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Abstract. We study the seismic response of two adjacent structures connected with a dry friction damper. Each of them consists of a viscoelastic rod
and a rigid block, which can slide without friction along the moving base. A
simplified earthquake model is used for modeling the horizontal ground motion. Energy dissipation is taken by the presence of the friction damper, which
is modeled by the set-valued Coulomb friction law. Deformation of viscoelastic
rods during the relative motion of the blocks represents another way of energy
dissipation. The constitutive equation of a viscoelastic body is described by
the fractional Zener model, which includes fractional derivatives of stress and
strain. The problem merges fractional derivatives as non-local operators and
theory of set-valued functions as the non-smooth ones. Dynamical behaviour
of the problem is governed by a pair of coupled multi-valued differential equations. The posed Cauchy problem is solved by use of the Grünwald–Letnikov
numerical scheme. The behaviour of the system is analyzed for different values
of system parameters.

1. Introduction
Various types of seismic control systems are used to dissipate energy reducing
destroying effects of ground motion or wind excitation on structures. Collisions between neighboring structures, or pounding, during a major earthquake may cause
considerable damage to the buildings if they are not on appropriate distance one
from another. This phenomenon was investigated by many authors who found interconnection between adjacent structures with a damper as an effective way against
pounding. For example, Luco and De Barros [14] analyzed adjacent structures
connected with viscous dampers, while Bhaskararao and Jangid used a friction
damper between two adjacent single-degree-of-freedom structures, see [5]. They
applied the Kelvin–Voight as well as the Coulomb friction model for describing dynamical behaviour of the structures. Pounding between adjacent bridge segments
is also evident and it is analyzed in numerous papers, see [6] and [17].
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Accurate models are required for describing such a complex phenomenon as
pounding including elastic and plastic deformation, friction and impact. The use
of fractional derivatives as non-local operators for describing the behavior of viscoelastic dampers should be justified for the sake of reliability of rheological model.
2. The model
The system under consideration consists of two rigid blocks representing the
basis of adjacent buildings, Figure 1a. Another two blocks of masses m1 and m2 can
slide without friction along the lower ones under the action of ground motion. The
system is at rest at the beginning. Suddenly, the bases start oscillatory motion in
the same way (coordinate u) during a simplified earthquake excitation. This causes
upper blocks to move translatory relative to the bases with relative coordinates
x1 and x2 , while energy dissipates by deformation of the viscoelastic rods. If
the conditions for relative motion between the upper blocks are met there will be
energy dissipation within a friction damper, too. Lengths of the viscoelastic rods
in undeformed state are denoted by lα and lβ . Lengths L and a1 are constants.
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Figure 1. System under consideration and a free body diagram.
A free body diagram is presented in Figure 1b where f1 and f2 stand for the
forces in viscoelastic rods, n1 and n2 are normal reaction forces between the blocks,
while q and N represent the friction force and the normal contact force within the
friction damper, respectively. According to the chosen type of the friction damper it
can be assumed that the force N can be mono-directional with a constant intensity
and that it will alliterate the positions where the forces n1 and n2 act what is not in
the concern of this paper because the analyzed motion goes in horizontal direction
only. The normal contact force N ensures significant clamping of interaction pairs
necessary to provide appropriate friction force, see [7], [19], [4]. The distance
between the upper blocks reads ξ = L + lβ + x2 − lα − x1 − a1 . Dynamics of the
blocks with masses m1 and m2 is governed by the Fundamental axiom of dynamics
(2) 
(2.1)
m1 u(2) + x1 = −f1 − q,
(2.2)

(2) 

m2 u(2) + x2

= −f2 + q,
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constitutive equations are presented by the fractional Zener model, see [1]
Eα Aα
(α)
(α) 
(2.3)
f1 + τ f α f1 =
x1 + τ xα x1 ,
lα
(2.4)

(β)

f2 + τ f β f2

=

Eβ Aβ
(β) 
x2 + τ xβ x2 ,
lβ

where (·)(κ) = dκ (·)/dtκ , Aα , Aβ , Eα , Eβ are cross-sectional areas and moduli of
elasticity of viscoelastic rods, respectively. Constants τ f γ , τ xγ with dimensions
timeγ , and Eγ must satisfy conditions τ xγ > τ f γ , τ f γ > 0, and Eγ > 0, according
to the second law of thermodynamics, where 0 < γ < 1, γ ∈ {α, β}. Fractional
(γ)
(γ)
derivatives of the Riemann–Liouville type fi and xi , (i = 1, 2) are used in
equations (2.3) and (2.4), see [16]


Z t
dγ z(t)
1
d
z(τ )
[z(t)](γ) ≡
=
dτ
.
dtγ
dt Γ(1 − α) 0 (t − τ )γ

Figure 2. Combinatorial analysis of relative motion of upper
blocks regarding to the relative sliding velocity within the dry friction damper, with directions of the friction force.
Friction force q within the friction damper connecting the upper blocks is given
by the Coulomb friction law taken in the set-valued form by (2.5), see [8] and [13],

(1)
(1)

x1 − x2 > 0
µN,
(1)
(2.5)
q ∈ µN [−1, 1], x(1)
1 − x2 = 0


(1)
(1)
−µN,
x1 − x2 < 0

where q is set-valued when the relative velocity between the upper blocks equals zero
and the friction coefficient is denoted by µ. One should note that there are three
different motion phases depending on relative sliding velocity, not between upper
(1)
(1)
blocks and bases, but within the friction damper: slip to the right (x1 − x2 > 0),
(1)
(1)
(1)
(1)
slip to the left (x1 − x2 < 0) and a stick phase (x1 − x2 = 0). The upper
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blocks can move both to the right, both to the left or in opposite directions. Also,
their relative velocities can be different or equal. All the cases are classified into
three classes regarding to the relative sliding velocity within the friction damper.
The classes and characteristic cases are shown in Figure 2a.
During sliding phase, when the upper blocks slip to the left or to the right the
friction force equals µN , where its direction is shown in Figure 2a and Figure 2c,
while for the stick case it can be any value between −µN and µN , see (2.5). Ground
acceleration is described by the simplified earthquake model (2.6), depending on
parameters k, u0 , Ω, see [20]
u(2) = e−kt [−u0 Ω2 sin(Ωt)].

(2.6)

The systems of passive seismic protection within the analyzed adjacent structures dissipate the seismic energy in two different ways. The first one is by the
deformation of viscoelastic elements during the relative motion between the upper and the lower blocks, while the second one is the energy dissipation within
the dry friction damper when there is relative motion between the upper blocks.
The amount of dissipated energy during time can be calculated by the following
expression
Z th
i
(1)
(1)
(1)
(1) 
dt.
f1 x1 + f2 x2 + µN x1 − x2
∆=
0

One should note that the friction damper dissipates energy during the sliding
phase only, i.e. when the system is exposed to strong excitations.
The task is to find the motion of the upper blocks caused by the simplified
earthquake excitation by solving the system of equations (2.1)-(2.6) together with
the restrictions which follow from the Second law of thermodynamics and with
homogenous initial conditions
(1)

(2.7)

(1)

x1 (0) = x2 (0) = x1 (0) = x2 (0) = f1 (0) = f2 (0) = 0.

Introducing dimensionless quantities like in [20]:
r
xi Eα Aα
fi
ξEα Aα
Eα Aα
x̄i =
, f¯i =
, ξ̄ =
, t̄ = t
,
l α m1 g
l α m1 g
l α m1
m1 g
 E A γ/2
 E A γ/2
q
γ γ
γ γ
, τ̄ f γ = τ f γ
q̄ =
, τ̄ xγ = τ xγ
,
m1 g
l γ m1
l γ m1
m1
Aβ Eβ
u0 Eα Aα
ρ=
, ε=
, ū0 =
,
m2
Aα Eα
l α m1 g
r
l α m1
, (i = 1, 2), γ ∈ {α, β},
Ω̄ =Ω
Eα Aα
as well as the limiting value of dimensionless friction force in the form µ̄ = µN/(m1 g),
and omitting the bar for the sake of simplicity the system of equations describing
the posed problem (2.1)-(2.6) together with initial conditions (2.7) and restrictions
to the parameters of the model in dimensionless form reads
(2.8)

(2)

x1 − e−kt u0 Ω2 sin(Ωt) = −f1 − q,
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(2)

x2 − e−kt u0 Ω2 sin(Ωt) = ρ(−f2 + q),
(α)

f1 + τ f α f1

(α)

= x1 + τ xα x1 ,

(β)

f2 + τ f β f2

(β) 
= ε x2 + τ xβ x2 ,

(1)
(1)

x1 − x2 > 0
µ,
(1)
q ∈ µ[−1, 1], x(1)
1 − x2 = 0


(1)
(1)
−µ,
x1 − x2 < 0
(1)

xi (0) = xi (0) = fi (0) = 0,
τ f γ > 0,

τ xγ > τ f γ ,

(i = 1, 2),

0 < γ < 1,

γ ∈ {α, β}.

Equations (2.8)1,2 , where non-dimensional friction force is given by (2.8)5 , represent a system of two coupled multi-valued differential equations which should be
solved together with fractional differential equations (2.8)3,4 .
Different sets of differential equations are recognized in (2.8) during different
motion phases of the mechanical system. At the end of one motion phase the
another one starts, so it is necessary to analyze transition conditions. For t = 0 the
system is at rest in the stick phase, because of the initial conditions (2.8)6 . While
being in a stick phase friction force is calculated by q = (ρf2 − f1 )/(ρ + 1) and if the
condition |q| = µ is met the system changes phase from stick to slip in the following
way: if q = µ there will be slip to the right, while if q = −µ slip to the left will take
(1)
(1)
place. Otherwise, if the system is in the slip phase and the condition x1 − x2 = 0
is met, transition to slip in another direction occurs if |(ρf2 − f1 )/(ρ + 1)| > µ,
while transition from slip to stick occurs for |(ρf2 − f1 )/(ρ + 1)| 6 µ. Values of the
state variables of the system at the end of one motion phase represent the initial
conditions for the next phase.
It is important to note that ξ > 0 represents the condition for moving of structures without pounding. If that condition is violated during the motion then another complex effects such as impact and plastic deformation of structure elements,
which are not described by the equations above, will take place.
3. The solution
The presence of the set-valued dry friction model classifies this problem in
the class of a non-smooth dynamical systems, where different sets of differential
equations are valid for different motion phases. Besides that, the posed problem
implements fractional derivatives as non-local operators into the non-smooth dynamical system which places it in a category of complex problems. Solutions of this
kind of problems are presented in [10] and [9] where impact problems are analyzed
and whose mathematical models are almost identical to the model used in this
problem of oscillations of adjacent structures. Similar procedure as in mentioned
papers will be applied here. Namely, for some classes of functions important for
applications the Riemann–Liouville and the Grünwald–Letnikov definitions of fractional derivatives are equivalent, see [15]. The motion of the system described by
(2.8) will be determined numerically by the use of the Grünwald–Letnikov scheme
as follows.
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Introducing a time step h and by the time discretization tm = m · h (m =
0, 1, 2, . . . ), the Grünwald–Letnikov fractional derivative of order γ reads
z (γ) = h−γ

m
X

ωγj zm−j ,

j=0

where coefficients

ω γj

are calculated using recurrence relationships

γ + 1 γ
ω γ0 = 1, ω γj = 1 −
ω j−1 , (j = 1, 2, 3, . . . ),
j
Both the first and the second derivative of a function can be approximated by
following expressions
zm+1 − 2zm + zm−1
zm+1 − zm
(2)
(1)
,
, zm
=
zm
=
h
h2
respectively. Applying these approximations to the system of equations (2.8) we
obtain numerical algorithm for calculation of contact forces as well as relative
positions of upper blocks during slip phases within a friction damper

n
τ xα 
1
1
+
(3.1)
x
f1m =
1m
1 + τ f α h−α
hα
Xm 
o
,
ωα
(τ
x
−
τ
f
)
+ h−α
xα
1m−j
f
α
1m−j
j
j=1

n

ε
τ xβ
f2m =
x2m 1 + β
−α
1 + τ fβh
h
io
Xm h β 
τ fβ
−β
,
f2m−j
ωj τ xβ x2m−j −
+h
j=1
ε


x1m+1 = 2x1m − x1m−1 + h2 e−kmh u0 Ω2 sin(Ωmh) − f1m − qm ,


x2m+1 = 2x2m − x2m−1 + h2 e−kmh u0 Ω2 sin(Ωmh) + ρ(−f2m + qm ) ,
where the friction force qm has the value either µ or −µ, see (2.8)5 .
On the other hand, for the motion phase where upper blocks move together as a
(1)
(1)
unity (stick within the friction damper, x1 −x2 = 0) the forces in the viscoelastic
rods are calculated using (3.1)1,2 , while the algorithm for calculation of the relative
positions of upper blocks and the friction force is given by
(3.2)

x1m+1 = 2x1m − x1m−1
h
+ h2 e−kmh u0 Ω2 sin(Ωmh) −

x2m+1 = x1m+1 − c,

i
ρ
(f1m + f2m ) ,
ρ+1

ρf2m − f1m
,
(m > 0),
ρ+1
with x10 = x20 = f10 = f20 = x11 = x21 = 0, following from the initial conditions
(2.8)6 , and where c=const. represents the difference between x1 and x2 at the end
of the previous slip phase. At the beginning of the motion of the system c = 0.
For given homogenous initial conditions (2.8)6 system starts to move in the stick
phase. For certain values of system parameters it is possible that system switches
qm =
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motion phases during time, when transition conditions are met. Initial conditions
for each motion phase are obtained from the state of the system at the and of the
previous phase. Motion of the system during simplified earthquake excitation is
obtained by the use of numerical algorithms (3.1) and (3.2) alternately according
to the actual motion phase. During the motion of the system viscoelastic rods
deform, where their elongation and the contact forces are calculated on the basis
of history of deformation because of the presence of fractional derivatives as nonlocal operators in constitutive equations (2.8)3,4 . Although the system changes its
motion phases, it is very important that history of deformation of the viscoelastic
rods needs to be taken from the beginning of deformation process, actually from
t = 0. The importance of historical effects in problems which include fractional
derivatives is presented in [11] and [2], to mention just a few.
As it was mentioned above the system changes its motion phases according to
inequality constraints. It is necessary to determine switching times between phases
in order to know when exactly to start using the appropriate set of differential
equations. An efficient way for determination of switching times of non-smooth
mechanical systems is presented in the paper of Tarner [18], where the slack variable, which replaces time as the independent variable, was introduced. By the use
of the slack variable algorithm, which was already used in problems comprising
non-smooth and non-local operators, see [10], [20] and [9], switching times can
be calculated. Motion of the system is determined for certain values of system
parameters and solutions are presented in the next section.
4. Results
Taking into account system (2.8) and considerations mentioned above, the simulation of motion of adjacent structures during the simplified earthquake excitation
can be performed for different values of system parameters. In this paper the behaviour of the same mechanical system is analyzed for two different excitations. In
both cases the mechanical system is described by the following set of parameters:
ρ = 0.5, ε = 2, α = 0.23, τ xα = 1.183, τ f α = 0.004, β = 0.53, τ xβ = 4, τ f β = 0.2,
µ = 0.3. The time step h = 0.002 is chosen for numerical simulations.
In the first case (strong excitation) stick-slip and slip-slip transitions occur
during the motion where excitation parameters are u0 = 1.5, Ω = 1.5, k = 0.5.
Graphical representation of the result is given in Figures 4-5.
The relative positions of upper blocks are presented in Figure 4, while the
(1)
excitation, the friction force and the difference between the relative velocities x1 −
(1)
x2 are shown in Figure 4. At the beginning, for a very short period of time, the
system moves in the stick phase within the friction damper. During that phase the
relative positions x1 and x2 coincide while the friction force q increases from zero to
its limiting value µ. After that, slip to the right and slip to the left alternate while
the friction force jumps from one limiting value to another one. In a certain time
(1)
(1)
instant t∗ , when the difference between the relative velocities x1 − x2 becomes
zero, the system enters into the stick phase again, where the relative positions x1
and x2 do not coincide, but they differ for a constant, i.e. the curves of x1 and x2
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Figure 3. Relative position of upper blocks in the case of a strong excitation.

Figure 4. Ground acceleration, friction force and difference between velocities of upper blocks in the case of a strong excitation.
are equidistant. In the time instant t∗ , when relative motion between upper blocks
stops, the jump of the friction force q occurs. For t > t∗ the friction force q is a
continuous function of time ensuring the stick phase, q ∈ [−µ, µ]. It is allowed by
the set-valued Coulomb friction law used and can not be described if a single-valued
sign function is incorporated in the dry friction model. After t∗ the system remains
in the stick phase because of vanishing of the earthquake excitation, as it can be
seen in Figure 4.
Forces f1 and f2 in the viscoelastic rods are shown in Figure 5. Amplitudes
of oscillations of these forces decrease during time up to a very small values at
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Figure 5. Forces in viscoelastic rods in the case of a strong excitation.
the end of the shown time interval, according to small elongations x1 and x2 . It
is important to note that during the stick phase energy dissipates by deformation
of viscoelastic rods, while during slip phases there is energy dissipation within the
friction damper, too.
In the second case (weak excitation) the simplified earthquake motion is described by u0 = 0.05, Ω = 3.5, k = 0.3. In this case upper blocks move in the
same way, i.e. there is the stick phase within the friction damper all the time. The
(1)
(1)
relative positions x1 and x2 coincide so that x1 − x2 = 0, which is shown in
Figure 6 and Figure 7.

Figure 6. Relative position of upper blocks in the case of a weak excitation.
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During the motion of the system there is energy dissipation through the deformation of viscoelastic rods only. There is no slip within the friction damper and the
magnitude of the friction force is less than its limiting value µ, where the friction
force q is shown in Figure 7. The graphical representation of the contact forces f1
and f2 is given in Figure 8.

Figure 7. Ground acceleration, friction force and difference between velocities of upper blocks in the case of a weak excitation.

Figure 8. Forces in viscoelastic rods in the case of a weak excitation.
After some time, in both cases, relative motion of the upper blocks, the contact
forces and energy dissipation as well become very small and the system continues to
move with the stick phase within the friction damper. That is the reason why the
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attributes of motion are presented during the time interval t ∈ [0, 16]. In addition
to this, the non-dimensional distance ξ between upper blocks in both cases is always
positive which implies that the structures move without pounding. The distance ξ
is calculated by using the following dimensionless values: L = 3, lα = lβ = a1 = 1.
It is interesting to comment on the ceasing motion of the system as a whole.
Although for the chosen excitation type the amplitudes of oscillations become very
small (or negligible) after some time due to energy dissipation, adjacent structures
described here will stop when t → ∞. To stop the system in a finite time it is
necessary to introduce the dry friction between the upper and the lower blocks in
the form of the set-valued constitutive law.
5. Conslusions
The motion of the system under consideration is modeled by equations (2.1)(2.6) with initial conditions (2.7) and restrictions to the system parameters mentioned above. Solutions of the system in dimensionless form (2.8) are obtained
for two sets of values of system parameters by the use of the Grünwald–Letnikov
numerical scheme. The combinatorial analysis was performed in order to find conditions which are valid during each motion phase of the non-smooth mechanical
system. Non-smooth character of the system is caused by the presence of the dry
friction, which is taken by the set-valued Coulomb friction law (2.5). In general
case slip to the left, slip to the right and stick phase alternate during the motion.
The influence of excitation parameters on the motion of structures is analyzed. For
weak excitation the friction damper does not activate, i.e. there is no slip in the
friction damper, the upper blocks move as a unit without relative motion between
them, where energy dissipates through the deformation of the viscoelastic rods
only. On the other hand, in the case of strong excitation, the upper blocks move
in a different way so the energy dissipates both by deformation of the viscoelastic
rods and by activation of the friction damper. On the bases of calculation of the
distance ξ between upper blocks it is possible to conclude whether the pounding
between the two adjacent structures will take place or not. In both cases presented
in this paper the distance ξ is greater than zero so there is no collisions between
the adjacent structures.
For further investigations it would be interesting to analyze influence of the parameters of the mechanical system on behaviour of the adjacent structures. Also,
instead of the simplified earthquake model (2.6) it is possible to use a more complicated model or the one based on earthquake data base. Besides that, the application of some other approximation of fractional derivatives, such as for example
the Atanackovic–Stankovic expansion formula presented in [3], used in [12], could
reduce difficulties which appear in problems merging fractional derivatives as nonlocal operators with the theory of non-smooth set valued functions.
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SEIZMIQKI ODGOVOR SUSEDNIH KONSTRUKCIJA SA
VISKOELASTIQNIM I FRIKCIONIM
PRIGUXIVAQIMA
Rezime. U ovom radu prouqen je seizmiqki odziv dve susedne konstrukcije povezane priguxivaqem koji radi na principu suvog treǌa. Svaka
od konstrukcija sadrжi i viskoelastiqni xtap kao i kruti blok, koji
moжe da klizi bez treǌa po pokretnoj osnovi. Pojednostavǉeni model
zemǉotresa korixen je za modeliraǌe horizontalnog kretaǌa tla. Disipacija energije vrxi se pomou frikcionog priguxivaqa, koji je modeliran Kulonovim zakonom treǌa definisanim na skupu. Deformacija
viskoelastiqnih xtapova tokom relativog kretaǌa blokova predstavǉa
drugi vid disipacije energije. Konstitutivna jednaqina viskoelastiqnog tela je predstavǉena frakcionim Zenerovim modelom, koji ukǉuquje
frakcione izvode napona i deformacije. Prouqavani problem povezuje
frakcione izvode kao nelokalne operatore sa teorijom neglatkih vixevrednosih funkcija. Dinamika postavǉenog problema opisana je parom
spregnutih vixevrednosnih diferencijalnih jednaqina. Postavǉeni Koxijev prolem rexen je primenom Grunvald–Letnikovǉeve numeriqke procedure. Ponaxaǌe sistema je analizirano za razliqite vrednosti ulaznih parametara.
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