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subjected to rheonomic constraints

|

In [1] motion of one particle subjected to one rheonomic constraint was
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Abstract

In this paper an idea of studying rheonomic problems for
system of N particles as the "relative motion” is developed.
Meaning of the "relative motion” should be assumed as the gen-
eralization of the classical relative motion. While the last one
assumes transferred motion to be the rigid motion only (trans-
lation and rotation) the first one implies deformation as well.
Deformation can be pure deformation and the deformation that
changes the shape (the angles) of the surface. In that way ac-
celeration of a representative particle consisted of three compo-
nents: relative, transferred, and so cold "added” acceleration.
It was shown that Coriolis acceleration is only the special case
of "added” acceleration, i.e. in a case when transferred motion
is rigid rotation only.

Introduction

studied. This motion was treated as relative motion where:

_ motion of a particle along the constraint was assumed as relative mo-
tion,
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- motion of a constraint was transferred motion.

In_that way acceleration of a particle consisted of three components:
relative, transferred, and so cold "added” acceleration. It was shown
that Coriolis acceleration is only the special case of ”added” accelera-
tion. The aim of this paper is to generalize these results to the system
of N particles, as well as to discuss them.

2 The preliminary considerations

System of N particles My, (s = 1,..., N) is studied. Position vectors
of these particles in a Decartes coordinates are r) = y(,)G()i (s =
1,N, 1 =1,2,3). Motion of the system is described by 3N equations

Yts) = Yo (1), (s=1,.,N; i=1,2,3) (1)

These 3N equations can be considered as the equations of motion of the
representative particle in 3N dimensional space V35 . Position vector,
velocity and acceleration of this particle are defined in a following way:

R = {l‘mw-,r{m} = {(yﬁl;,yﬁ;,y?n), ces (y[‘m,yfm},y?m)} ) (2)
V= {f‘m, ~--,f{N)} = {(ﬁ(lnaﬂ{glp@fan)ahu (liflm;.sll’?m-??m})}a (3)

a = {Fq),....5m } = { @y 5y, ) s Wilnys Bowy Bigwy) } - (4a)

Base vectors are

() = Ga)t- (5)

”Scalar product” of two vectors a = {am, ...Ta(N;} and

i o — {b“}, ...,b(N}} is

N 3
a-b=>) ag by =) > ayb,. (6)

=] s=1 i1=1
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“Vector product” of these vectors will be

)

=1

axb= {a{“ Xb“},....a#l.\r-l x b{,\r]}. (
where
Ay X b[‘.’-] = EI’J"':”'E.S:IJ,.ES'JG{E;':' [."r' = 1., e .'\T: -f; ;Iq T T 3)

Let the motion of the system in study be constrained by [ holonomic
rheonomic constraints

f“{rm.,.,.r{mﬁt) = () {(l L [ < -L'\-r) {8]

[xistence of these constraints enables us to introduce n = 3N — |
senceralized coordinates g

Yi) = Yis) (@' q", 1), (9)

if these coordinates satisfy the constraints equations identically:

falrghle . i ¢t B mn (e g 1)) =00, (10)

From the point of view of representative particle upper relations can
be assumed as an n-dimensional manifold (surface) V, emersed in 3N
dimensional configuration space Vyy. Presence of the time in the rela-
tions (9) means that this manifold changes in time, i.e. for any instant
of time this will be different surface. Difference implies not only the
change of the position of the manifold but it’s deformation as well.

Partial derivative of the position vector R with respect to general-
ized coordinates ¢* will describe n linearly independent tangent. vectors

to the manifold
JR O 14 vy
ga = { E‘_il __I_-"'r ; } . [ 11 }I

o (')(j“ E)fj”- . (')rj:

where

E)I.rh] 0.*}’;3} . r . a
= Gs .. :l..:\'. = i.., bk}, 2
Jdg° dq° (s)(2), (s : 2.3) (12)
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Each of the n vectors g, has 3N coordinates in V3 configuration space.

According to (11) and (6) metric in V;, is introduced in a following
way

N N g i N

ar{s} ar(s} ay{sj ay{s] (s)

Gof = 8o ' 88 = § = : =Y g.5 (19)
8L B D 5 O O 2 9o
Projection of the base vector g, on the y'(s) coordinate axis 1s

. . ay{ﬂ'
: 1 il {8) G'E Fe (5) 14
Ba (s) Ba (%) aqa ] ( }

and according to the definition of the projection of the vector onto the
axis it will be o
Yis) i
dq° = la(s) - €08 05(y),

where
la(s) =V gfﬂ - intensity of the component,

i s - angle between gf, and y{,) coordinate.

3 Velocity and acceleration

Being aware of the fact that motion of representative particle consists
of two components:

_ motion of the particle along the manifold (relative motion),

_ motion of the particle due to the motion of manifold itself (transferred
motion),

our aim is to find out components of the velocity and acceleration of
the both mentioned motions.

According to (3) and (11) velocity vector 1s

JgrR ., R P aR

V=t —=g4 ¢+ —. 15
g g*t;f+&t (15)

In a case of seleconomic systems (R /0t = 0) absolute velocity is
V = g, ¢* defining relative velocity in the rheonomic case
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V, = g0 = {g0% gl =
= {(@"d' +&t"¢’ + .. + V"), . (gVd' + . + g}
(16)

Transferred velocity, i.e. velocity of the point of manifold which in
given instant of time coincides with representative particle is calculated
under the condition that all ¢* = 0

SR_ 61'(1;, SP{N]
e s AT TR

Vtr = (17)

Relation (17) introduces the vector g, = dR/dt which contrary to g,
need not be tangent to V,,. This vector consists of 3N components

Ay 33‘511 35’?11 iny in i)
g"_{( 2 ot at Lo ey T )}' L

Acceleration of the representative particle, according to (4) is

PR ., OR. &R PR .

“oeot ¢ T 5al T o T 25ma0 (19)
3g . agﬂ' agﬂ' =¥
8= 3q3q ¢ + 94" + — 5 +2= 5 4 - (20)

Relative acceleration, under the same condition applied for velocity

(OR/0t = 0) is
o r’JR. 0o

¥

- aqaaqﬁ” a1 = 348

— 44" + ga ™. (21)

The same is valid for transferred acceleration (¢* = 0)

*R Bgﬂ
it TR

A = (22 )
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Comparing (20) to (21) and (22) following relation can be obtained:

280 s (23)

Last member on the right hand side of (23) will be named " added”
acceleration. It is the consequence of the complexity of the motion, and
it will be the object of our further study. In a case of rigid rotation of
the manifold it should reduce to Coriolis acceleration,

9,

(-)¢" and 5 Are commutative, added ac-

Due to the fact that

dq”
celeration can be given as:
Jg,
Ayg = 2 : f.”- 2‘1
i O—f;ﬁ { (24)
or
0o .4
'a'lflt.!I B zafﬂr {"'5}

4 Analysis of the added acceleration

As it is said in Section 1. motion of the manifold V, consists of rigid
motion and deformation. Existence of the added acceleration is the
consequence, of both motion and we want to derive parts of this accel-
eration due to each of these motions.

With this idea in mind we shall represent base vector g, in a way:
Ba = {I,,“;,ei‘ Gt t'-mp.,;;,ﬁ_:'ﬁ:r} 5 (26}
where
lasy 1s introduced in (15),
e;, 1s the unit vector in g, direction.
Partial derivative with respect to time of the g, () components is

a ixl s ain 5 5 De-'i
Ba(s) e ( }Ea +I“{SJ_..*'_¥?
ot dt ot

(27)
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At this instant we introduce the vector
Wy = {wuil‘,lw ‘--rwul:N}} . [28.']

This vector is the angular velocity of the transferred motion and will
be assnmed to be normal to e, (g, ):

Wa * Ba = Wa(1) * Ba(l) T - + Wa(n) - Ban) = 0. (29)

[n the other words angular velocity w,, is the angular velocity of the
rotation of the g, vector. Introduction of the angular velocity enables
s to write relation (27) in a fashion:

agn( g af,ﬁ[s} :
ok . = '!Irr 8 als) = 2 3 3”
0-“ af € (s) 0 s) €. ( JI

agm{ﬂ] d
‘“—:—lIl'fn.‘ : s) T Wa(s) X Ba(s)- 31
T 57 1 la(s)) * Ba(s) + Was) X Ba(s) (31)

Partial derivative of the base vector, according to (15) will be

Ogn[sj o a":.u[s]l
ot ol

cos ﬁfl{q}G”' + lagsy 7z (cos 0, ) - G- (32)

[ order to be compared to (31) upper relation can be written

agr::{s} O(lll fa{ﬂ) ay;s} (s) a 1 dl}f {b
o : : G 'fnr e e Q¥
gt ot R R :'('Jr{t’ﬂ( dq° ik )
Comparing (33) to (31) we obtain
' B 6’yfﬂ \
w5 afa) = i{:: P G?? Ly
Wa(s) X Ba(s) Hat{iﬂ(s} 3@“) (34)

According to the definition of the "vector product” upper relation can
be written in a way:

aﬂf ) BT afffsj

E u.J' = '{n 5
SijkWa(s) g~ ( ’Sf{fﬂm dq°

(35)
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This relation along with (29) enables us to write the components of the
W, In.a form:

P i s s | o N L , 36
&{S} C‘Jk({ﬂ[ﬁ} aqa ) af (fu{s} aqa ) { )
This relation can be also written as:
1 1 7 a k:
Wea(s) = Ejx COS Hﬂfﬂgf(ms il (37)

5 Case when added acceleration reduces
to Coriolis acceleration

We shall consider the case when the manifold V, is rigid and want to
derive added acceleration and angular velocity in that particular case.

Condition of rigidity of the V/,, is:
agﬂﬂ{sl
——= = (.
T (38)

For o« = /3 this condition turns to:

aiﬂ[ﬂ i
ot

Condition (38) according to the definition (13) and to the condition
(39) turns to

0. (39)

(‘-‘-’u{s] X gﬂ{s}) " Ba(s) e (‘Wﬁ[s} X gﬁ(s}l) " Ba(s) = 0. (40}
Upper relation can be given in a fashion
(Wa(s) — Wp(s)) (Ba(s) X Ba(s)) = 0. (41)
This relation, because of (29) is satisfied only for

Wa(s) = Wp(s) = W(s)- (42)
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In that case added acceleration becomes

a 'Y e
= ! Mt}' = 2w(s) X Ba(s) " 4" = 2w(s) X Vi(s) = Acor-  (43)

Relation (43) was the result we expected, which means that added ac-
celeration in a case of rigid motion of the manifold, i.e. in a case when
transferred motion is rigid rotation only, reduces to Coriolis accelera-
tiom.

In order to divide parts of the added acceleration due to the rigid
rotation and to the deformation which implies changing of the shape of
the manifold we should assume to be:

Wais) = ""’::-{.s} + Wis), fep=1....0% gl .o N)!

w5 - angular velocity of the transferred motion which causes de-
formation of the manifold

w(s) - angular velocity of the transferred motion representing rigid
rotation of the manifold.

6 An example

Two particles, M, and M, are connected by extensible rod of the length
b(t). Both particles belong to the vertical plane which rotates about
z axes with #(t) angular velocity. Particle M; belongs to the xy plane
too. Added acceleration and angular velocity of the transferred motion
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should be calenlated.

| V3

Fig. 1. System under consideration.

We introduce generalized coordinates ¢' = p, ¢* = 2. see Fig. "1,
and note:

yfln = pcost, y[]!] = (p+ beosp)cos b,
I:;f” = psind, .U';'z_n = (p+ beos p)sind
y;i]} = 0, _ui:i._,] = bsin g,
IR b g1 = {(cosf.sinf.0), (cosf,sind,0)}

Ba T4 o !
Oq g2 = {(0.0.0), (=bsingcosd, —bsin psinb, beos o} |
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agfl ¥
q
ot

—%

a“d:2

Boa. = {[— sin 95‘;’), COS 99,{), (]] .
[( — sin 6'!9,(3 + bsin @ sin c,oq:':'é — beos fsin ),
(cos 06p — b cos 0 sin b — bsin p¢), (b COS -:,mp)] } ;

w; = {(0,0,6);(0,0,6)},

Wy = {(U 0,0), (— sin @ cos @ cos #, 0, sin i cos p cos 66, — gin2 tpﬂ)} :

7 Conclusion

This paper develops an idea of studying rheonomic problems as the
" relative motion”. Meaning of the "relative motion” should be assumed
as the generalization of the classical relative motion. While the last one
assumes transferred motion to be the rigid motion only (translation
and rotation) the first one implies deformation as well. Deformation
can be pure deformation and the deformation that changes the shape
(the angles) of the surface.

Added acceleration of the "relative motion” is:

! "
Agd = A,y i a,q + Acor,
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- T
a::f_f:' =2 ¥ W x 8a(s) - ¢* (changing of the shape),

ay) = 2w(s) X V. (Coriolis acceleration).
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Kinematika reonomnih sistema

U ovom radu predlaze se interpretacija kretanja reonomnog sistema
kao uopstenje slozenog kretanja. Razmatra se kretanje reprezentativne
tacke po n—dimenzijskoj mnogostrukosti V, koja zbog reonomnosti
veze moze da menja polozaj, oblik i velicinu. Relativno kretanje je kre-
tanje tacke u odnosu na V,, prenosno kretanje same mnogostrukosti.
[zvode se formule za relativno, prenosno i ”dodatno” ubrzanje. Posled-
nje se, u sluc¢aju krute mnogostrukosti, podudara sa ubrzanjem Kori-

olisa.



