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JENKINS MODEL BASED FERROFLUID LUBRICATION

OF A CURVED ROUGH ANNULAR SQUEEZE FILM:

EFFECT OF SLIP VELOCITY

Jimit R. Patel and G. M. Deheri

Abstract. This paper analyzes the combined effect of slip velocity and trans-
verse roughness on the performance of a Jenkins model based ferrofluid lubri-
cation of a squeeze film in curved rough annular plates. The slip model of
Beavers and Joseph has been invoked to evaluate the effect of slip velocity. In
order to find the effect of surface roughness the stochastic averaging model of
Christensen and Tonder has been used. The pressure distribution is obtained
by solving the concerned stochastically averaged Reynolds type equation. The
load carrying capacity is calculated. The graphical representations of the
results indicate that the effect of transverse surface roughness is adverse in
general, however, the situation is relatively better in the case of negatively
skewed roughness. Further, Jenkins model based ferrofluid lubrication offers
some measures in reducing the adverse effect of roughness when slip param-
eter is kept at reduced level with a suitable ratio of curvature parameters.
Lastly, the positive effect of magnetization gets a boost due to the combined
effect of variance (-ve) and negatively skewed roughness suitably choosing the
aspect ratio.

1. Introduction

The study of a squeeze film between annular plates is a traditional one. Vibra-
tions in jet engines can be captivated using annular squeeze films between engine’s
bearings and their support. Annular plates are also used in clutch plates. The
turbine, brake disc and diaphragm clutch spring are the well-known examples for
the industrial application of the annular plate with radial cracks. Due to ther-
mal, elastic and uneven wear effects the plates encountered in practice are not
actually flat.

Ferrofluids are stable suspensions of colloidal ferromagnetic particles of the
order of 10 nm in suitable non-magnetic carrier liquids. These colloidal particles
are coated with surfactants to avoid their agglomeration. Because of the industrial
applications of ferrofluids, the investigation on them fascinated the researchers
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and engineers since last five decades. One of the many attractive features of the
ferrofluids is the prospect of influencing flow by a magnetic field and vice versa.
Owing to the application of the magnetic fluid, quite a good number of authors
have dealt with magnetic fluids in different geometry of bearings [1–11]. These
investigations have established that the performance of the bearing system gets
enhanced due to magnetization.

Less attention has been paid to study the effect of velocity slip at the surface,
although, it may be of importance in the flow behaviour of liquids, particularly,
when the film is thin, the surface is smooth at the porous boundary. For the
effective performance of a bearing system, reduction of friction is relatively essential.
It is observed that slip velocity supports in reducing the friction. Flow with slip
becomes useful for problems in chemical engineering, for example, flows through
pipes in which chemical reactions occur at the walls. [12] investigated the interface
between a porous medium and fluid layer in an experimental study and proposed
a slip boundary condition at the interface. Many researches concerning with slip
velocity have been presented: for instance the circular disks by [13], the slider
bearing by [8,14–16], the radial sleeve bearing by [17] and infinitely long bearing
by [18]. In all of above studies, it was found that effect of slip was significant for
the bearing performance.

Surface roughness of machined mechanical parts and components has significant
influence on various performance characteristics of products such as wear resistance,
corrosion resistance and fatigue strength. In all the above studies, smooth bearing
surfaces were assumed. But it is not true because, the bearing surfaces develop
roughness after having some run-in and wear. Many methods have been developed
to deal with the effect of surface roughness on the performance characteristics of
squeeze film bearings. [19–21] modified the stochastic theory of [22] to study the
effect of surface roughness in general. On the ground of the stochastic model
of [19–21], many investigations have been conducted; [23–35]. [36] analyzed the
effects of various porous structures on the performance of a Shliomis model based
ferrofluid lubrication of a squeeze film in rotating rough porous curved circular
plates. It was manifest that the adverse effect of transverse roughness could be
overcome by the positive effect of ferrofluid lubrication in the case of negatively
skewed roughness by suitably choosing curvature parameters and rotational inertia
when Kozeny–Carman’s model was deployed for porous structure. [37] theoretically
investigated the effect of Shliomis model based ferrofluid lubrication on the squeeze
film between curved rough annular plates with comparison between two different
porous structures. It was noticed that the effect of morphology parameter and
volume concentration parameter increased the load carrying capacity. Recently,
[38] studied the effect of slip velocity and surface roughness on the performance of
Jenkins model based magnetic squeeze film in curved rough circular plates. It was
found that for enhancing the performance characteristics of the bearing system the
slip parameter was required to be reduced even if variance (-ve) occurs and suitable
magnetic strength was in force.

In the present study, the effect of Jenkins model based ferrofluid lubrication of
a curved rough annular squeeze film considering slip velocity, has been discussed.
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2. Analysis

Figure 1 represents the bearing configuration [39] of present study, which con-
sists of two annular plates each of inside radius b and outside radius a, the upper
plate and lower plate are curved. Here r denotes the radial coordinates and h0 is
the central film thickness.

Figure 1. Configuration of the bearing system

The well known model of magnetic fluid flow due to Neuringer–Rosensweig
consists of the following equations [39],

(2.1) ρ(~q · ∇)~q = −∇p+ η∇2~q + µ0( ~M · ∇) ~H

and

(2.2) ∇ · ~q = 0,∇× ~H = 0, ~M = µ̄ ~H,∇ · ( ~H + ~M) = 0

In order to improve this model, Jenkins laid a simple model to express the flow
of a magnetic fluid in 1972. Using Maugin’s modification, the governing equations
of the model for steady flow become [4,40]

(2.3) ρ(~q · ∇)~q = −∇p+ η∇2~q + µ0( ~M∇) ~H +
ρA2

2
∇×

[ ~M

M
×
{

(∇× ~q)× ~M
}

]

together with (2.1) and (2.2) where ρ is the fluid density, ~q denotes the fluid velocity

in the film region, ~H represents external magnetic field, µ̄ represents magnetic sus-
ceptibility of the magnetic fluid, p is the film pressure,η denotes the fluid viscosity,
µ0 represents the permeability of the free space, A being a material constant and
~M represents magnetization vector. (2.1) and (2.3) suggest that Jenkins model is
a generalization of Neuringer–Rosensweig model with an additional term

ρA2

2
∇×

[ ~M

M
×
{

(∇× ~q)× ~M
}

]

=
ρA2µ̄

2
∇×

[ ~H

H
×

{

(∇× ~q)× ~H
}

]

which affects the velocity of the fluid. At this point one needs to remember that
Neuringer–Rosensweig model modifies the pressure while Jenkins model modifies
both the pressure and velocity of the ferrofluid.
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Let (u, v, w) be the velocity of the fluid at any point (r, θ, z) between two
solid surfaces, with OZ as axis. Making use of the assumptions of hydrodynamic
lubrication and remembering that the flow is steady and axially symmetric, the
equations of motion are

(2.4)
(

1− ρA2µ̄H

2η

)∂2u

∂z2
=

1

η

d

dr

(

p− µ0µ̄

2
H2

)

(2.5)
1

r

∂

∂r
(ru) +

∂w

∂z
= 0

Solving the above (2.4) using the boundary conditions, u = 0 when z = 0, h,
one gets

u =
z(z − h)

2η
(

1− ρA2µ̄H
2η

)

d

dr

(

p− µ0µ̄

2
H2

)

Substituting the value of u in (2.5) and integrating it with respect to z over
the interval (0, h) one obtains Reynolds type equation for film pressure as

1

r

d

dr

(

h3

(

1− ρA2µ̄H
2η

)
r
d

dr

(

p− µ0µ̄

2
H2

)

)

= 12ηḣ0

The bearing surfaces are considered transversely rough. In view of the stochas-
tic theory of [19–21], the thickness h of the lubricant film is considered as

h = h̄+ hs

where h̄ denotes the mean film thickness and hs represents the deviation from the
mean film thickness characterizing the random roughness of the bearing surfaces.
hs is governed by the probability density function

f(hs) =







35

32c7
(c2 − h2

s)
3 for − c 6 hs 6 c

0 for elsewhere.

wherein c represents the maximum deviation from the mean film thickness. The
mean α, the standard deviation σ and the parameter ǫ which is the measure of sym-
metry of the random variable hs, are adopted according to the theory of [19–21].

It is considered that the upper plate lying along the surface determined by
[39,41,42]

zu = h0 exp(−βr2); b 6 r 6 a

approaches with normal velocity ḣ0 to the lower plate lying along the surface gov-
erned by

zl = h0[sec(γr
2)− 1]; b 6 r 6 a

where β and γ represent the curvature parameter of the respective plates. The film
thickness h(r) then, is defined by [39,41,43]

h(r) = h0

[

exp(−βr2)− sec(γr2) + 1
]

; b 6 r 6 a

Modification of the method of [19–21], on certain simplifications yields, under
usual assumptions of hydro-magnetic lubrication [28, 39, 44] the Reynolds type
equation;
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(2.6)
1

r

d

dr

(

g(h)
(

1− ρA2µ̄H
2η

)
r
d

dr

(

p− µ0µ̄

2
H2

)

)

= 12ηḣ0

where
H2 = K(r − b)(a− r)

and

g(h) = (h3 + 3h2α+ 3(σ2 + α2)h+ 3σ2α+ α3 + ǫ)
(4 + sh

2 + sh

)

Introducing the following dimensionless quantities

h̄ =
h

h0
=

[

exp(−BR2)− sec(CR2) + 1
]

, R =
r

b
, P = −

h3
0p

ηb2ḣ0

, B = βb2, C = γb2,

(2.7) µ∗ = −Kµ0µ̄h
3
0

ηb2ḣ0

, k =
a

b
, Ā2 =

ρA2µ̄b
√
K

2η
, σ̄ =

σ

h0
, ᾱ =

α

h0
, ǭ =

ǫ

h3
0

, s̄ = sh0

and making use of the (2.7), (2.6) paves the way for

(2.8)
1

R

d

dR
(

g(h̄)

(1 − Ā2
√

(R − 1)(k −R))
R

d

dR

(

p−
1

2
µ∗(R − 1)(k −R))

)

= −12

where

g(h̄) = (h̄3 + 3h̄2ᾱ+ 3(σ̄2 + ᾱ2)h̄+ 3σ̄2ᾱ+ ᾱ3 + ǭ)

(

4 + s̄h̄

2 + s̄h̄

)

Solving (2.8) under the boundary conditions

P (1) = P (k) = 0

one gets the expression for the dimensionless pressure distribution as

P =
µ∗

2
(R− 1)(k −R)− 6

∫ R

1

R

g(h̄)

(

1− Ā2
√

(R − 1)(k −R)
)

dR

+ 6

∫ k

1
R

g(h̄)

(

1− Ā2
√

(R− 1)(k −R)
)

dR

∫ k

1
1

Rg(h̄)

(

1− Ā2
√

(R− 1)(k −R)
)

dR

∫ R

1

1

Rg(h̄)

(

1− Ā2
√

(R − 1)(k −R)
)

dR

The non dimensional load carrying capacity of the bearing system then, is
obtained as

(2.9)

W =− h3
0w

2πηb4ḣ0

=
µ∗

24
(k2 − 1)(k − 1)2

+ 3

∫ k

1

R3

g(h̄)

(

1− Ā2
√

(R− 1)(k −R)
)

dR

− 3
[
∫ k

1
R

g(h̄)

(

1− Ā2
√

(R − 1)(k −R)
)

dR]2

∫ k

1
1

Rg(h̄)

(

1− Ā2
√

(R − 1)(k −R)
)

dR
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3. Result and Discussions

The expression for the load carrying capacity is linear with respect to the
magnetization parameter which makes it sure that the load carrying capacity will
be increased for increasing values of magnetization parameter. Probably, this may
be due to the fact that the magnetization induces an increase in the viscosity of the
lubricant. Further, it is noticed from (2.9) that the load carrying capacity enhances
by (µ∗/24)(k2− 1)(k− 1)2 as compared to the case of conventional lubricant based
bearing system.

Figure 2. Variation of Load carrying capacity with respect to Ā
and B.

Figure 3. Variation of Load carrying capacity with respect to Ā
and C.

The effect of material constant parameter on the load carrying capacity is
provided in Figures 2 to 8. It is seen that the load carrying capacity decreases with
increasing values of the material constant parameter. This is in conformity with
the results obtained experimentally [39,44].
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Figure 4. Variation of Load carrying capacity with respect to Ā
and k

Figure 5. Variation of Load carrying capacity with respect to Ā
and σ̄

Figure 6. Variation of Load carrying capacity with respect to Ā
and ǭ.
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Figure 7. Variation of Load carrying capacity with respect to Ā
and ᾱ.

Figure 8. Variation of Load carrying capacity with respect to Ā
and 1/s̄.

Figure 9. Variation of Load carrying capacity with respect to B
and C.
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Figure 10. Variation of Load carrying capacity with respect to
B and k.

Figure 11. Variation of Load carrying capacity with respect to
B and σ̄.

Figure 12. Variation of Load carrying capacity with respect to
B and ǭ.
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Figure 13. Variation of Load carrying capacity with respect to
B and ᾱ.

Figure 14. Variation of Load carrying capacity with respect to
B and 1/s̄.

Figure 15. Variation of Load carrying capacity with respect to
C and k.
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Figure 16. Variation of Load carrying capacity with respect to
C and σ̄.

Figure 17. Variation of Load carrying capacity with respect to
C and ǭ.

Figure 18. Variation of Load carrying capacity with respect to
C and ᾱ.
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Figure 19. Variation of Load carrying capacity with respect to
C and 1/s̄.

Figure 20. Variation of Load carrying capacity with respect to k
and σ̄.

Further, the effect of standard deviation on the distribution of load carrying
capacity with respect to the material constant is almost negligible.

The fact that the upper plate’s curvature parameter increases the load can be
seen from Figures 9 to 14. Further, the effect of aspect ratio on the distribution of
load carrying capacity with respect to upper plate’s curvature parameter is almost
negligible at the initial stage.

The trends of the load carrying capacity with respect to lower plate’s curva-
ture parameter are almost opposite to that of upper plate’s curvature parameter
(Figures 15 to 19).

In this type of bearing system the aspect ratio plays a central role in enhancing
the performance of the bearing system (Figures 20 to 23). It is seen that the trends
of the combined effect of aspect ratio and standard deviation are identical with
those of aspect ratio and skewness.
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Figure 21. Variation of Load carrying capacity with respect to k
and ǭ.

Figure 22. Variation of Load carrying capacity with respect to k
and ᾱ.

Figure 23. Variation of Load carrying capacity with respect to k
and 1/s̄.



66 PATEL AND DEHERI

Figure 24. Variation of Load carrying capacity with respect to
σ̄ and ǭ.

Figure 25. Variation of Load carrying capacity with respect to
σ̄ and ᾱ.

Figure 26. Variation of Load carrying capacity with respect to
σ̄ and 1/s̄.
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Figure 27. Variation of Load carrying capacity with respect to ǭ
and ᾱ.

Figure 28. Variation of Load carrying capacity with respect to ǭ
and 1/s̄.

Figure 29. Variation of Load carrying capacity with respect to
ᾱ and 1/s̄.
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Figures 24, 25 and 26 establish that the standard deviation causes a signifi-
cant load reduction. This is because the motion of the lubricant gets retarded by
the composite roughness of the surfaces. Further, Figure 26 underlines that the
combined effect of slip and standard deviation is relatively adverse.

The effect of skewness presented in Figures 27 and 28 makes it clear that the
load carrying capacity decreases with positive skewness while the negative skewed
roughness induces an increase in the load carrying capacity. The trends of load
carrying capacity with respect to variance are almost similar to that of skewness
(Figure 29).

The graphical representations suggest the following:

• The adverse effect of roughness can be minimized by the positive effect
of magnetization choosing a suitable ratio of curvature parameters, when
the slip is at reduced level.

• With a suitable choice of aspect ratio, the combined effect of variance
(-ve) and negatively skewed roughness goes a long way in reducing the
adverse effect of material constant and slip parameter.

• For an effective performance the slip requires to be kept at minimum even
if suitable magnetic strength is in place.

Conclusion

• This investigation reveals that the Jenkins model goes ahead of the Neuri-
nger–Rosensweig model for augmenting the performance characteristics of
the bearing system.

• This article asserts that the roughness aspect must be addressed judi-
ciously when designing the bearing system.

• This type of bearing system supports a good amount of load even in
the absence of flow in spite of the fact that there are several parameters
bringing down the load carrying capacity.
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JENKINS-OV MODEL PODMAZIVAQA NA BAZI

FEROFLUIDA ZAKRIVǈENOG HRAPAVOG PRSTENASTOG

STISNUTOG FILMA: UTICAJ BRZINE PROKLIZAVAǋA

Rezime. U radu se analizira kombinovani efekat brzine proklizavaǌa i
transverzalne hrapavosti na osobine Jenkins-ovog modela podmazivaqa na
bazi ferofluida stisnutog filma kod hrapavih zakrivǉenih prstenas-
tih ploqa. Iskorix�en je model proklizavaǌa Beavers-a i Joseph-a da bi
se odredili efekti brzine proklizavaǌa. Da bi se dobio efekat povrxi-
nske hrapavosti, koristi se stohastiqki model Christensen-a i Tonder-a.
Raspodela pritiska je dobijena rexavaǌem usredǌene stohastiqke jedna-
qine Rejnoldsovog tipa. Grafiqko predstavǉaǌe rezultata upu�uje da
su efekti transverzalne hrapavosti povrxine u opxtem sluqju negati-
vni. Daǉe, Jenkins-ov model nudi odred�ene mere za smaǌivaǌe negati-
vnih efekta hrapavosti, kada je parametar proklizavaǌa odrжan na sma-
ǌenom nivou sa odre�enim razmerom parametara krivina.
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