assuming that the liquid
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remains in contact with the container and the plate and the vibrations of the plate
are transverse.

FIGURE 1. Model of the system

Let w(r, 6, x3,t) be the small displacement of a particle M of the liquid with
respect to its relative equilibrium position: (r,8,x3 are the cylindrical coordinates
of M in a system of axes rotating about Ox3 with the angular velocity wp).

Taking into account of Coriolis theorem, Euler’s equation can be written, if P
is the pressure of the liquid in M:

- . — 1—
iU+ 2w05:'3 X ﬁ+w0£’3 X (wOfg X OM) = ffgradP - gfg,
p
where g is the acceletation due to the gravity, or
- . 1— w2
(2.1) i — 2woll X T3 = —fgrad(P + pgrs — pTOTQ).
p
The pressure in the relative equilibrium position is
Py = Do — pgx3 + %pw(%er
po being the liquid pressure in O. Introducing the dynamic pressure p = P — Pgt,
we have, instead of (2.1), the equation
. . 1
(2.2) U — 2woll X Ty = —fgraap in Q.
p

We must add the incompressibility condition, i.e., after integration
(2.3) divi=0 in
and the boudary condition on S
(2.4) Up|s dzef’l_[-ﬁw =0,

7 being the external normal unit vector to S.

We call wy(r,0) the normal displacement of the plate in relative equilibrium
position with respect to the planar position; we have, p, being the constant atmo-
spheric pressure:

_hi’)(P 8w0) hQ82w0

2
_h 9 (p, 0w pof 2
r or or rZ Or?

2

0

— DAAwy — po + po — pgwo +
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and the boundary conditions

wy = 0, %:O for r=a.

or

We call now w(r, 6, t) the normal displacement of the plate with respect to its
planar position; we have:
0w hﬁ(P aw) hQ 0w

TE + g DAAw — pg + Pplate

P e = T or
and the boundary conditions

w =0, a—w:O for r=a.

or

Setting ((r,6,t) = w — wp, that is the displacement of a point of the plate with
respect to its relative equilibrium position, we obtain by substracting and using the
formula

Pplate =P|r + po — pgw + %PW(Q)7"2»

the equation

: ho ¢ hQ 9%¢
(2.5) pohl = == (Pri>) + 25 =5 — DAAC +pir — pgC.
We must add
(2.6) Unpp - A = ¢,
o % _ _
(2.7) (=0, 5—0 for r=a,
(2.8) (27 periodic in 6,

/ngrzo,

the last equation expressing that the volume of the liquid remains constant.

We are going to deduce from the equation (2.5) an integral relation that will
be useful in the following. -

Multiplying the equation (2.5) by f ,~§ being a sufficiently regular function,
2m-periodic in 6 and verifying C~ =0, % = 0 on r = a, and integrating on T,
we obtain

_ 2 _
/F (pyr — poh¢)CdT = /F [ %%(Pr%) = };—?% + DAAC + ng} ¢dr.

In Gauss formula

//F(UAU — vAu)dl = /aF (%v - g—Zu)d(éF),

we take u = A, v = C:, and we obtain

/FAAg-EdFZ/FAg.AEdF.
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Integrating by parts the other integrals, we deduce from (2.5) the equation

2.9) /F (pr — poh{)EdT = /F [h (Peé + %Cefo) + DAC- AL + pgcé} dr,

where
¢

CT’ = 57 CG

S
06
Now, we assume that

_ o)
g,(eHg(r)z{geHQ(r); ¢=0; a—ﬁzOon@F, /ngrzo}

and we set
(6.0 = [ 1P + 2ad) + Dac- AT+ pocCar.

It is a hermitian sesquilinear form on HZ(T).

It is known [9] that, on H3(T'), (f- 1AC? dI')'/2 defines a norm that is equivalent
to the classical norm of H?(T).

On the other hand, since P > 0, Q > 0, we have

0< /F (P|4r|2 + %|C0|2>d1“ <Cil¢I gy (C1>0).

Then, b(¢,¢) is continuous and coercive on HZ(T).

On the other hand, the embedding HZ(I') ¢ L*(T') = {f € L*(I), [, fdI' = 0}
is obviously continuous and compact.

Therefore, there exists an unbounded operator B of L?(I"), selfadjoint, strongly
positive, with compact, positive definite, selfadjoint inverse, such that

b(¢,¢) = (BE,C) oy VC € D(B), V(€ HF(D).

Since p appears in Euler’s equation by its gradient, we assume that p € H(Q);
besides, p being indeterminate to the extend of an additive function of the time,
we can suppose pr € L*(T).

Then, the variational equation (2.9), that can be written

b(¢,Q) = (pir = o€, Q) oy VC € HG(T)
is equivalent [6] to the equation
(2.10) pir — pohC = BC.
Finally the equations of the problem are (2.2)-(2.4), (2.6)—(2.8), (2.10).
3. Operatorial equations of the problem
3.1. We recall Weyl’s orthogonal decomposition
22(Q) C[L2Q)P = Jo() & 9(Q);
Jo(Q) ={7 € L*(Q); divi = 0; vy90 = 0};
9(Q) ={gradq; q € H'(Q)}.
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Since divi = 0 in €2, u,|s = 0, we seek @ in the space

Jo.s(Q) < {it € 22(Q); divii = 0; s =0}

By virtue of the orthogonal decomposition [3] Jy s(2) = Jo(R2) ® %, 5(2), we
write @ in the form

LT v e Jo(Q)
U €%,5(Q) = {ﬁzai@; de H'(Q); A® =0in %\5:0};

<y

’(I =
with
HY(Q) = {<1> € H(Q), / d dQ = 0}.

Q

The Euler’s equation (2.2) can be written

. -, . :, 1
(3.1) T+ U —2wo(0+U) x &5+ —gradp = 0.

0
We introduce a function (1, o, x3) € Jo,s(2) and its analogous decomposition
i =0+ U. We have
/ (i1 0) - (54 0)de — 2pw0/ (74 0) x @] - (5 + 0)d
Q Q

+/ gradp - 4 dQ = 0.
Q
The Green formula gives

[ wmadp-dd0 = [ prauedr = [ B¢+ phi)iar =b(¢.8) + poh [ ECar,
Q I I I

so that the precedent equation becomes

/p(i_}'-5+(}-l:})dﬂ—2pw0/[(5+(?)xf3]- dQ
Q Q

Syl

=

- pro/ [(¢+0) x @] - UdQ +b(¢,0) +poh/ {Cdr=o
Q r
= — . .
U and grad p being orthogonal to Jo(£2), (3.1) gives
/pi_}'-zg))dQ—pro/ [(U—Fﬁ) ng] -151'sz0,
Q Q

so that, since ¢ = uyr = vy r + Uyr = Uy r, the precedent variational equation
becomes

(3.2) /p[.;]~5de2pw0/ (ﬁxfg)ﬁ
Q Q ~
72ﬂW0/(ﬁng)UdQ
Q

+ b(Upir, Upr) + poh Un\rﬁn\r dI' =0,

5—

r
that has only one term containing .
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3.2.1. Let us introduce the space
V= {(7 = grag d; e HY(Q); Upnis =0; Uyr € ﬁg(ﬁ‘)};
equipped with the norm defined by
101 = [ R0+ U

where || - |2 is the classical norm of HZ(T'), and x completion of ¥ for the norm
associated to the scalar product

- = — = h =
(U,0) :/U-UdQ+pL Uy jr U,y dT
X Ja p Jr

3.2.2. Now, we introduce a few operators. Let Py the orthogonal projector
from £2(2) into Jo(Q); we set:
Py(0 x &3) =iA11U;  Ajqr bounded from Jy(92) into Jo(£2);

PO(U' X Tg) = iAlglj'; Aj12 bounded from y into Jo(2).
Applying Py to the equation (3.1), we obtain
F = 2wo Py [ (7 + ) x @3] =0,
i.e., the operatorial equation
(3.3) T — 2iwgA11 T — 2iwgA12U = 0.
Since we have

\ JRCEESE ﬁd@\ < el (e> 0),
Q

we can set

/(17 X T3) - (de = (iAmU, U)x’ As; bounded from Jy(92) into x,
Q
and, in the same manner

/(lj X &3) - (jdﬂ = (iAgg(j, (j')x, Ao bounded from x into .
Q

3.2.3. We are going to give a few properties of these operators.
e Aj; is the well-known Coriolis operator [3]. Tt is selfadjoint; | A11|| = 1;
its spectrum o(A11) coincides with its essential spectrum o.ss(A11) and

fills the closed interval [—1,1].
e Ay and A, are mutually adjoint. Indeed, we have

(Algﬁ,ﬁ)‘]o(g) :72/(ﬁng)5dQ:l/(5ng)ﬁdQ
Q Q

- —i/ (5 x &) - T dQ = (A1, 0)y = (T, Ao ).
Q

e Ay, is selfadjoint.
e We have ||A12|| = ||A21|| < 1, ||A22|| < 1.
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3.3. Then, the variational equation (3.2) can be written
v, 2 ) . . = 1 - =
(34) (U, U)X —QZWO([Am’U—FAQQU},U)X—F ;b(Un\FyUn\F) =0, VYUeV.
We are going to deduce from (3.4) the second operatorial equation of the problem.

a). The embedding V C x is obviously dense and continuous, let us prove that
it is compact.
Since U € V, we can write

L — . . 0P 0P ~
U=grad®, ®cH'(Q); ADd=0 in O %\5:0; a—n\peHg(r).
Let us consider [8] the Newmann problem
0P 0P -
~AP=0in Q; —|s=0; —|r=n¢cH;T).
pe Y an |S ? an |F n 6 0( )

For each ¥ € H'(Q), we have, by virtue of Green’s formula:
_ . -
0= —/ AP - UdQ = / grad ® - grad ¥ df2 — / nU|pdr.
Q Q r

The compatibility condition for n being andF = 0, the precedent equation is
unchanged if we add a constant to ¥ and we have

/gradi%grad\fldﬁz/n@pdf V\Ileffl(Q)~
Q r

Then, setting ¥ = &, we have

/|gr?1<p|2d9:/nci>\pdr,
Q r

and, by a trace theorem
% 2

- —
By virtue of the Poincaré inequality, if ® € H* (), 2] 71 () and [lgrad @ || £2(q)
are equivalent norms, so that we have

1/2
—
(lggMQF«Q <Cllzag  (C'>0)

and then
o 2 7
/Q U2 < (C' Ul zoy)” VU €V

and, finally

U112 < C" || Uyl YO eV (C”>0).

2

L3(r)

Then, let a sequence {Up} weakly convergent in V to Urecvc X-
Since UP — U* € V, we have

107 — 012 < U2, — (U3
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The sequence {Uler} converges weakly in HZ(T'), thus strongly in L?(T) , so that
TP — (7*||X — 0 when p — oo and the embedding V C x is compact.

b). We remark that, by virtue of the definition of | - ||y, we have
TN = U 13-

On the other hand, we have
| 0P < €U ey < €0

so that
Hw@:LMWMwamﬁiwwﬂmmM@

Consequently, [|Uy.||2 defines a norm that is equivalent to |U]ly. Then,
b(Unrs ﬁn‘r‘) is a coercive, continuous, hermitian sesquilinear form on V.

Therefore, to %b(Un‘p, ﬁn‘r‘) and the pair (V, x), we can associate an unbounded
operator Qg of x, that is selfadjoint and strongly positive and that has a compact,
positive definite, selfadjoint inverse.

So, the variational equation (3.4) is equivalent [6] to the operatorial equation

(35) [7 — 2in (A21’L'7+ Agg[j) + Qoﬁ =0.

The equations (3.3) and (3.5), where 7 € Jy(€2) and U € V are the operatorial
equations of the problem. By means of these equations, we are going study the
spectrum of the problem.

4. The spectrum of the problem is real

Let us seeking the solutions depending on time according to the law e™?; we
have

—w2 T + 2wow A1 T + 2wow AU =
(4.1) { WU 4+ 2wowA11V + 2wow 12U 0

7&]2[7 + QWOW(A21’Z7+ AQQ(}) -+ Qoﬁ =0

w = 0 is an eigenvalue. Indeed, for w = 0, the first equation (4.1) is verified and
the second gives lej =0, so U =0. The corresponding eigenspace is the space of
the (¢,0)!, with ¢ arbitrary in Jo(£2). Discarding w = 0 and dividing the equations
(4.1) by w, we obtain

{—w17+ 2woA11U + 2(4}01412(7 =0

(4.2) g ) S
—wU + 2&)01421’0 + 2w0A22U +w™ Q()U =0

In order to eliminate w™!, we set Qé/zﬁ = wﬁo, and we obtain, instead of (4.2),
the system for the unknowns v, U, Uy, that we can write
2woA11 2wpAiz 0
1/2
2(.001421 QWOAQQ 0/
0 e

Siaie
Il
g
St
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The operator of the lefthand-side is a selfadjoint unbounded operator of Jo(2) &
x @ x. Consequently, the spectrum of the problem is real.

5. The spectrum outside the interval [—2wq, 2wo]

We set A = 220 50 that [A] < 1.
The equations (4.2) become

{)\A1117+ MU =@

5.1 ’ L
(5.1) )\A2127+)\A22U+%Q0U:U

The first equation can be written
(Iny0) — M11)T = AA12U.
Since [|A11]| = 1, I;,(q) — AA11 has an inverse R(A) holomorphic in [A| < 1, and we

have ¥ = AR(\)A12U. Carrying out in the second equation (5.1), we obtain

- - _; A2 .
(5.2) U= )\2A21R()\)A12U + ANAxU + onU
0

In order to eliminate the unbounded operator Qg, we set, like above

- - 2w =
(1)/2U =wly = TOUOa

ie.,
—1/273 A=
Uy=—-U.
QO 0 2LUO

Applying to the equation (5.2) the operator @, L/ 2, dividing by ﬁ and choosing
as unknown [70, we obtain
4d 1\
Tl =o0
The operators are selfadjoint and, except I, compact. Then, we have to deal with
a Fredholm’s pencil [3] in the domain X € |A| < 1 — {0}, regular since there are not
complex eigenvalues.
Therefore, we have a discret spectrum in the domain —1 < Areal < 1 — {0},
the possible points of accumulation of the eigenvalues being A = 0 and A = +1.
The eigenvalues of our problem w = 2% have finite multiplicities, are outside
the closed interval [—2wyq, 2wg] and can have as points of accumulation w = +2wy,
w = Fo00.

_ _ d? _
(IX + 40.)8@0 1/2A21R()\)A12Q0 1/2 + TOQO 1/2A22Q0 vz -

6. The essential spectrum

We are going to seek the part of the spectrum inside [—2wyq, 2wp].
We can write the equations (4.1)
{Aum Al = =i

wo
%(W)U = —20.)0&)1421’[7
with
%(w) = QO + 2&)00.}1422 — (,OQI
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Let us prove that € (w) has a denumerable set of real eigenvalues {w,} that
has the infinity as point of accumulation. We are going to show that the equation

—

% (w)U = 0 can be replaced by a suitable system of two equations. Introducing still
the unknown function Uy by

(6.1) 20 = w T,

we see easily that €' (w)U = 0 can be written
Qo0 — 2w0wQy * A2 Q5 * T = w ™',

and we obtain the equivalent system
-1/2

sy aar) (5) = (8)
QSI/Z _2W0Q61/2A22Q81/2 UO UO

Since the operator of the left-hand side is self-adjoint and compact, it has a
denumerable set of real eigenvalues {w, !} having zero as point of accumulation.
Consequently, the property of € (w) is proved.

We have

(€ (W)U, U)x = (QoU, U)y + 2wow(As2U, U),, — w?(|U|I2,
so that, if A\1(Qp) > 0 is the smallest eigenvalue of Qq, we can write
(€ ()T, 0)y > (M(Qo) — 8wd)|U]I2.
We must distinguish two cases
1). )\1(Q0) > 80}(2)

In this case, from €'(w)U = 0, we deduce U = 0 and % (w) has an inverse.
Since

% (w) = Qo2 (I + 2wow@Qq /?* A22Q5 * — w2QyHQY?,
We have
(@) = Qo (I + 2wowQy P 42057 — Qg M) 0y,
so that [€(w)]~! is compact like Qg */*. Then, we have
Uv = —20.)0(40[%(0.))}_11421’17.
Carrying in the first equation (4.1), we obtain
(6.2) M(w)T = w, v € Jo(Q)
with
M(w) e 2w0(A11 — 2&)0&11412[%(&})]711421).
We can thus apply a well-known method [3]. 2wpAi; is bounded, selfadjoint
and its spectrum, that coincides with its essential spectrum, is the closed interval
[—2wo, 2wo]. The operatorial function Vo(w) = dwiw A€ (w)] 1 Agy is analytical

in w ; for each w; it is a compact selfadjoint operator.
Let wy € [—2wy, 2wp]. Then, the operator

M(wl) = 20.)()1411 — Vo(wl)
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has, by virtue of a Weyl’s theorem [3, 8], an essential spectrum that coincides with
the spectrum of 2wy Ay , i.e., [—2wo, 2wp]. Taking wy € dess[M(w1)], it is possible
to associate to wq, a Weyl’s sequence {t,,} € Jo(Q2), depending on w; and wo,
ie., [3,8]:

U, — 0 weakly; inf ||9,] > 0; (M(w1) — woI)T,, — 0 strongly.

Let us choose wy = wy; then, there exists a Weyl’s sequence {v/} € Jo(Q),
depending on w; only, such that

¥l — 0 weakly; inf ||7/,]| > 0; (M(w1) —woI)T], — 0 strongly.

Consequently, wy belongs to the essential spectrum of the problen (6.1). So, if
A1(Qo) > 8w, each point of the closed interval [—2wy, 2wp] belongs to the essential
spectrum of the problem.

2). M(Qo) < 8w

Since ¥ (w) has a denumerable set of real eigenvalues w,, that have the infinity
as point of accumulation, the interval [—2wy, 2wp] includes no more than a finite
number of wy,. At the points of [—2wy, 2wp] different from these w,, € (w) has a
compact inverse and the above proof can be carried once again. Such points belong
to the essential spectrum. Since the essential spectrum is closed, it is the closed
interval [—2wy, 2wp.

7. Conclusion

The spectrum of the problem is real and formed by:

1) an essential spectrum that fills the closed interval [—2wy, 2wy],
2) a discrete spectrum that is located outside this interval with possible
points of accumulation w = +o00, w = +2wy.

8. Existence and unicity of the solution of
the associated evolution problem

1). Like in the spectral problem, we introduce a new unknown function W
defined by

W =iQ/*U  W(0)=0
Setting Aj; = 2woA;j (i,j = 1,2), we replace the equations (3.3), (3.5) by the
system

STH

AL — AT =0

U — il & — iAbU — QYW =0
W QYT =0
Setting still
n A 0 i
-A( /21 A/22 (1)/2 ) W= (7 )
0 Q) o W
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we obtain the equation
o = iAW,
—iA is considered as an unbounded operator of Hy = Jy(2) ® x ® x and
D(—iA) = Jh(Q)aVaV.

2a). —iA is accretive and closed.
Indeed, we have

(—iAD, @) 1, = — i[(AL T + AU, 0) gy (0) + (A T+ AT, T), ]
—i[(Q"W. D)y + (Q0"*T, W)y
A simple calculation proves that the first bracket is real; the second is obvi-
ously real.
Then, we have
R(—i AW, W) g, = 0.
On the other hand, it is obvious that —i.A is closed.
2b). The adjoint (—iA)* of —iA is accretive.
Indeed, we have
(—tA)* =iA* =iA,
so that
R((—iA)*W, W) g, = 0.
Consequently, —iA is the generator of a contraction semigroup.
3). i(—iA) = A is selfadjoint, so that, by virtue a Stone’s theorem [7,8], —i.A
is the generator of a group of unitary operators, denoted by

G(t) = e, —o00 < t < 400

4). Let us take as initial conditions

7O vt
@0)=w’=(0°];  w(0)=uw’= Ut
0 Wl = iQ[l)/QU"O
We have, from (6.2):
W= G(t)w"

and then

Therefore [3], under the conditions

70 ot
(C_fo) and (C_fl) e()aV,
the evolution problem has a generalized solution continuously differentiable and
such that ¥(t) € Jo(2) and U(t) € V for each t.
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MAJIE OCIHNJIAIINJE NAEAJIHE TEHYHOCTHI
Y IIOCYIN CA EJIACTNYHOM KPY2KHOM
OBJIOTOM, ITP1 PABHOMEPHOJ POTAIININ

PE3uUME. IIpobiem Maimx ociuialnuja njeaJHe TEYHOCTH YHYTap HOTIIYHO
9YBpCTE [OCY/Ie IPYU PABHOMEPHO] poraruju npoydasasu cy Konauescku n Kpaju [3].
Y oBoM pany je IpeIozKeHO YOUIINTeHhe TOT MOJesa 3a CIydaj MOCyAe ca eJacTud-
HOM KPY2KHOM ODJIOTOM.

Y TOM KOHTEKCTY, U3BeJieHe Cy JIMHeAPH30BaHe jeqHAYNHe KPeTarba CHACTeMa
obsiora-Teunoct. Jlobujene cy BapujannoHe jeJHATNMHE MAJIAX OCIIHIAIN]a OKO PaB-
HOTEKHOT II0JIOYKaja CHCTEMA, & IIOTOM Cy M3BeJleHe U aHaJU3UpaHe U JIBE Olle-
paTopcke jegHauuHe y oarosapajyhem XwuibeproBom mpocropy. [lokazano je ma je
CITEKTAP CHCTEMA PEAJIAH U J1a Ce CACTOjU OJ1 IPEOPOJUBOT CKYIIa COIICTBEHUX BPEIHO-
CTH Ka0 UM €CEHIINjaJIHO HEeIPEKUIHOT CIIEKTPa KOjU MCIyhaBa nHTepBasI. KoHnadno,
moMohy Teopuje MOJIyrpyIa, JOKa3aHa je TeopeMa er3uCTeHINje U jeJUHCTBEHOCTH
3a peliehe TPUIPYKEHOT eBOIYTHBHOL 11pO0JIeMa.
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