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BILLIARDS IN CONFOCAL QUADRICS
AS A PLURI-LAGRANGIAN SYSTEM

Yuri B. Suris

ABsTrACT. We illustrate the theory of one-dimensional pluri-Lagrangian sys-
tems with the example of commuting billiard maps in confocal quadrics.

1. Introduction

The aim of this note is to illustrate some of the issues of the theory of one-
dimensional pluri-Lagrangian systems, developed recently in [5], with a well known
example of billiards in quadrics [3, 6]. In Section 2 we recall the main positions
of the theory of pluri-Lagrangian systems, including a novel explanation of the so
called spectrality property introduced in [2]. Then in Section 3 we recall some
basic facts about billiards in quadrics. The main new contribution is contained in
Section 4, where we use the spectrality property to derive the full set of integrals
of motion for commuting billiard maps in confocal quadrics.

2. Reminder on discrete 1-dimensional pluri-Lagrangian systems

Suppose we are given a l-parameter family of pairwise commuting symplec-
tic maps Fy : T*M — T*M, F\(q,p) = (¢,D), possessing generating (Lagrange)
functions L(q,q; \), so that

OL(q,q:A) -~ OL(q,¢:A)
9q p 9
When considering a second such map, say F, : T*M — T*M, we will denote its
action by a hat: F},(¢,p) = (¢, D),
. OL(g, )~ OL(g, g p)
(2.2) F,:p=—- 94 , p= 93 .
The commutativity of these maps allows us to define, for any (qo,po) € T*M, the
function (q,p) : Z* — T*M by setting

(a(n+er), p(nter)) =Falq(n), p(n), (g(ntez), p(ntez))=Fu(q(n),p(n)), ¥ne Z*,

(21) F)\:p:—
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see Figure 1(A). This justifies our general short-hand notation for functions on Z?:
if ¢ stands for g(n), then g stands for ¢(n + e1), while ¢ stands for ¢(n + e3). We
introduce a discrete 1-form L on Z? by setting (slightly abusing the notations)
L(n,n+e1) = L(g,q; \), respectively L(n,n + e2) = L(q, q; ).

From (2.1), (2.2) we easily see that the following corner equations hold true
everywhere on Z2:

0L(q,q;\)  OL(q,q; 1)

(E) i el

(B) 913(6(197;; A 3L(g§; " _ o,

() oLls a{j o aL(q;g; N,

(Era) OL@TN) OL@Ew _
aq aq

These four corner equations (E)—(Ej2) correspond to the four vertices of an ele-
mentary square of the lattice Z?, as on Figure 1(B).

0, Ji ;
® @
£ (E2)  (E12)
F, F,
® F\ ® ® (E) (Ev) ®
(¢:p) (2.p) q q

(a) (B)

FIGURE 1. (A) Definig (q,p) : Z*> — T*M for two commuting
maps F) and F,. (B) Four corner equations. Their consistency
means the following. If we start with the data ¢, ¢, ¢ related by
the corner equation (FE), and solve the corner equations (F;) and
(E3) for av, then the two values of Zvcoincide identically and satisfy
the corner equation (E12).

The corner equations tell us that any solution ¢ : Z?> — M delivers a critical
point to the action functional
SF = Z L(O’)

ocel

for any directed path T in Z? (under variations that fix the fields at the endpoints
of the path I'). In other words, the field ¢ : Z?> — M solves the pluri-Lagrangian
problem for the Lagrangian 1-form L [5].
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THEOREM 2.1. The value dL(o) for all elementary squares o = (n,n+e1,n+
e1+ea, ntes) is constant on solutions of the system of corner equations (E)—(FE12):

(2.3) dL(o) := L(q,¢; A) + L(q, ¢ 1) — L(@, G A) — L(q, G p) = (A, ).
PRrROOF. The expression on the left-hand side of equation (2.3) is a function
on the manifold of solutions of the system of corner equations. The manifold
of solutions is of dimension 2dim M, as it can be parametrized by (¢q,p) or by
(¢,9). Tt is enough to prove that 9(dL(0))/dq = 0 and O(dL(c))/0q = 0. We
prove a stronger statement: if one considers dL(c) as a function on the manifold
of dimension 4 dim M, parametrized by ¢, ¢, ¢, and 5, then the gradient of this
function vanishes on the submanifold of solutions of corner equations, of dimension
2dim M. But this is obvious, since vanishing of the partial derivatives of dL (o) with
respect to its 4 arguments is nothing but the corresponding corner equations. [J

THEOREM 2.2. For a family F\ of commuting symplectic maps, the discrete
pluri-Lagrangian 1-form L is closed on solutions, dL = c¢(\, u) = 0, if and only if
O0L(q,q; \)/OA is a common integral of motion for all F),.

PROOF. Clearly, the possible dependence of the constant ¢(\, ) on the pa-
rameters A, p is skew-symmetric: c¢(A, u) = —c(u, A). Therefore, c¢(A, p) = 0 is
equivalent to dc(A, u)/OA = 0, that is, to

OL(0. 3N _ IL@.TN)
2.4 — =0
(24) o\ o\
(see equation (2.3); terms involving Jg¢/0A and 85/8)\ vanish due to the cor-
responding corner equations). The latter equation is equivalent to saying that
O0L(q,q; A)/OA is an integral of motion for F),. O

The latter property is a re-formulation of the mysterious “spectrality property”
discovered by Kuznetsov and Sklyanin for Bécklund transformations [2].

3. Billiard in a quadric

We consider the billiard in an ellipsoid

(3.1) Qz{xéR”:(z,Alngx?: }

a

Let {zk}rez, xr € Q, be an orbit of this billiard. Denote by
v = Tk+1 — Tk c Sn—l
|Tk+1 — T
the unit vector along the line (zxxky1). Then the following equations define the
billiard map:

o g fov

Vi — Vp—1 = VkA_l.rk.

Here the numbers jiz,, 14, can be determined from the conditions v, € S*~ !, 2, € Q,
so that
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(3.3) = e — ol vk = (vp — vp—1, A(v — ve—1)) '
One can obtain alternative expressions for pyg, vy by the following arguments. Sup-
pose that z;, € Q, and determine uy from the condition that xx41 = zp +prvr € Q.
This gives:
(h + v, A e + k) =1 & 2, A o) + g vk, A Hog) = 0,
so that
2 xk,A_lvk 2{xy, 1,A_1’Uk
(3.4) Mk=—< - >: ( +71 )
<’Uk,A 'Uk> <Uk,A 'Uk>
(The second expression follows in the same way by assuming that zp41 € Q and
requiring that z, = 41 — prvr € Q.)
Similarly, suppose that vi_; € S~ ! and require that vy = vi_1 + VA" zy €
Sn—1. This gives:
(Vg 1+ A g, v Fup AT ) =16 2 (v 1, A Ry ) FvE (A ey, A7 ay) =0,
so that

2(vp—1, A" 2v, A" xy,
(3.5) Ve = — (vk—1, A" wg) _ 2(op, A ) .

(A7tap, A= lay) (Al Aoy
By the way, these alternative expressions for g, v, immediately imply the following
result.

PROPOSITION 3.1. The quantity I = (x, A='v) is an integral of motion of the
billiard map.

ProOOF. Comparing the both expressions in (3.4), we find:

(3.6) (Tht1, Ailvk> = —(zy, A71Uk>.
Similarly, comparing the both expressions in from (3.5), we find:
(3.7) <xk,A_1vk> = —<xk,A_1vk_1>.

Combining (3.6) with (the shifted version of) (3.7), we show the desired result. O

We are now in a position to give a Lagrangian formulation of the billiard map.
Actually, there are two different such formulations. One of them is pretty well
known. I do not know a reference for the second (“dual” one), however, it is based
on the so called skew hodograph transformation introduced by Veselov [7, 4].

First (traditional) Lagrangian formulation. Eliminate variables vy from
equation (3.2):

Th+1 — Tk Tk — Tk—1 —
+ — = l/kA 1l’k,
HE HE—1
or, according to the first expression in (3.3),
Tp+1 — Tk T — Tp—1 —
+ — = VkA 1xk.
e N . =1

This can be considered as the Euler-Lagrange equation for the discrete Lagrange
function
L:Qx Q—>R, L(mk,xk+1):|xk+1—xk|.
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Here, one can interpret v as the Lagrange multiplier, which should be chosen so
as to assure that x5, € Q, provided z,_1 € Q and z; € Q.

Second (“dual”) Lagrangian formulation. Eliminate variables xj from
equation (3.2):
A(’l}k+1 — 'Uk) _ A(vk — 'kal)

= UKV,
Vg+1 Vg
or, according to the second expression in (3.3),
A(’Uk+1 — ’Uk) A(Uk — ’Uk_1)

— = Vi -
(Wert — ok Avrrs — o) 2 (o — v, A —vp))i72

This can be considered as the Euler-Lagrange equation for the discrete Lagrange
function

L: Sn_l X Sn_l — R, L(vk,ka) = <7)k+1 — ’Uk,A(’UkJrl — Uk)>1/2.

Here, one can interpret uj as the Lagrange multiplier, which should be chosen so
as to assure that vy, € S”~ !, provided vy_; € S~ ! and v}, € S~ L.

One can consider the billiard map as the map on the space L of oriented lines
in R™. This space can be parametrized s follows:

Lol={z+tv:teR} & (v,z)€ St xR™

Of course, in this representation one is allowed to replace * € ¢ by any other
2’ = x4+ tov € £. A canonical choice of the representative z’ is the point on ¢
nearest to the origin 0, that is 2’ = z — (z,v)v. Clearly, this representative can
be considered as 2’ € T,S"~! ~ T*S"~!. Thus, one can identify £ with T*S"1,
and the billiard map can be considered as a map B : T*S" ! — T*S™~ 1 with the
generating (Lagrange) function L : S"~1 x S"~1 — R. As a consequence, the map

B:T*S" 1 — T*S"~! preserves the canonical 2-form on T*S™ 1.

4. Commuting billiard maps
We use the following classical result (see [6]).

THEOREM 4.1. For any two quadrics Qx and Q,, from the confocal family
A\ ={z e R": Qx(z) =1},
where N ,
Qule) 1= . (A2 =3 ST
the corresponding maps By : T*S"~1 — T*S”_lz and B, : T*§n—t — T*§n—1
commute.

This places the billiards in confocal quadrics into the context of the theory of
one-dimensional pluri-Lagrangian systems. With the help of this theory, we are
going to prove the following statement [3].

1A conjecture by Tabachnikov [6] that the commutation of billiard maps characterizes con-
focal quadrics has been settled, under certain assumptions, in [1].
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THEOREM 4.2. The maps B, : T*S"™' — T*S"~! have a set of common
integrals of motion given by

5 (wv; — 24v5)? .

Fila) =t + Y I g,
J# ¢ J
Only n — 1 of them are functionally independent, due to >\ | F; = (v,v) = 1.

PROOF. According to Theorem 2.1, the expression

dL(\, 1) == L(v,5; \) + L(B,5; 1) — L(0,5; ) — L(v, 5; 1)
is a constant (depending maybe on A, ). The value of this constant is easily
determined on a concrete billiard trajectory aligned along the big axis of either of
the ellipsoids Qx, Q,. For such a trajectory, v = (1,0,...,0), v =¥ = —v, and

v = v. Recall that
L(v,5;A) = (0 — v, (A4 AT — v))'/2.

There follows immediately that dL(A, ) = 0. Now Theorem 2.2 implies that the

quantity OL(v,v; A)/0\ is a common integral of motion for all B,,. A direct com-
putation gives:

8L(vi;)‘) _ <’U—Q,’U—Q>
A - u (AT o)
_ A M)fli’ A+ADI2) (ced egs. (3.2), (3.3))
=v{(A+ )2, (A+ )" ta)
=2(x, (A + )" ') (used eq. (3.5)).
Thus, the quantity
Qx(a,v) = (z, (A + AI)"lo) = > %

with v € "1, x € Q,, is an integral of motion of all maps B, : L — L (compare
with Proposition 3.1). However, for the map B,,, the parametrization of the line
¢={x+tv:t e R} €L by means of a point € £ N Q) is unnatural and rather
inconvenient. Actually, it would be preferable to take, for any B,,, a representative
from £N Q,,, but a still better option would be an expression not depending on the
representative at all. This is easily achieved. Observe that, as soon as @y (x) = 1,
we have
Q3(z,v) = Qx(v) — Qx(v)Qa(z) + Q3 (z,v),

and the combination of the last two terms on the right-hand side is invariant under
the change of the representative x +— x + tv:

Q3 (z,v) — QA(v)Qx(2)

i L0 0 — 707 Z TV 0 — TIU7
= 2 2y = 2 2
) ()\+ai)()\+aj) < Ten ()\+ai)()\+aj)
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1 1 1
= 57— ( 2>(ccivizjvj — va?)
2 ,

2
as A a3 A+a
1<iAj<n + +aj
1 1
P —_— . . . . Ppp— 2 2 . . . PR— 2 2
= po g R wr: (Tivijv; — T70F 4+ 205200 — T50;)
1<i#ji<n J ? g

3

D

As a result, we see that the maps B, : £ — £ have the following integral of motion:

(wiv; — xv;)
Z)\—i—a ( +Z T a ) )\—i—a

Of course, this holds true also for each F; 1nd1v1dually. O
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BNJ/INJAPU Y KOH®OKAJTHUM KBAJITPUKAMA
KAO IIVIVPU-JIATPAH>KEB CUCTEM

PE3UME. Teopujy jeanoanMeH3noHnX Iy pu-Jlarpan:keBux cucTeMa MIyCTpy-
jEMO IIpUMEpPOM KOMYyTHpajyhux 6mjinjapcKux Ipec/inKaBamba Y KOH(POKAJIHIM KBa-
JIPUKAMA.
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