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Vwdelolw| sureohpv ri olqhdu flufxodwru| v|vwhpv ri jhqhudo w|sh

zlwk �qlwh ghjuhhv ri iuhhgrp ghshqglqj rq wzr sdudphwhuv duh

frqvlghuhg1 Lw lv vkrzq wkdw wkhvh v|vwhpv lq wkh jhqhulf fdvh

duh vxemhfwhg wr  xwwhu dqg glyhujhqfh lqvwdelolwlhv1 Elixufdwlrqv

ri hljhqydoxhv ghvfulelqj phfkdqlvp ri vwdwlf dqg g|qdplf orvvhv

ri vwdelolw| duh vwxglhg/ dqg jhrphwulf lqwhusuhwdwlrq ri wkhvh

fdwdvwurskhv lv jlyhq1 Iru wzr0glphqvlrqdo fdvh erxqgdulhv eh0

wzhhq vwdelolw|/  xwwhu dqg glyhujhqfh grpdlq dqg jhqhulf vlqjx0

odulwlhv ri wkhvh erxqgdulhv duh dqdo|}hg1 Zlwk wkh xvh ri wkh ohiw

dqg uljkw hljhqyhfwruv dqg dvvrfldwhg yhfwruv wdqjhqw frqhv dqg

qrupdo yhfwruv wr wkh erxqgdulhv duh fdofxodwhg1 Dv dq h{dpsoh

vwdelolw| ri d uljlg sdqho yleudwlqj lq dlu rz lv frqvlghuhg dqg

glvfxvvhg lq ghwdlo1
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Ohw xv frqvlghu dq hljhqydoxh sureohp

�� � ��� 0��1

zkhuh � lv d uhdo qrqv|pphwulf pdwul{ � � � vprrwko| ghshqglqj rq d

yhfwru ri uhdo sdudphwhuv  � ��� 2� 


� ?�
A / � lv dq hljhqydoxh/ dqg � lv

d fruuhvsrqglqj hljhqyhfwru ri glphqvlrq �1

Lw lv dvvxphg wkdw �f lv dq hljhqydoxh ri ��f� dw �{hg  � f/ dqg d

fkdqjh ri wkh hljhqydoxh � lv vrxjkw wkdw ghshqgv rq d fkdqjh ri wkh yhfwru

ri sdudphwhuv 1 Iru wklv sxusrvh/ dq lqfuhphqw  � f� ��� �2� lv jlyhq

wr wkh yhfwru f/ zkhuh � � � lv d vpdoo qxpehu/ � dqg � duh uhdo yhfwruv ri

wkh yduldwlrq ri glphqvlrq #1 Dv d uhvxow/ wkh pdwul{ � wdnhv dq lqfuhphqw

��f � ��� �2�� � �f � ��� � �2�2 � 


 0��1

Wkh pdwulfhv �f� ��� �2 duh ghvfulehg e| wkh uhodwlrqv

�f � ��f�� �� �
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0��1

Gxh wr wkh yduldwlrq ri wkh yhfwru  dq hljhqydoxh � dqg dq hljhqyhfwru

� wdnh lqfuhphqwv1 Dffruglqj wr wkh shuwxuedwlrq wkhru| ri qrqvhoidgmrlqw

rshudwruv/ ghyhorshg e| Ylvkln dqg O|xvwhuqln +4<93,/ wkhvh lqfuhphqwv fdq

eh h{suhvvhg dv vhulhv ri lqwhjhu ru iudfwlrqdo srzhuv ri �/ ghshqglqj rq

Mrugdq vwuxfwxuh fruuhvsrqglqj wr wkh hljhqydoxh �f


��$�� ����
�����

Dvvxph wkdw �f lv d vlpsoh hljhqydoxh ri wkh pdwul{ �f dqg �f lv d

fruuhvsrqglqj hljhqyhfwru1 Lq wklv fdvh � dqg � duh vprrwk ixqfwlrqv ri �
dqg fdq eh h{suhvvhg dv Wd|oru vhulhv +^4<`,

� � �f � ��� � �2�2 � 




� � �f � �1� � �212 � 



0�<1
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Vxevwlwxwlrq ri h{sdqvlrqv +D5,/ +D7, lqwr htxdwlrq +D4, |lhogv

��f � �f2��f � �

��f � �f2�1� � ���f ����f 0��1

��f � �f2�12 � ��1� ���1� � �2�f ��2�f


Khuh 2 lv wkh lghqwlw| pdwul{1 Zh lqwurgxfh wkh lqqhu surgxfw � � !� ��
6

�'�
 ��!� iru yhfwruv  � ! 	 �6/ zkhuh wkh ryhuedu ghqrwhv frpsoh{ frq0

mxjdwh1 Wkhq wkh rshudwru 3W � �A

f � ��f2 lv dgmrlqw wr 3 � �f � �f2
dv lw vdwlv�hv wkh uhodwlrq �3�� �� � ���3W�� kroglqj iru duelwudu| yhfwruv

� dqg �1 Iru wkh iroorzlqj suhvhqwdwlrq wkh dg0mrlqw hljhqydoxh sureohp lv

lqwurgxfhg �
�A

f � ��f2
�
�f � �
 0��1

Lw lv dvvxphg wkdw wkh hljhqyhfwru �f vdwlv�hv wkh qrupdolw| frqglwlrq

��f� �f� � �
 0�$1

Iru jlyhq �f wklv htxdolw| gh�qhv �f xqltxho|1 Iru wkh shuwxuehg yhfwru

� wkh qrupdolw| frqglwlrq

��� �f� � � 0��1

lv xvhg1 Wklv frqglwlrq lv qhfhvvdu| wr xqltxho| ghwhuplqh doo wkh whupv ��
dqg 1�1

Wkh vroydelolw| frqglwlrqv iru wkh vhfrqg dqg wkh wklug ri htxdwlrqv +D8,

uhtxluh wkdw wkh uljkw kdqg vlghv eh ruwkrjrqdo wr wkh vroxwlrq ri krprjh0

qhrxv dgmrlqw sureohp +D9,1 Wkxv/ htxdolwlhv ����f � ���f� �f� � � dqg

��2�f��2�f���1����1�� �f� � � zlwk wkh xvh ri qrupdolw| frqglwlrqv

+D:,/ +D;, jlyh

�� � ����f� �f�� 0�>1

�2 � ��2�f� �f� � ���1�� �f�
 0���1
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Khuh 1� � 4f����f � ���f� lv irxqg iurp wkh vhfrqg ri htxdwlrqv

+D8,/ dqg 4f lv dq rshudwru lqyhuvh wr �f��f2/ vhh Ylvkln dqg O|xvwhuqln

+4<93,1

Iru wkh vdnh ri frqyhqlhqfh zh lqwurgxfh wkh lqqhu surgxfw � � !� ��
?

r'�
 r!r ri yhfwruv  � ! 	 �? / lq wkh sdudphwhu vsdfh1 Zlwk wkh xvh

ri h{suhvvlrqv +D6, iru wkh pdwulfhv �� dqg �2 �uvw0 dqg vhfrqg0rughu

hljhqydoxh shuwxuedwlrqv +D<, dqg +D43, fdq eh zulwwhq lq wkh irup/ vhh

Vh|udqldq +4<<6,

�� � ���� ��� � ��2� �� � 0���1

�2 � �(��� ��� � �(2�� ��� ���� ��� � ��2� �� � 0���1

zkhuh � lv wkh lpdjlqdu| xqlw1 Yhfwruv �� dqg �2 duh judglhqw yhfwruv ri uhdo
dqg lpdjlqdu| sduwv ri � dw  � f/ dqg wkhlu frpsrqhqwv duh gh�qhg e|

�r� � ��r2 �

�
0�

0r
�f� �f

�
� 5 � �� �� 
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zkloh pdwulfhv (� dqg (2/ gh�qhg e| +D43,/ duh uhdo pdwulfhv dvvrfldwhg

zlwk wkh txdgudwlf irupv rq frpsrqhqwv ri wkh yhfwru �1

0	���� ����
�����

Frqvlghu wkh fdvh ri d grxeoh hljhqydoxh �f zlwk ohqjwk ri Mrugdq fkdlq

htxdo wr 51 Wklv phdqv wkdw dw  � f wkhuh h{lvw dq hljhqyhfwru �f dqg dq

dvvrfldwhg yhfwru ��/ fruuhvsrqglqj wr �f dqg jryhuqhg e| htxdwlrqv

��f � �f2��f � �

��f � �f2��� � �f
 0��<1

Iru wkh dgmrlqw hljhqydoxh sureohp zh kdyh

��A

f � ��f2��f � �

��A

f � ��f2��� � �f
 0���1
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Wkh yhfwruv �f/ ��/ �f/ �� duh uhodwhg e| wkh iroorzlqj frqglwlrqv

��f� �f� � �� ���� �f�  ��f� ��� 
� �� 0���1

wkdw fdq eh suryhg e| phdqv ri htxdwlrqv +D47, dqg +D48,/ vhh ^4<`1

Wdnlqj d yduldwlrq ri wkh yhfwru ri sdudphwhuv  � f � �� � �2�/
wkh yduldwlrq ri wkh pdwul{ � lq wkh irup +D5, uhvxowv1 Lq wkh fdvh ri

d Mrugdq eorfn h{sdqvlrqv iru hljhqydoxhv dqg hljhqyhfwruv frqwdlq whupv

zlwk iudfwlrqdo srzhuv ��*,/ 6 � �� �� �� 


/ zkhuh 7 lv ohqjwk ri Mrugdq fkdlq

+^4<`,1 Wkh fdvh ri d grxeoh hljhqydoxh �f zlwk 7 � � |lhogv

� � �f � ��*2�� � ��2 � ��*2�� � 




� � �f � ��*21� � �12 � ��*21� � 
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Vxevwlwxwlqj +D4:, dqg +D5, lqwr +D4, / zh jhw htxdwlrqv iru ghwhuplqlqj

frh!flhqwv ri h{sdqvlrqv iru wkh hljhqydoxh dqg wkh hljhqyhfwru

��f � �f2�1� � ���f

��f � �f2�12 � ����f � �2�f � ��1�
 0���1

Dvvxplqj wkdw wkh yhfwru �f lv �{hg/ wkh qrupdolw| frqglwlrqv iru �f/��
dqg � duh xvhg lq wkh irup

��f� ��� � �� ��� ��� � �
 0��>1

Iurp wkh �uvw ri htxdwlrqv +D4;, xvlqj +D47, lw lv vhhq wkdw 1� �
4f����f� � ��4f�f � ���� � .�f1 Wkh vhfrqg ri qrupdolw| frqglwlrqv

+D4<, |lhogv iru xqnqrzq frqvwdqw . � ������� ���1 Wkhq/ wkh vroydelolw|
frqglwlrq iru wkh vhfrqg ri htxdwlrqv +D4;, zlwk +D49,/ +D4<, jlyhv

�2� � ����f� �f�
 0���1

Li wkh uljkw kdqg vlgh ri +D53, lv qrw }hur/ lw |lhogv wzr gl�huhqw qrq}hur

urrwv �� � ��
����f� �f� zlwk wkh fruuhvsrqglqj yhfwruv 1� � ����� �

���� ����f�1 Xvlqj h{suhvvlrq +D6, iru wkh pdwul{ ��/ htxdwlrq +D53, fdq

eh uh0zulwwhq lq wkh irup/ vhh ^49`

�2� � ���� ��� � ��2� �� 
 0���1
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Frpsrqhqwv ri wkh yhfwruv �� dqg �2 duh gh�qhg e|
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Htxdwlrq +D54, ghvfulehv vsolwwlqj ri d grxeoh hljhqydoxh zlwk Mrugdq

fkdlq ri vhfrqg rughu lq wkh jhqhudo fdvh ����f� �f� 
� �1
Frqvlghu qrz d ghjhqhudwh fdvh zkhq wkh uljkw kdqg vlgh ri +D53, lv

}hur1 Lq wkh vhtxho zh dvvxph wkdw wkh yhfwru ri yduldwlrq �
W
ehorqjv wr wkh

k|shusodqh gh�qhg e| wkh ghjhqhudwlrq frqglwlrq ����f� �f� � ���� �W� �
� ��2� �W� � �1 Wkhq lw lv hdv| wr yhuli| wkdw wkh whupv zlwk iudfwlrqdo srzhuv
lq d jhqhudo fdvh glvdsshdu lq +D4:,/ dqg zh kdyh

� � �f � ��2 � �2�e � 
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Vxevwlwxwlqj +D56,/ +D5, lqwr +D4, / zh rewdlq htxdwlrqv iru ghwhuplqlqj

frh!flhqwv ri h{sdqvlrqv

��f � �f2�12 � �2�f � ���f

��f � �f2�1e � �212 � ��12 � �e�f � �2�f
 0��<1

Wkh vroydelolw| frqglwlrq iru wkh vhfrqg ri htxdwlrqv +D57, zlwk +D49,

|lhogv

�2�12� �f�� ���12� �f�� ��2�f� �f� � �
 0���1

Wkh whup �12� �f� fdq eh irxqg iurp wkh �uvw ri htxdwlrqv +D57, zlwk

wkh xvh ri +D48, dqg qrupdolw| frqglwlrq +D4<,

�12� �f� � �2 � ����f� ���
 0���1

Vxevwlwxwlqj +D59, dqg 12 � 4f��2�f ����f� lqwr +D58, ohdgv wr wkh
txdgudwlf htxdwlrq rq �2

�22 � �2 � �  2 � � 0��$1
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zlwk wkh frh!flhqwv

 � � �����f� ���� ������ �f��

 2 � ���2�f� �f� �
�
4f����f�� �

A

� �f
�

 0���1

Htxdwlrq +D5:, gh�qhv lq wkh �uvw dssur{lpdwlrq vsolwwlqj ri d grxeoh

hljhqydoxh �f lq wkh ghjhqhudwh fdvh1 Zlwk wkh xvh ri h{suhvvlrqv +D6, iru

wkh pdwulfhv ��/�2 wkh frh!flhqwv  � dqg  2 fdq eh jlyhq lq wkh irup

 � � �!�� �W�� � �!2� �W� �

 2 � �"��W� �W�� � �"2�W� �W� � ���� �� � � ��2� �� 
 0��>1

Khuh wkh uhdo yhfwruv !�/!2 dqg wkh uhdo pdwulfhv "�/"2 duh gh�qhg e|

h{suhvvlrqv +D5;,1

���$�� ����
�����

Frqvlghu wkh fdvh ri d wulsoh hljhqydoxh wkdw lv fkdudfwhul}hg e| Mrugdq

fkdlq ri ohqjwk 61 Wklv phdqv wkdw wkhuh duh hljhqyhfwruv �f� �f dqg dvvr0

fldwhg yhfwruv ��/ �2/ ��/ �2 vdwlvi|lqj wkh htxdwlrqv iru pdlq dqg dgmrlqw

hljhqydoxh sureohpv

��f � �f2��f � �� ��A

f � ��f2��f � ��

��f � �f2��� � �f� ��A

f � ��f2��� � �f� 0���1

��f � �f2��2 � ��� ��A

f � ��f2��2 � ��


Wkh yhfwruv ��/ �� duh uhodwhg e| wkh iroorzlqj htxdolwlhv

��f� �f� � ���� �f� � ��f� ��� � �� 0���1

��2� ��� � ���� �2�� ��2� �f� � ���� ��� � ��f� �2�
 0���1
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Wkhvh frqglwlrqv fdq eh suryhg e| phdqv ri htxdwlrqv +D63,1 Dvvxplqj

wkdw wkh yhfwruv �f� ��� �2 duh �{hg/ wkh qrupdolw| frqglwlrqv iru �f/ ��/�2
dqg � duh xvhg

��f� �2� � �� ��� �2� � �
 0���1

Gxh wr shuwxuedwlrq ri sdudphwhuv  � f�����2� wkh wulsoh hljhqydoxh
�f jhqhudoo| vsolwv lqwr wkuhh vlpsoh hljhqydoxhv �1 Wkh hljhqydoxhv dqg wkh

hljhqyhfwruv duh jlyhq lq wkh irup +^4<`,

� � �f � ��*��� � �2*��2 � ��� � 




� � �f � ��*�1� � �2*�12 � �1� � 



0��<1

Lq wkh vdph zd| dv iru d grxeoh hljhqydoxh wkh h{suhvvlrq iru �� fdq eh

irxqg dv

��� � ����f� �f�  ���� ��� � ��2� �� � 0���1

zkhuh wkh uhdo yhfwruv �� dqg �2 duh gh�qhg e| wkh uhodwlrq

�r� � ��r2 �

�
0�

0r
�f� �f

�
� 5 � �� �� 


� #
 0���1

Li ����f� �f� 
� �/ wkhq h{suhvvlrq +D68, |lhogv wkuhh gl�huhqw frpsoh{

urrwv �� � �

�
����f� �f�/ ghvfulelqj vsolwwlqj ri wkh wulsoh hljhqydoxh zlwk

Mrugdq fkdlq ri wklug rughu1

Lq wkh ghjhqhudwh fdvh zkhq wkh uljkw kdqg vlgh ri +D68, lv }hur wkh

wulsoh hljhqydoxh vsolwv lqwr wkuhh vlpsoh e| dqrwkhu zd|1 H{sdqvlrqv iru

wzr ri wkh hljhqydoxhv dqg iru wkh fruuhvsrqglqj hljhqyhfwruv frqwdlq whupv

zlwk iudfwlrqdo srzhuv ��*2/ 6 � �� �� 




� � �f � ��*2�� � ��2 � ��*2�� � 




� � �f � ��*21� � �12 � ��*21� � 


�
0��$1

zkloh h{sdqvlrqv iru wkh wklug ri hljhqydoxhv dqg iru wkh fruuhvsrqglqj hljhq0

yhfwru frqwdlq rqo| lqwhjhu srzhuv ri �/ vhh ^4<`=

� � �f � ��� � �2�2 � 




� � �f � �1� � �212 � 



0���1
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Vxevwlwxwlqj +D6:,/ +D5, lqwr +D4,/ zh rewdlq

��f � �f2�1� � ���f�

��f � �f2�12 � ��1� � ���f � �2�f� 0��>1

��f � �f2�1� � ��12 ���1� � �21� � ���f


Wkh �uvw ri htxdwlrqv +D6<, jlyhv 1� � 4f����f� � ����� .�f/ zkhuh
. � ������� �2� lv irxqg iurp +D66,1 Wkhq vroydelolw| frqglwlrq iru wkh

wklug ri htxdwlrqv +D6<, zlwk +D64, |lhogv

�12� �f� � ������ �f�
 0�<�1

Wdnlqj wkh lqqhu surgxfw ri wkh vhfrqg ri htxdwlrqv +D6<, zlwk �� dqg
xvlqj +D64,/ +D65,/ +D66,/ dqg 1� � ���� � .�f/ jlyhv

�2� � �12� �f� � ����f� ���
 0�<�1

Diwhu vxevwlwxwlrq ri +D73, lqwr +D74, zh rewdlq

�2� � ������ �f� � ����f� ���
 0�<�1

Lqwurgxflqj uhdo yhfwruv '� dqg '2/ zkrvh frpsrqhqwv duh gh�qhg e|

'r� � �'r2 �

�
0�

0r
��� �f

�
�

�
0�

0r
�f� ��

�
� 5 � �� �� 


� #� 0�<�1

zh kdyh iurp +D75,

�� � �
�
�'�� �W�� � �'2� �W�
 0�<<1

Lq wkh vdph zd|/ vxevwlwxwlqj +D6;,/ +D5, lqwr +D4,/ iru wkh wklug hljhq0

ydoxh zh rewdlq wkh h{suhvvlrq iru ghwhuplqlqj �� lq h{sdqvlrqv +D6;, lq

wkh irup

�� �

�
4f����f�� �

A

� �f
�� ��2�f� �f�

������ �f� � ����f� ���

 0�<�1
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Wklv irupxod fdq eh zulwwhq dv

�� �
����W� �W�� � ��2�W� �W� � ���� �� � � ��2� ��

�'�� �W�� � �'2� �W� � 0�<�1

zkhuh �� dqg �2 duh uhdo pdwulfhv gh�qhg e| wkh htxdolw|

����W� �W�� � ��2�W� �W� �
�
4f����f�� �

A
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Htxdwlrqv +D77,/ +D79, ghvfuleh vsolwwlqj ri wkh wulsoh hljhqydoxh �f lq
wkh ghjhqhudwh fdvh ����f� �f�  ���� �W� � � ��2� �W� � � xqghu frqglwlrq

�'�� �W�� � �'2� �W� 
� �1

�����
��� �� �����
��
� ���� �� ������	�
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