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1. Introduction

As it is well known, Emmy Noether’s theorem [1, 2] asserts that to every
r-parametric group of transformations of generalized coordinates and time which
conserves the action invariant corresponds a set of r independent first integrals
of Lagrange’s equations. This theorem is valid only for the conservative systems,
as well as for those the motion of which can be described by a variational
principle, and for those the inverse theorem is valid also: to every set of r first
integrals corresponds only one transformation group with as many independent
parameters. So formulated theorem can be considered as the basis for obtaining
all the conservation laws in Mathematical physics (see. fe. [3]), extended to
continuum and expressed in a classical way. The equivalent results are found on
the ground of the general invariant relations by J.Logan [4], without employing
the calculus of variations, and many papers are devoted to the development and
application of this theorem.

However, the extension of Noether’s theorem to non-conservative systems
is effectuated in another way by B. Vujanovié and Dj. Djukié [5-T], which
is exposed also in a monograph [2]. This has been realized with the aid of
some additional suppositions on the non-commutativity of the operations § and
d/dt, or starting from d’Alembert-Lagrange’s principle transformed to central
Lagrange's equation. Thus, the corresponding direct and inverse Noether’s the-
orem in a more general form js obtained, and the determination of the first
integrals is reduced to finding at least one solution of the corresponding Killing’s
equations. These results are extended to non-conservative systems determined
by quasicoordinates and with any nonholonomic constraints [8, 9], and departing
from an equivalent differential variational principle to such systems described by
the dependent generalized coordinates [10].

Recently, another generalization of Noether’s theorem appeared, namely the
extension of this theorem expressed in the canonical variables, which is of special
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interest to the degenerate systems in Dirac’s sense [11, 12]. Such generalization
is effectuated for the conservative degenerate systems, where a number of con-
straints between the canonical variables exists, by Z-P. Li [13]. In this manner,
the corresponding first and the second Noether’s theorem are formulated in the
canonical variables, with an analysis of the Dirac’s conjecture concerning the
corresponding effective Hamiltonian.

The extension of Noether’s theorem to generalized mechanics, where the
Lagrangian of the system depends on the time derivatives of arbitrary order, is
elaborated in a classical way by D. Anderson [14] and probably independently
by G. Constantelos [15]. They started from the total variation of the action,
utilizing the transformations depending on higher-order time derivatives, and
in this manner obtained the corresponding Noether’s theorem and associated
conservation laws. These results are found otherwise by J. Logan and J. Blakeslee
[16], generalizing their theory of invariant relations, and by Dj. Djukié¢ and A.
Strauss [17], extending the cited method with non-commutative rules to the
systems whose Lagrangian depends only on the second-order time derivatives.

The corresponding generalization of this theorem in the canonical variables
in generalized mechanics is effectuated for the conservative degenerate systems
by Z-P. Li [18]. So, the suitable first and the second Noether’s theorem in
a more general form are obtained, including the analysis of the corresponding
Dirac’s conjecture, which is later extended also to the continuum systems [19].
Employing so obtained generalized Noether’s identities, the strong and weak
conservation laws are deduced, where the former represent exact differential
identities, the validity of which is independent from the equations of motion.

The equivalent and more general results are found also on the basis of
the modern differential geometry, utilizing the calculus of manifolds, where the
systems are determined in the terms of the vector fields and the differential forms
on the tangent bundle of a manifold. This method is specially developed by W.
Sarlet and F. Cantriyn [20, 21] and later extended also to the generalized me-
chanics [22, 23]. In this manner the corresponding connection between so-called
generalized symmetries and the first integrals is found, and the corresponding
prototype of Noether’s theorems in the geometrical language as a special case is
formulated.

In this paper we shall demonstrate that the extension of Emmy Noether’s
theorem in generalized mechanics, expresed in the explicit form in the standard
analytical formalism, can be effectuated directly for arbitrary physical systems
with non-potential forces, without any additiopal suppositions. Thus, following
the method applied to standard case by the author [24], the results of Anderson
and Constantelos and of Djuki¢ and Strauss are generalized to the more general
case, and completed by the inverse Noether’s theorem as well as by an analysis
of the degenerate and quasi-conservative systems, in according with the results
of other cited authors.
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2. Total variation of the action

Let us consider a discrete physical system with N degrees of freedom under
the influence of any given forces, including the non-potential ones, which can be
described by a Lagrangian depending on the time derivatives of arbitrary order

L=1L (Qi,fihﬁi. ---:'E'E-Mdaf) =L (Hgm_l}-&'gmi}-f) (ﬂ:q:__i i] ' i;) (2.1)

The motion of such a system will be determined by general Lagrange’s equations
for the non-conservative systems, extended from the second-order generalized
mechanics [17] to the general case

oL daL d? dL a. dMi AL
—'———"—."1'_2%“‘---*'(""1] M - M
dq; dtdq;  dt? dg; dtMi 5, (Mi)

+Q: =0 (i=1,2,.,N) (22

Here Q! represent the non-potential forces acting on this system, determining
the deviation of its motion from that of corresponding conservative system, and
the summation over the repeated indices is understood. Thses equations can be
also be written in a concise form

§W . = - (m—1) (M)
T te=0 W=/ L (o™, 4 ) dt, (2.3)

where 7 denotes the functional (variational) derivative of the Hamilton’s action

W with respect to g;(t).
The total variation of this action, which includes also the variation of the
time and here is denoted by the symbol A

AW = [ L (g0, ¢, 1) df - [ L(g™ 0, q™)t)at,  (24)

for the first time was obtained by M. Borneas [25] and in an alternative form
by D. Anderson [14]. It can be found likewise starting immediately from the
definition (2.4), by analogy with the corresponding proof in analytical mechanics
for the Lagrangians of usual form (see f.e. [26], pp. 142-146), and all these
manners give the following result

ol sw d sW
AW = s ST TN ko (m=1)
! {&n bq; + = [L61+ qum]aq, ]} dt. (2.5)

By transforming the last term, passing to the total variations, this expression
can be presented in the canonical variables too

' o EW d
A —_ 5 ; i Im.--l} |
¥ =t {——6% i + = [PismAd] Hm]}dz, (2.6)
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where the introduced generalized momenta and the Hamiltonian are defined by

SW M,—m

d' OL
Pifm = —y = (e e e
{5{’,1{. ) _;':Zu dii cﬂq:.: +3)

=1 m
H (q:;m J,Pifm1t) = P:',-"mqg{ }_ L

(2.7)

For the transformations of generalized coordinates and time in the form of
a r-parametric group with r independent infinitesimal parameters ¢,

def _ & -1 M
Agi = §i(f) — i (1) = eaf (qi’“ ), qi “]Jt)

de f

. (2.8)
At = t—t=ealp (ei'im'”,qj[;”*},t)

we can express the total variation of action through these functions £ and £g.
Namely, if we substitute Ag; and At by (2.8), applying the commutativity of
operators 6 and d/dt, the formula (2.5) passes into

t oW _, d o dm=1 2
AW = /:u €a {E'g_.-"‘f*' Hi= [L-Eu + Pifm——y 3 )”dt. (2.9)

where _
& =& -4k (ax=12,..,r) (2.10)

3. Generalized Emmy Noether’s theorem

In order to formulate the corresponding statement in generalized mechanics
concerning the first integrals of Lagrange’s equations, let us start from the total
variation of action (2.5) and suppose that the Lagrange’s equations (2.2) are
satisfied. Substituting from here §W/q; by —@;, In a similar manner the
expression (2.5) will be transformed to

t; d d'm-I ) . )
tp

whereby we have introduced the non-conservative forces in consideration. On the
other hand, the total variation of action itself by the usual operations can be
written in the form

i i d
AW = A Edt) = —/ [&L + Ld—t- (L"’xi)] dt (3.2)
tg tn
and by adding and subtracting in the integrand on the right-hand side the term

dA/dt, where A can be an function of ¢, qi, ..., gEM"] and t, one obtains
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fa li dm—-l . ﬁ-
jtﬂ {E [Lﬂf + Fime [ﬂ.qt —_ q;ﬂ,t) + ] o

3.3
d . . dA (:9)
AL+ L—(At) + Q; (Agi — giAt)+ =7 | ¢ =0
dt dt
From this relation we can deduce the following conclusion: if
d . _ dA
AL+ L— (At) +Q; (Agi — 4:At) + — =0, (3.4)

the relation (3.3) is reduced to the first term, and since the time interval (to,t1)
is arbitrary, the remaining integrand must be equal to zero, from which arises

-1

I =LAt + piym (Agi — GiAt)+ A =const (a=12,..,7) (3.5)

d‘im—‘l
By inserting the expression (2.8) and putting A = €, A%, one yields I in the form
I = e,D*, and because of indepedence of the parameters €, the first integral
(3.5) decomposes into r independent ones

=1

(&) + A® =const (a=1,2,..,7) (3.6)

Consequently , if the condition (3.4) is satisfied, to every r-parametric trans-
formation group of generalized coordinates and time of the form (2.8) correspond
r independent first integrals (3.6). So formulated statement represents a genera-
lization of Emmy Noether’s theorem in generalized mechanics, expressed in the
Lagrange’s variables, which is valid for arbitrary, non-conservative systems and
for any order of time derivatives qEM'} appearing in the Lagrangian. For the
conservative systems or for such with the property that Qjéq; = 0 the condition
(3.4) gives as consequence

) hogA
AW = [ ALdt)=- f i l? (3.7)
ke t
and in the special case A = 0, when AW = 0, Noether’s theorem formulated
in this manner coincides with that obtained by Anderson [14] and Constantelos
[15]. For the non-conservative systems with the Lagrangian containing only the
derivatives of the second order this is in accordance with the result of Djukié
and Strauss [17], but obtained with some additional suppositions.

LT}

4. Corresponding Killing’s equations

The general condition (3.4) for the existence of the first integrals enable
us to find the equations which must be satisfied by the functions £ and &7,
extending the method of Vujanovié and Djuki¢ [6, 17] and of Logan [4] to this
case. Therefore, let us write AL explicitly
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aL dL

. JL

S fm

H

and apply the commutativity of operations § and d/dt, by which the relation
(3.4) obtains the form

aLr afL: o™ g
a—(ﬂqi—q.ﬂt)+ E (Agi — giAt)+
qi a m.} f“m. (4 2)
+ E&t L (AL)+ Q; (A At) + ae =0 |
T dt ) (Adi—a dt

If we substitute Ag; and At by the expressions (2.8), putting again A = e A®,
one yields a linear combination of the parameters

oL ., oL dm dL
) {gaﬁf ag(™ di™ (&) + 65+

d - A
LE;{£5‘)+Q:£E’+E;}=G

Because of the independence of these parameters cach expression in parenthesis

must be equal to zero, and by writing all the total time derivatives explicitly,
this relation will be separated into

(4.3)

AL = AL d™r  BFE 134 8L L
—& + (- S gD -5—) + (a = T + —) A

M 1= m') 1k
a‘fn frn +1) dff? e oA (m'+1) gA” o
+ L (6‘ COL. + ¥ TS + Q&7 + a——gima}qk 2 3 b

o =1,2,.... % m=12. . Mg m=01:...M)

(4.4)
These are the corresponding generalized Killing’s equations for the functions
..‘;'“' and &g, by which also the remaining functions {7 are determined by £* =
£ + ;€. If one can find at least one particular solution of these equations,
the condition (3.4) for the existence of the first integral is satisfied, and to
each r-parametric transformations group (2.8) correspond r independent first
integrals (3.6). In this manner, the problem of finding the first integrals of
Lagrange’s equations is reduced, as in the case of habitual Lagrangians, to finding

the particular solutions of corresponding Killing’s equations.

5. Generalized inverse Noether’s theorem

Let us demonstrate that in generalized mechanics the corresponding inverse
Noether’s theorem can also be formulated and proved, by analogy with the proof
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of this in analytical mechanics for the Lagrangians of the usual form (see f.e.
[26], p. 159-163). In order to examine whether to each set of the first integrals
(3.6) uniformly corresponds one transformation group (2.8), let us start from
the general relation (3.3) and substitute AL by the expression (4.1) and Q;
according to Lagrange’s equations (2.3) by —8W/éq;

hid dm-! oL L  (m)
— itme— (8g:)+ A| — || 500 + — 0%
L {dt [Lm+_p; e (6qi) + ] [(aqféq + D) ikl 2

dL

(5.1)
d W dA

dt dt
By inserting here the expressions (2.8) instead of Ag; and At, and putting A =

€.A%, this relation passes into

5 d o " T s aW -,
j:a €a {E [LED +Pi,’mW(‘£i) +A ] + EE:E:‘ -
S @ e digeon:  dAS B (5.2)
—[aqgm.]m(ﬁe)'*auffa}"" dt]}d*—ﬂ'
(a=1,2,...,r; m=12,...,M; m =0,1,.., M)

Since the time inteval (tg,t;) is arbitrary, this integrand must be equal to zero,
where the expression under the symbol d/dt represents the first integral (3.6),
and because of independence of the parameters ¢, we obtain

dD* §W _, 8L d™ o . d, . . GA"]|
(ﬂ'. = 1r21. "'rr)

(4}
Let us write explicitly the total time derivative

bW

oy and set apart the terms with the derivatives of maximum order. Here, by
qi

completing the Lagrange’s equations (2.2) with terms up to the M-th derivatives,

is linear with respect to qiMﬁM}

and the functional one

one can conclude that the last term in

dgi

u‘f"f ﬂL " 3215 q(Mk_b_M}
dtM 3&”] aqi;f'ﬂaqi“k] k

4 A (qim —1}!qiMk+M—1}!t)
(5.4)
(m" =1,2,... M+ M —1)

In this manner, these equations (5.3) can be decomposed in two parts, the first
of which includes all the terms containing the derivatives of smaller order, and
the second the derivatives of maximal one
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EDC‘ (m”} N aDG‘l N l)m—l IIi'll‘ﬂ.—l 3L "
o T U
m o BB W™ e il g o BEE
1) Qe = Ww(fi}'!'a(ﬂfu)'l' ;T }+ (5.5)
__obe m d*L o | (MatM) _
g + o st =0
Since the expression in the first parenthesis {} does not depend on qiM‘+M]',

this relation can be satisfied only if the expression in the second one is equal to
zero, which can be presented as '

Waéd = (-1)M? D (i,i‘=11.2.--~: N) (5.6)

aQ£ML+M_1], ﬂl . I21' 'lr
where
9L
Wi = ——e———, 8.7

These equations represent a system which determines the quantities £ and
if A = |Wii| # 0, this is always uniformly possible. In this case the inverse
matrix W~ exists, and by multiplication with Wk'j-l and summation over the
repeated indices one obtains

) o ape Fok =1 BV
e O ) I 7 vy P
‘Ej { } kj agl:kﬂfk-i-ﬂf—l} x = 1,2,.--,‘1"

(5.8)

The remaining quantity &7 can be then found immediately from the relation

(3.6)

1 dm—l _ -
65 =1 [P - pim s (€)1, (5.9
by which are also determined the quantities €& = £* + ¢;£¢ and in this manner
the transformation group (2.8) as well.

Consequently, if the considered system is regular, i.e. |Wi| # 0, to every set
of r first integrals (3.6) uniformly corresponds one r-parametric transformation
group (2.8) of generalized coordinates and time. This statement represents a
generalization of the usual inverse Noether’s theorem, expressed in the Lagrange’s
variables, to the Lagrangians with the derivatives of arbitrary order, which is
valid also for any non-conservative systems. As far as the author knows, the
inverse Noether theorem in the standard analytical formalism until now has
not been formulated in generalized mechanics, except in the special case of
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Lagrangians containing only the second order derivatives obtained by Djukié¢ and
Strauss [17], but with some additional suppositions on the non-commutativity of
operations § and d/dt.

6. The case of degenerate systems

In the case when A = |Wix| = 0 the system of equations (5.6) cannot be
completely solved with respect to the quantities Ef‘ and such physical systems are
degenerate in the sense of Dirac [11, 12], extended to the generalized mechanics
[27). In this case too the Lagrange’s variables are independent, so that the
direct Noether’s theorem expressed in these variables (as in this article) remains
unchanged. Thus, under the condition (3.4) for the degenerate systems also
to every r-parametric transormation group of generalized coordinates and time
correspond r independent first integrals (3.6).

~ In order to formulate the inverse Noether’s theorem for these systems, let
us write the equations (5.6) concisely as

a = & o o a‘Da
Y, =(-—I}Mr "Waét, YW= (Mu4+M-1)' (
dq; :

T I e R
1,k g ,N) (6.1)

Tl iy R

where the coefficients of £% on the right-hand side depend on gq&, g,
q{Mrl‘M—l]
k

seay

, and suppose that the rank of Hessian A is R < N. Then, according
to the known theorem on implicit functions, the functions Y} are no longer
independent, between them exists a set of the relations of the form

(ﬁ.ﬂ)l

.. i "o_ _ 2 B B
Fy (Yla‘y;r“'1yﬁ;Q£m 1}:t)=ﬂ ( A 120,00 =K )

m"=1,2,...Mxy+ M

They do not contain the variables £* and their number is equal to the degree
of degeneracy of the system P = N — R, and the appearance of such constraints
is one of the characteristics of the degenerate systems.

These relations can be found in the following manner. If we solve the first
R equations (6.1) with respect to R variables {7, one yields them as functions
of the quantities ¥;* and the others £ for 1 > R

— A - & [::I".I".I.t”-'l:] P: 1,2,...]R
fp _Ep (YPH'EG:QL- 1t) (ﬂ' — R+ ],.N) (53}

By inserting these functions into the remaining N — R equations (6.1), splitting
these expressions into two corresponding parts for 1 = 1,2,..., R and for i =
R+1,..., N, one obtains

Yo = ()M W€l (V&) + ()M W€ (6.4)
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However, these equations cannot contain the variables f;', since in the opposite
case 1t would be possible to solve the system of equations (6.1) with respect to
more than R of the variables E:-’, in contradiction with our supposition on the
rank_of Hessian, and so obtained relations are the constraints (6.2).

Therefore, if the physical system is degenerate, i.e. if A = [Wik| = 0 with
the rank R < N, from (6.1) one can determine only R variables £y and the
others £2 remain completely arbitrary, Thus, to every set of r first integrals (3.6)
correspond infinitely many r-parametric transformation groups (2.8) with N — R
arbitrary functions £2. Between the first integrals D® exist certain relations (6.2)
in the differential form, the number of which is cqual to the number of the degree
of degeneracy, which not contain the variables £*. This is the corresponding
inverse Noether’s theorem for degenerate systems, which differs from the habitual
one by the appearance of certain arbitrary functions, also characteristic for the
degenerate systems.

These results concerning the Noether’s theorems can be presented also in
another, equivalent form, if one expresses them in the canonical variables. In this
case one must take in consideration that these variables for degenerate systems
are not further independent, they are connected by certain number of constraints

®, ('{"‘ ”,p,-;m,z) =0 (p=1,2,..,R) (6.5)

For that reason the point of depart then must be the total variation of action
expressed also in the canonical variables, bearing always in mind these rela-
tions between them. In this manner the corresponding first and the second
Noether’s theorem for conservative degenerate systems in habitual and general-
ized mechanics are formulated by Z-P. Li [13, 18]. There a detailed analysis of
Dirac’s conjecture on the corresponding effective Hamiltonian is given, as well
as an investigation of the strong and weak conservation laws, deduced from the
generalized Noether’s identities. This formulation because of constraints (6.5) is
more complex and difficult for the use, but it can give a deeper insight into
this problem, p.e. concerning two types of conservation laws, and therefore for
certain aims can be more suitable.

7. Systems reducible to quasi-conservative ones

Finally, let us envisage the guestion whether Noether’s theorem generali-
zed in this way can be applied directly in the habitual form to certain non-
conservative systems, which is equivalent to the question whether the differential
equations of motion for such systems can be presented in the form of Euler-
Lagrange's equations. This is so-called inverse problem of calculus of variations
and for the differential equations of the second order it is elaborated in many
papers, where it is shown under which conditions it is possible and how to find
the corresponding Lagrangian (see f.e. [2], p. 60-64). However, for the differential
equations of higher order this problem has not been until now systematically
elaborated, and here we shall restrict ourselves to one, more practical question:
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-
if we know the Lagrangian of system and non-conservative forces, how to solve

this inverse problem utilizing only these quantities.

To this aim, if the motion of the considered system is determined by La-
grange’s equations (2.2), let us tray to find such Lagrangian

b))

that the primary Lagrange’s equations pass into Euler-Lagrange’s ones from the
calculus of variations, which can be presented concisely as

L ,d™ 8L i=12.,N
m 1 1 1
mZ;D(_l] dtm'W_D (m" :U,],...,M,-)' (7.2)
writing here explicitly the symbol for summing avoid misunderstanding. Howev-
er, since in practice the most important case 1s that when the function f depends
only on the time, let us restrict to this case and then, according to (7.1), these
equations receive the more simple form

= m' dm; dlL
2,00 (faqi?’"'qj) =0 L= (1.3)

Then, by application of Leibnitz’s formula (uu]{m} = oy [T)uf"‘_"‘]'v“’} and
setting appart the terms with k = m one obtains

M m—1 M; !
' e m\ d™-kf d¢ 0L . il L
(—-1) ( ) = T g = (1) 1o s =0
Lo L st X, il S

(k=0,1,..m-1, m=12,_.my m' =0,1,.., M)

If we transform the last term with the aid of Lagrange’s equations (2.2}, replacing
it by —fQ!, by which the non-potential forces are introduced in consideration,
these equations pass into

M, L m—1 m\ I 8L {fm_kf . )
3 (-1) (k)dt‘-‘ (aqE"*}) - Qi =0 (=12..N) (79)

m=1 k=0

For example, for the systems with one degree of freedom describes by a
Lagrangian containing only the second-order derivalives, after explicit writing
and grouping the similar terms this equation is reduced to

aLd?f_(gE_ﬂdaL df
8 “dtag

aj de? P ik (76)
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It can be written also in an alternative form, introducing the corresponding
generalized momenta, defined by (2.7)

& f e
P12 g — (p1/1— P1/2) 5 Q" f=0 (7-7)

The equations (7.5) represent a system of linear differential equations, which
determine the sought function f. If at least one particular solution exists which
satisfies all these equations, the motion of considered physical system can be
described by Lagrange’s equations (7.2), as in the case of conservative 'systems.
For N =1 the solution of the equations (7.5) always exists, although not always
in the closed form, but for N > 2 the solution obtained from the first equation
only in the special cases satisfies also the remaining ones. Therefore, this problem
in general is solvable only for the systems with one degree of freedom, and then
the corresponding first integrals, as well as the condition for their existence will
be given by the relations (3.6) and (3.4) replacing here L by L.
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GENERALIZATION DU THEOREME DIRECT ET INVERSE DE
NOETHER DANS LA MECHANIQUE GENERALISEE

Dans cet article on a formulé le théoréme d’Emmy Noether dans la
mécanique généralisée, qui se rapport au cas général et qui est valable pour
les systemes physiques arbitraires avec les forces nonpotentielles, sans aucunes
suppositions supplémentaires. Ici le point de départ sont telles transformations
des coordonnées généralisées et du temps qui dépendent de dérivées d’ordre
supérieur par rapport au temps, ou la gauge function est aussi incluse, non
supposant l'invariance d’action dans le sens absolu ou étendu.

De cette fagon on a obtenu le théoréme correspondant de Noether pour tels
systemes dans une forme plus générale, aussi le théoréme inverse de Noether et
les équtions correspondantes de Killing. Ensuite, le cas des systémes dégénerés
est analysé sur la base de la théorie de Dirac, soulignant les différences par
rapport au cas habituel, ainsi que des systémes quasi-conservatifs, qui peuvent
etre réduits aux celles-ci descriptibles par un principle variationnel.

GENERALIZACIJA DIREKTNE I INVERZNE NOETHER-INE TEOREME
U GENERALISANOJ MEHANICI

U ovom radu formulisana je teorema Emmy Noether u generalisanoj mehani-
c1, koja se odnosi na opsti slucaj 1 koja vazi za ma kakve fizicke sisteme sa nepo-
tencijalnim silama, bez ikakvih dopunskih pretpostavki. Ovde se polazi od ta-
kvih transformacija generalisanih koordinata i vremena koje zavisi od vremenskih

1zvoca viseg reda, gde je ukljuiena i kalibracioba funkcija, ne pretpostavljajuéi
invarjjanimost dejsiva u apsolutnom ili prosirenom smislu.
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Na ta) natin dobijena je odgovarajuéa Noether-ina teorema za takve sisteme
u opstijem obliku, kao i inverzna Noether-ina teorema i odgovarajuce Killing-ove
Jednacine. Potom je razmatran slucaj degenerisanih sistema na osnovu Dirac-ove
teorije, isticuci razlike u odnosu na uobicajeni sluéaj, kao i kvazi-konzervativnih
sisterna, koji se mogu svesti na takve éije se kretanje moZe opisati izvesnim
varijacionim principom.
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