THEORETICAL AND APPLIED MECHANICS
25, pp. 21-31, 1999, UDK 539.3

Least-squares mixed finite elements
for the linear elasticity problem

Bosko Jovanovié and Ivan Sestak

Submitted 14 April 1997

Abstract

We expose a theoretical analysis of a least-squares mixed
finite elements method for the linear elasticity problem in two-
and three-dimensional domains. The coerciveness of the weak
form of the problem is proved. It is shown that the finite element
approximation yields a symmetric positive definite linear system
with condition number O(h~?). The error estimate is obtained.

1 Introduction

Many classical boundary value problems for second order linear elliptic
equations can be transformed into the first order systems of equations.
Such formulation of the problem is called mixed formulation [5].

Unknown functions in mixed boundary value problems often have
appropriate physical or mechanical interpretation (temperature and
flux, displacements and stress etc.). In such a manner, solution of
mixed problem gives more complex information about the considered
object or process. For these reasons, numerical methods for solving
mixed boundary value problems are of great importance.

Ritz-Galerkin formulation of the finite element method for mixed

boundary value problems requires relatively weak smoothness of input
21
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data. In such a manner, it requires relatively weak assumptions for the
smoothness of finite element approximations. On the other hand, the
finite dimensional spaces used in the Ritz-Galerkin method must sati sfy
so called Ladyzhenskaya-Babuska-Brezzi (LBB) condition (see [10], [2],
[3]) which substantially restrict the choice of feasible finite element
spaces. In the Ritz-Galerkin method the solution of the problem is
the saddle point of a quadratic functional, while the corresponding
linear system is indefinite. This may cause difficulties in the solution
algorithm.

Contrary to the Ritz-Galerkin method, the least-squares method for
the mixed boundary value problems is not the subject to LBB condi-
tion, while the corresponding linear system is definite. (As a rule, its
condition number is O(h~?)). Of course, the price for that is slightly
stronger smoothness required for the input data.

The least-squares mixed finite element method for the second-order
elliptic equation is considered in [11]. In [4] and [8] for the Stokes
problem a mixed method which does not require the LBB condition is
considered.

2 Problem Formulation

Let be 2 a bounded domain in RY, N = 2 or 3. The linear elasticity
problem is given by (see [9])

diveo+ f=0 in A

g—Celu)=0 in £,

2¢ (u) = Vu + (Vu)" in Q, (1)
=1 on Iy,
g-n=1 on 'y,

where u : @ — RY is the displacement vector, o : Q@ — RN*N ig
the stress tensor, £(u) is the strain tensor, [ € (L*(2))V is the given
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body load, 8Q = T, UT,, I NIy =0, Ty # 0, while ()" denotes the
transposition. For the simplicity, in the following we assume that (2 is
a polygonal (polyhedral) domain in R? (R*). Further, we define

(C—r i n}i = J.:'j'.f.i.j.,
(div o), = Doy [0z,

(Ce (u);; = Cijmen (u),

where n is the unit outward normal to 89, 4,7, k,l = 1,..., N, and sum-
mation is implied for repeated indices. The elasticity tensor C = {Cyjxi}
(Cij € L™ (), i,7,k,l =1,...,N) is completely symmetric and ellip-
tic, i.e.,

Cijkt = Cjirt = Cijie = Ckiij (2)

and
Am > 0 G-;'jmfijsm :_5" meiicij, Ve € RNXN. (3)
By (-,")sq: Ilsq and ||-||, o we denote respectively the inner prod-
uct, seminorm and norm of the Sobolev space H*(2) (see [1]), while by
(5 )sqar I'ls0a and |Fl|,q., We denote the inner product, seminorm
and norm of the space (H®(€))” where o > 1 is integer. Further, we

introduce the following functional spaces with corresponding norms and
inner products:

L (L)

VI{UE(HI(Q))NZU:ODHFI},

= 1/2
2
lvlly, = HU"LH;N > (12 "“:‘“1,51) ;

¢ il {TE (LE(Q))NKN « T8 = T4y ?:,j:].,...,N},

- 1/2
2
ke = Irlogaen = £, Fllha)
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H=H(@div,Q)={reT:divreL, 7-n=0o0nTs},

9 p 9 1/2
Il = (717 + lldéo 7II7) .

In the sequel, by C' and C; we shall denote positive generic constants,
which can take different values in different formulae.

The least-squares functional for the problem (1) is
J,T)=(divT+f, divrt+ f), + (1 —Ce(v), T— Ce(v)), (4)
where (-,-), and (), are inner products in L and T

The least-squares minimization problem is given by

find (u,0) € V x H such that
J(“H-, !'_T) = il’lf[vrf}evx” J(“U, T) 5
Taking variations of the functional (4) with respect to v and 7 we

obtain the following weak statement of the problem

find (u,0) € V x H such that

(5)
a((uw,0),(v,7)) =1l(v,7), for all (v,7) €V x H,

where
a((u,0),(v,7)) = (div o, divT), + (0 — C, (u), 7= C: (v)),, (6)

and

l{v,7) =—(f,div 7). (7)

The following theorem assert the coerciveness of the bilinear form
(6)-

Theorem 1. There exists a constant C' > 0 such that for all (v,7) €
VxH

a((v,7),(,7) 2 C(llvlly + lI7I) (8)
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Proof. From (6)
a((v,7),(v,7))= (divr, divT), +(7,7)p

—2(1,Ce (v)) 1 + (Ce (v) ,Ce (v)) "
+26(7,¢ (v))p £ B% (v,v),,

+((A1-C)e(v),(FL - C)e (v))r,

where 3 > 0 is a constant and I is the unit tensor of the same order as
C. Using the identity (Green’s formula)

(1, (v)), = — (div T,v),
from (9) we get
a((v,7),(v,7)) = (div 7+ Bv, div 7+ Bv),

+(r+(BI-C)e(v), 7+ (BI—-C)e(v))r

7 (0,0), + (€= (1), €= ()

—((BI=C)e(v), (A1 - C)e(v))y

> =B (v,v), = (e (v) e (v)p+ 28(c (v),Ce (v)).
(10)

Due to the compact imbedding H'(Q) C L%(Q2), Korn’s inequality (9)
and relation (3), from (10) follows

a((v,7),(v,7)) > B[2mCy — B (Cy + Co)] |02, .
Let 3 =mC,y/(Cy + C3). Then

g (mCy)?
312mCy — = —— =
ﬁ[m 9 ,5(014‘(:2)] Ci + Co Cs; >0,

and finally )
a((v,7),(v,7)) > G|l - (11)
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It is obvious from definition (6) that
a((v,7),(v,7)) 2 |7 = Ce (v)l7, (12)

a((©,7), (v,7)) > div 7|2 (13)
Using (12) and (11) we get

I7ll7 = l(r = Ce (v)) + Ce ()2 < Caa((v,7), (v,7)).  (14)

Combining (11), (13) and (14) we obtain (8).0
Theorem 2. Let f € L. Then

llly +lloll; < ClfIl, - (15)

Proof. The proof of the theorem follows easily from Theorem 1.0

3  Finite Element Approximation

Let 7, be a partition of the domain  into finite elements: =
Uker, K and h = mazx {diam (K) : K € T,,}. Let V,, and H,, be finite-
dimensional subspaces of V' and H, which have the following approxi-
mation properties:

1ir_|fr v = wl, < Ch* ||1"!|k+l.n;N 1 (16)
Lh‘:‘nh )
and
. o~
Tf;l?ﬁ'h “T ¥ Th”H S LA "T”H 1,O;N xN (17)

where k£ > 0 and [ > 0 are integers. Standard choices for V}, and H,
are spaces with piecewise polynomial bases, i.e.,

Vh = {Uh €V vy €C (Q) » Unilk € Pr(K),

VK €y vps=0only; i=1,.. N},
Hy={m € H: Tyyx € P (K), YK € Ty; i,j =1, o
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Here P, (K) is the space of polynomials of degree s on K. Another
possible choice for H), are the Raviart-Thomas spaces [12]. In the fol-
lowing we will assume that the domain (Q is covered by finite elements
exactly, and that the integration is exact.

The finite element approximation of the problem (5) is

find (up,o0n) € Vi, X Hy, such that
(18)
a ((un,0n) , (vn, 1)) = (vn, ), for all (vy, ™) € Vi X Hp.

From Theorem 1 it follows that the problem (18) has a unique so-
lution. Moreover, the error has the orthogonality property

a((u,0) — (un,on) ,(vn, ™)) = a((u—up, 0 —0ay), (v, ) =0

for all (v, 7) € Vi x Hp.
(19)

Let us estimate the condition number of the linear system, which we
obtain from (18). Suppose that the finite element partition is regular
[6] and that the "inverse assumption” is satisfied, i.e.

there exists a constant 6 > 0 such that
(20)
6h < diam (K) < h, forall K €7T,.

If we use isoparametric elements, then the elements should not be too

much distorted (see [7]).

Let ¢4, ..., and Yy, ..., ¥ be sets of basis functions in V, and H,,.
We suppose that there exist positive constants A, Ay, By and B, such
that for all real vectors (a;,...,ar) and (5, ..., Bum)

L E L L
AJIN Z ﬂff < (Z CE;40;, E Ctz“f?z') == Z Q04
i=1 i=1 i=1 0 i=1

LN

L
& Mt Z&f,
=1

(21)

2
L

M
> B
=1

j:

L M M
Bih" 3 B; < (Z@%Zﬁm) s
J=1

j=1 j=1 ' 084N x N

M
N 32
=

2
T

(22)
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Notice that these inequalities are fulfilled for all well-known finite ele-
ment spaces if (20) is satisfied.

Theorem 3. Under the above assumptions the condition number of
the linear system from (18) is O (h~?).

Proof. From coerciveness and boundedness of the bilinear form
follows

Cr (lonlly + Imal%) < @ (@n, ), (vn, 7)) < Co (llomlZ + I7al%) -
(23)
Using (20) and the inverse estimate [6]

|Uh.i| < Gh’_] "ﬂh.i” 1 K€ l};l.:
1.K 0K

we obtain
"'Uh"_{, < ”UhHV cuh ”Uh”;. :

I7ally < Inllyy < CA7Y |7l

Substituting in (23),

C1 (llonllz + I7al17) < @ ((vn,70) , (vn, 78)) < Csh™2 (Jlenll? + Imall2).
(24)
Since the system is symmetric, setting v, = Zf‘zl 005, Th = E_‘;‘il Biv;
and using relations (21) and (22), the desired result follows from (24).0

4 Error Estimate

Let u; € V;, and o; € Hj, be the standard finite element interpolants of
u and 0. Then we have [ﬁ]

lu—urlly < Ch* "u”k+1,ﬂ;N ’ (25)

o - i5"II|H <Ch' ||J"I+1,ﬂ;N><N : (26)
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From the coerciveness and boundedness of bilinear form and the
orthogonality condition (19) follows

C (u=unll, +llo = only) < ((u @~ 00), (s = un, = o) =
=a((u—up,0—0y),(wv—u;,0—o0p))+
a((u—un,a—on),(ur — un,01 — On)) =

=a((u—up,0—0n),(u—u;,0—0p)) <

i 1/2 9y 1/2
< O (llu = wnll}y + o = anll3y) " (lu—willy +llo = oullzy) -

From here, using (25) and (26) we immediately obtain

o~ unlly + llo = anllyy < € (W Nullyr g + B o lisr qumcn)

< Ch’ ("U"HLQ;N + ”“HHLQ;N xN) ’

where s = min {k,[}. In such a manner, one obtains the optimal error
estimate when k = [ = s.

In such a way, we proved the following assertion.

Theorem 4. For k = [ the error estimate

lu — unlly + llo = onlly < Ch* (lullisran + Iollisomxn) -~ (27)

holds.
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Metod najmanjih ostataka za meSovite konac¢ne elemente

u linearnoj teoriji elasti¢nosti

U radu je analiziran metod najmanjih ostataka za formulaciju jedna-
cina konacnih elemenata pri resavanju problema linearne teorije elasti-
¢nosti sa dvo 1 trodimenzijskim domienom. Dokazana je koercivnost
slabe formulacije problema. Pokazano je da aproksimacija konaénim
elementima dovodi do simetriénog pozitivno-definitnog linearnog sis-
tema ¢ija je uslovljenost reda O (h~2). Takodje, data je i ocena greske.



