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Abstract

The universal equation of Saljnikov as one universalization of
Prandtl’s equation of the boundary layer is examined. The cor-
rections of the function B ( f}) and the arbitrary constant ag are
suggested. These corrections are necessary because they guar-
antee noticeable improvement of the behavior of the first and
the second derivative of the nondimensional stream function.

1 Introduction

The universalization of Prandtl’s equation of the boundary layer has
been done by many authors among which Loitsianski and Saljnikov are
the most famous. Some results obtained in the research of the universal
equation of the boundary layer of Saljnikov are given in this paper.
The corrections of the function B (f;) and the arbitrary constant aq

are suggested here.
85
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2 The universal equations of Loitsianski
and Saljnikov

The universalization of the Prandtl’s equation of the boundary layer

-u@ + w@_t o {Tb” + 1&
oz By | o
=@ -.u:_@
Ay’ Oz’ (1)

u(r,y) =0, v(z,y)=0, when y=0,

u(z,y) - U(x), as y— o,

has been done by Loitsianski [1] and Saljnikov [2], with the usual no-
tations:

x - the coordinate measured along the contour from the stagnation
point,

y - the coordinate perpendicular to the contour,
u(x,y) - the velocity into the direction of z,
v(x.y) - the velocity into the direction of y,
U(x)- free stream velocity,

Ur(z) - first derivative of the function U(x),

v - kinematic viscosity,

i - the stream function.

The difference in the method used by Loitsianski and Saljnikov is
represented as follows. The physical function B, given by the following
expression

=80 [ 0P
B=_[ﬂ 5;?-(1—55)@. 2)

Loitsianski treats as a constant



CONTRIBUTION TO THE STUDY ... 87

B A / (1 - —) dn = By = 0, 4696. (3)

Saljnikov treats the physical function B (2) as the function of fi(x)

B=[" (1——)dn-3(ﬁ.) (4)

where the nondimensional stream function ® = ®(7, f;) is the function
of the independent variable 7 and the set of parameters fi = fi(z); (k =
1. 20300199 )
For the independent variables Loitsianski uses
6 * %
T = = —1, 5

Y=g (5)
with 6** (x) as the momentum thickness, and for the stream functions
v(x,y)

LIT(S#'I'
By
where By is given by (3).

U (z,y) = P (1, fi) (k=1,23,..,x), (6)

Substituting (5) and (6) into (1), Loitsianski obtains the universal
equation of the boundary layer

e Fr+2f; fl b \? &
s, BethgZe, 41 (2]
1 E@ (324:' arbha"cba@)
B3 iz \ondfion  om?ofi) -
® (n, fi) =0, ?—3‘?:0, when y = 0;
od

— =1, as n— ox,
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where
Ryw-d Bn(?;?) -—f1(2+H}].
(8)
ob
F(-5)*
H(fi)= B ; O = [kFL + (K — 1)) fi + fes-

For the independent variables Saljnikov uses

1
rT=2 y= U3 (a.;}?!f Ub"_ldif) ; U (9)
0

and for the stream function ¢ (z, y)

b(z,y)=U"% (aﬂw /u Ub"_‘d:r)% o (z,n), (10)

where ag and by are the arbitrary constants.
Substituting (9) and (10) into (1) Saljnikov obtains the universal
equation of the boundary layer
s SR
37?2 n

E (8% ob P a@)
adfi On O Of

33‘1’ fl

o’ 232

[a0B? + f1 (2 — by)] ‘I‘

k=1

od

®(z,n) =0, T =1, when “y=10;
@ Y e e oo
aT,' k] b

(11)
where B is given by (4) and where
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2 iy B
_bﬂfl_Fsrg,;ekd_ﬁ'r

that is

dB

F, = aoB? —buf1+—Zekdf

b = [kFs + (k= 1) fil fi + S
(12)
To follow the basic idea of Saljnikov that B is given by (4), for the
independent. variables we can use

&

T=F 1= n, 13
B (fi) o)
and for the stream function ¥(z,y)
U&**
U (z,y) = ® (n, 14
(z,y) B () (n, fx) (14)

Substituting (13) and (14) into (1) we obtain the universal equation
of boundary layer

dB
po P B EOG e [, (28] _
o’ 2B2 o2 B2 onl |
=i§9(62¢'6¢ B”f[}&dév)
B? = ondfi.on  om*ofi)’ (15)
oP
® (n, fr) =0; E]_ =0 when =0

where
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F=2 B(@) —f,(2+HJJ. (16)
n=0

on?

In this paper the answers to the following questions are expected to
be found:

2.1. Is the function F, (12) a good choice for testing the physical
quantity z = §**2/4?

2.2. Which conditions should the function B(f.), that is B(f;)
satisfy?

2.3. Which values should be arbitrary constants ay and by have
according to the function B(f,)?

The next sections comprise the results of the research which are the
starting points in finding the answers.

3 Is the function F; (12) a good choice?

The original method of Loitsianski [1, page 463] is used here: using
the asymptotic solution at 7 — oc (~) of the universal equation of
boundary layer, the value of the characteristic function of boundary
layer F', identical to the value F', which was starting point in the uni-
versalization of the equation of boundary layer (1), (11) and (15) for
n — oc (~) we obtain

oo PP &P
Fawn--(5) . i
PP od i
/ﬂ 5 / 5 (1 3 a_n') dn, (18)
fm L (2] dn = B(1 + H) (19)
Jo an 1
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/ﬂm( >Pe 0P Bszﬂfb)d dB (20)

omdfeon o of ) T dfe

On the basis of equation (17), (18). (19) and (20), the equation (7)
becomes

Fp =2 : (21)

Bu(%}f) Zﬂ*f1(2+H)

As Fy (21) is identical to Fr (8), it means that F (8) is a good
choice.

On the basis of equations (17), (18), (19) and (20), the equation
(11) becomes

g AT
B —bofit =) Op—7 =2
Qg bo f1 BE hdfk

2o
B (&—F)M ~ fi(2+ H)} i

The left side of equation (22) is identical to the equation (12), and
the right side of equation (22) is identical to the equation (16). If (16)
proves to be a good choice, it can be asserted that (12) is a good choice
too. In that sense, on the basis of equations (17), (18), (19) and (20),
the equation (15) becomes

F=2 . (23)

PP
B (W)n:ﬂ - fi(2+ H)

As for F (23) is identical to F' (16), it means that F' (16) is a good
choice, so the conclusion is that F; (12) is a good choice too.

This analysis was necessary because of two reasons:

3.1. To assert that, before starting further research, F, (12) is a
good choice, and
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3.2. The equation (11) should be further used in the following form

2 o dB

B an

&-}.3 2B2 3??2 B2 (24)

> P 0P 824)6‘@)

] o
by (&;afk on o o

where F; is given by (12).

4 Which conditions should the function
B(fl) SﬂtiSfY?

Using the method of asymptotic solution of the nondimensional stream
function ®(n. fi) at n — oc (~), we obtain

P (n, f) ~n— B(fi) H(fy). (25)

In case of one-parameter solution (f; # 0; fo = f3 = ... = Ji =.0),
from (25) we obtain

®(mfi) ~n—B(fi)H (fi). (26)

The first derivative (26) of the f,, in the case of Loitsianski follows
as

ob; 0H;
Bl Moo | e 27
5. " Ty e
where
T(l — 3;{:) dn
0 T
Hy(fi) = : (28)
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The first derivative (26) of the f,, in the case of Saljnikov follows as

6%, dB e

57~ ~ g He () = B(A) s (29
where
(%)%
Hy () = 2t — (30)

In the specific case of the Blasius solution of a flat plate (f; = 0),
used by both Loitsianski and Saljnikov, on the basis of (27), (28), (29)
and (30), the function B( f,) should satisfy two conditions at the point

fi=0

B (0) = By = 0, 1696, (31)

dB
(d_-ﬁ)f]ﬂ = 0. (32)

The possible forms of the function B( f;), which satisfy the condi-
tions (31) and (32), are given in Figure 1.

Based on the researches, not mentioned in this paper, which are
based on the comparing the second derivative of the nondimensional
stream function ®”(0) of Loitsianski and Saljnikov, it is possible to
conclude that for each value B(f,) < By the first derivative of the
nondimensional stream function 0®/0n will tend to one faster than
with Loitsianski.

If we have in the mind the Hartree’s conclusion [3], for the same
differential ecuation, the better solution of the two is the one where
o®/0n — 1 is faster (Figure 2), because then all the solutions where
B(f,) < By are better than the solution where By = 0, 4696. And vice
versa. Namely, for each value B(f,) > By the first derivative of the
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nondimensional stream function #®/dn will tend to one slower than
with Loitsianski.

4 Bify)
B2max
E'rmn:
______ LOITSIANSKI

E'il'l'l-ll'i j B'Il'l"lil'l

| [

| |

dd 0 ¢ Wil

1min Timax

Fig. 2. The possible forms of ®/dn .

Observing the numerical values of the function B(f;) of Saljnikov
(2], it can be seen that B(f;) does not satisfy the condition (31), but
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it satisfies the condition (32). The numerical values of the second
derivative of the nondimensional stream function ®”(0) of Saljnikov
[2] show that the first derivative of the nondimensional stream function
d® /O tends to one very slowly. The only reason is that with Saljnikov,
B( fi) > By is significantly bigger.

5 Which values should the arbitrary con-

stants q¢p and by have?

The function F; (12) should satisfy the following conditions at the point
H=0

F, (0) = 0, 4408, (33)
dF,
(dfl )h:ﬁ - =5, Tld (34)

In the case of one-parameter solution (f, # 0; fo = f3...fr = 0)
from (12) we obtain

- i
F(fi)= a{’Bg b;);. (35)
- Efld_ﬁ
From (35) follows
F(0)=ao[B(0), (36)
dF dB
(aﬁ)H L (E)H i il

Using the conditions (31), (32), (33) and (34), from (36) and (37)
we obtain
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ag = 2, 0000, (38)

by = 5, 7140. (39)

For the arbitrary constant b, Saljnikov [2] obtained the value 5,7140,
and for the arbitrary constant ay he obtained the value 0,4408.

From the expression for the function H(f,)

oo od

(40)

the direct influence of the value of the arbitrary constant ay can not
be observed. However, observing the numerical values of the function
A(fi), got by Saljnikov, we can see that they are significantly bigger
than the numerical values of Loitsianski. Having in mind, on the basic
of the research in this paper, that the value of the arbitrary constant
ag 1s directly related to the form of the function B(f,), that is, to
the condition (31) and if, for example the values A(f,) of Loitsianski
(Figure 3) and A(f,) of Saljnikov (Figure 4) are graphically shown for
fi = 0,0854, the conclusion stated in the Section 4 of this paper is
confirmed. The behavior for any value of parameter f, is similar.

;rl-%%m

_B 204696 [A{D,Dasz‘.:]L=§ {1~ —Q—qu 06540
a

e

( f;=0.0854)

4 ¥ i

Fig. 3. The values A (f,) of Loitsianski.
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=

26,
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Fig. 4. The values A (f;) of Saljnikov.

From the expressions of Saljnikov [2] for the skin friction

Tw = 1 " (0) ) (41)

both the direct influence of the arbitrary constant ag, and the value
®” (0) can be observed. For the suggested new value for aq (2,000) from
(41) it results that ®” (0) should increase significantly. It means that
the first derivative of the nondimensional stream function of Saljnikov
will be noticeably improved.

6 Conclusion

For research workers who do not want to consider the function B( fi)
constant, the results of this paper do not change the basic idea, because
the characteristic function of the boundary layer F; (12) is a good
choice, but they change the form of function B(f;) and the arbitrary
constant ag

These corrections are necessary because they guarantee noticeable
improvement of the behavior of the first and the second derivative of
the nondimensional stream function.
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For research workers who want to consider the function B(f) as the
constant By, the results of this paper show that there is a possibility of
obtaining better solutions that those of Loitsianski which are presently
considered to be the best.

For both groups of the research workers the essential question is
whether there is a wish to enable the first derivative of the nondimen-
sional stream function to tend to one as fast as possible, enabling a
better convergence of solution.

In the equation of Saljnikov the function B(f,) should satisfy the
conditions (31) and (32), and the arbitrary constant ag should have the
value of 2,0000.
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Doprinos studiji Saljnikove univerzalne

jednacine granicnog sloja

U radu je ispitivana univerzalna jednacina Saljnikova kao univerza-
lizacija Prantlove jednacine granic¢nog sloja. Predlozene su korekcije za
funkcije B (f;) i proizvoljnu konstantu aq.



