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STRESS-RESULTANTS IN THE SHELL THEORY
— ASYMMETRIC OR SYMMETRIC 7
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1. Introduction

In the shell theory development from the three-dimensional theory of con-
tinua the stress-resultants are defined. Although this is not always done in the
same way (s. for example the footnote at the p. 562 in [1]), common to all the
procedures for the introduction of these resultants encountered in the standard
shell theory bibliography is their noninvariance; pointing out several examples of
geometrically inconsistent introductions of stress-resultants, as well as proposing
the procedures for superseding these, is the aim of this paper.

2. Noninvariance of the usual approaches to the introduction
of stress-resultants in shell theory

2.1 Truesdell & Toupin’s approach

Let us concern ourselves first of all with the introduction of stress-resultants
in [1], pp. 560 - 561. The authors, in fact, start from the component form of the
condition that the action of the contact force N upon a part of a curve lying
on the shell reference surface i1s equipollent to the action of the stress vector t
to the corresponding part of the cylindrical (lateral) surface! (s. (213.1) in [1])

/N“‘;’n.;. ds :/ iubﬁb da ; (l:}
€ b(e)

n is the unit normal to the cylindrical surface dP; (s. [6], p. 514), n is the
unit normal (in the shell reference surface) to the curve P (9P denotes the
boundary of a region P in the reference surface), ¢ is a part of P, and b(c) is

*Supported by the Science Foundation of Serbia, under Project No. 0402, through Mathe-
matical Institute.

1 Einstein's summation convention for diagonally repeated indices will be used. Latin indices
have the range {1, 2,3}, and the Greek ones the range {1, 2}.
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a corresponding part of dP; (this cylindrical surface, lying entirely between the
lower ({ = -—%) and upper ({ = -H}) shell faces, coincides with P on ( = 0).

The cylindrical surface dP; is usually supposed to be formed by the normals
to the reference surface (s. (1], p. 560). Further, the coordinate surfaces ¢ =
const are supposed to be parallel to the shell reference surface (this corresponds
to the supposition of uniform shell thickness). Finally, "since there are some
formal difficulties in using general coordinates on the [reference] surface” ([1],
p. 562), the lines of curvature on the reference surface are chosen as coordinate
lines £€*. With such a choice of the coordinate surfaces and lines, the element
da of the cylindrical surface can be expressed as (s. p. 561 in [1])

du:\/g_f_atf(d.ﬁ ; {2)

while the coordinates of normals n and n read?

= ¥ne = v’n,  (fia = ng =0) (3)

(s. the formula (213.6) in [1]); this means that the normal to the cylindrical
surface does not suffer any change along the corresponding (-generatrix, i.e.

o=
Now, the substitution of (2) and (3) in (1), yields (v3' = v3? = 0)

h
F]

+3 .
Nev :j: t“bpb"!'w.fg{u e = f—t t*“v¥\/glad¢ . (4)

Particularly, if the index a has the range {1, 2}, (4) reduces to (cf. with (213.7)
in [1])

wafr

+4
Jl'”'n"‘:.”'f’:./pI t*v¥\/gla d¢ . (8)

2

However, if in the just described procedure from [1] one starts from the
vectorial form of the condition that the action of the contact force N upon a
part of a curve lying on the reference surface is equipollent to the action of
the stress vector t to the corresponding part of the cylindrical surface (cf. with

(11.34) in [6])
N ds = tda 6
/c ./;{c} ( )

Vit = 65 — ¢ 62 65 b7

?The tensor field

“’ﬁ being the second fundamental form of the reference surface) plays the role of Euclidean shifters

in the space of normal coordinates — it shifts vectors (tensors) along the normal to the reference
surface and relate base vectors of these coordinates at the points ¢ # 0 and ¢ = 0 of this normal
by the relation ga = v;? a, (s. for example (7.32) in [6] or (9.1) in [7]).
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one more shifter v will arise in (4) (s. [13]). Indeed, if we use the following
representations for the contact force and the stress vector (cf. with (9.11) and

(11.7) in [6])

N=N?ns=N"%nga, , t=t'n=tPag.=t*mpv; a , (7)

the condition (6) becomes

ch¢ ny a; ds = ] t?® vty a. da (8)
e b(e)

and, using (2) and (3) as well, we obtain the following expression for the stress-
resultants

+
N = f ERANIIT 9)

It should be noted that the component condition (1) (i.e. (213.1) in [1]) is
postulated, while (9) is derived from the vectorial form condition (6), and this
(because of g, = v;’ a;) necessarily involves the "second” shifter (the presence

of the "first” shifter » in (4) and (5) is caused by the use of the formula (3)).

To be exact, the essence 1s in fact that, although Ericksen’s concept of
integration of vector (tensor) fields in curvilinear coordinates (s. [2], p. 808) has
been pointed out immediately after the component form of the stress-resultants
definition (213.1) in [1], this concept is not consequently used. Namely, the
resultants of the form (9), proposed in [13], can be geometrically interpreted as
a limit obtained after the parallel transpori of the stress tensor to one point (for
example ¢ = 0) on the integration path, using Euclidean shifters (thus being in
accordance with Ericksen’s concept); on the other side, in the usual resultants
(4) the stress tensor is obviously shifted only with respect to the second index,
while a dragging along process is performed® with respect to the first one.

2.2 Naghdi’s approaches

However, in the usual shell theory references*, even when one starts from
the vectorial form (6), i.e. (8) of the equivalency condition between the contact
force and stress vector actions, the resultants of the form (4) (and not (9)) are
again obtained! This seemingly paradoxical situation that, starting from another

30f course, the above mentioned parallel transport of the stress tensor is not Tiecessary —
its components can be treated separately as scalar functions; however, the results obtained by
the integration of these functions will not be, in the general case, the components of an invariant
object!

*Having in mind that the theory due to Naghdi is widely accepted and represents the
standard reference for shells, we have paid particular attention to references [3] and [6].
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condition (essentially different from the former (1)) one obtains the same results,
obviously deserves particular attention. Hence, let us dwell upon it.

First of all, when the start in [3] is made from the condition of the form

(6), the following relation is arrived at (s. (5.11) in [3])

fN dg= f t°* 7y go da = f 1% 5y ga dC dF (10)
e bie) ble)

where the element da of the cylindrical (lateral) surface is taken as (s. (5.10) in

(3])

da = d¢ di (11)

and ds is the element of the arc s representing the intersection of the cylindrical
surface and the surface {( = const. However, instead of using relation (3) (al-
though established in [3] - s. (5.3) in [3]), the following relations (s. (5.5) in [3]
or for example [11], p. 81)

R 8 = 0B D BE 5 (12)
derived from (s. p. 41 in [3])

X ds=A"ds (13)
where (s. (2.56) and (5.1) in [3])

o _ dE° ..

AR = =" B A= ol (14)
are used further on. Therefore, the absence of the "second” shifter in the stress-
resultants (5.12) in [3] (i.e. in (4)) is quite clear — the above used relations (12)
do not contain such an operator. Hence, the question concerning the correctness
of the relations (12) imposes itself immediately. The answer is that they are
numerically correct (they are a direct consequence of the equalizing of the ex-
pressions A* d5 = dé® and A\ ds = d€®), but geometrically inconsistent. Namely,
it is a question of two vectors (on the different surfaces ( # 0 and { = 0 and
therefore) in different poinis of space

dé® g, and  dE%a, |, (15)

having equal componenis with respect to two different sets of base vectors (s.
pp. 143-144 in [7]). However, having in mind that for the comparison (as
well the equalizing) of two vectors their parallel transport to a common point
is necessary, 1t follows that the relations which equalize the components in (15)
(but without the shifting to the same point) do not represent the component
form of a vectorial equality, and hence these relations do not have an invariant
(covariant) character. But, the noninvariance of the relations (13) and (12)
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implies the noninvariance of the entire derivation which follows (10) and can be
found in [3].

We dare suppose® that the above mentioned difficulties, concerning the
maintenance of derivation invariance, were the reason for a somewhat different

approach to the stress-resultants introduction in [6]. The starting point 15 again
the condition in the form (6) (s. (11.34) in [6])

Nds:f dda g (16)
ar 8Ps

after the use of the representation (7) for the stress vector, as well the relations
(s. (11.32) in [6])

fiy da=\/gd*d( , fsda=—\/gdE d( (17)
and the relations (s. (11.33) in [6])

nyds=+adé? |, nads=—adf (18)
the condition (16) reads (cf. with (11.38) in [6])

+£
Nds = / Ofiyda = f (617 + t?7z)da = f " /a(ttde? — t2detydC
ap aPa 8P 8P J-3

= [ Va(N'de? — N2d¢h) = f N%nyds (19)
ar ar

where the resultants N? (cf. with (11.36) in [6]) are defined in the form

. : %
- Nﬁ'ﬁ:f_h_.t"’\/ﬁdc ; (20)

and these expressions, during the linearization (s. (12.36) in [6]), reduce to the
above quoted stress-resultants (5). Consequently, it follows that the wvectorial
definition (20) leads again to stress-resultants containing the integration not
performed in accordance with Ericksen’s concept?!

But the explanation is very simple: the relationship between N!, N2 and
t!, t2, t? is established as if they are considered only as vectors and not as
veclor components, too. However, if we regard the vectors t!, t?> and t3 as
the components of the vector field {t',t*, t®} in three-dimensional space (this is
obvious from (7);), and the vectors N' and N? as the components of the surface
field {N',IN?} (this fact follows from (7);), then the use of the shifter » during
the equalizing of the surface field components with the surface components of

5Primarily because of an explicit requirement for the coordinate invariance of the shell con-

stitutive equations developed from the three-dimensional theory (s. p. 585 in [6]) and containing
the stress-resultants.
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the resulting three-dimensional field (obtained by the integration of the field
{t',t?,t%} along (-axis) becomes necessary and the definition (20) should be
replaced by a definition of the form

-

o
N¢ﬁ:] LER A (21)

directly yielding the stress-resultants (9).

It should be noted that the form (21) imposes itself immediately if we use
the relations (2) and (3) in (19). On the other hand, this is obviously not the
case 1f one insists on using of the relations (17) and (18). However, if one insists
on invariance in this usual approach to introducing stress-resultants in the shell
theory, r.e. if one wants to avoid the noninvariant equalizing of the differentials
of some curvilinear coordinates performed in (13), the parallel transport (along
a finite distance) of the first differentially small vector in (15) from the surface
¢ = const to the corresponding point on the surface { = 0 should be performed,
and only then can this shifted vector be compared with the second vector in
(15), lying on the surface ¢ = 0. Fortunately, the need for these considerations
can be surpassed, for example, by the procedure described in (6) to (9) (and
communicated in [13]); another stress-resultants invariant form, similar to (9),
can be obtained using invariant approximations of three-dimensional stress fields,
too (s. section 3).

2.3 Simo & Fox’s approach

Finally, let us concern ourselves with the stress-resultants introduction pro-
posed in [15] - "physical definitions of these resultants within the context of the
three-dimensional theory” ([15], p. 270) are in question. However, since the
stress-resultants are defined in the form (s. (4.5a) in [15])

h
F

+_
Nwath'rg‘ﬁﬁdc , (22)

where T = t**g, @ g; is the Cauchy stress tensor, geometrical consistence is not
characteristic of this procedure, either; namely, because of

T g¢ = t“bga @ e g“b = faéga ='g" ' (23}
the definition (22) plainly reduces to (20), and we arrive at the situation already

discussed. Hence, the proposed ”geometrically exact shell theory”, obtained by
the reduction of the three-dimensional theory, is not geometrically consistent.

3. An invariant stress field approximation

In order to be a law of nature, a physical law must be invariant under
coordinate transformations. This invariance (covariance) is certainly achieved if
the natural laws are expressed in full tensorial form.
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However, even though what we call the "natural laws” are only approzima-
tive forms of the true laws of nature, their invariance is still requested. Hence,
there is no reason to desist from this request in the case of (mathematical)
approximations of natural laws®. If we dwell on the natural laws described
by tensor equations, this request would mean that the approrimations of the
corresponding tensor fields must be invariant under coordinate transformations,
too. Therefore, and having in mind the approzimative character” of the shell
theory derived from the three-dimensional theory of continua, we shall start from
the tensorial form of the Legendre three-dimensional stress field approximation
in the (-direction

1 12 5 12¢2
ET;} —]‘ —"“E Tl + &

= h3 iy

—: 1) (24)
(the usage of the Legendre polynomials (s. [10], pp. 34-35 and [12]) is convenient
to satisfy the boundary conditions on the shell faces), where £ is a scalar invariant
representing the arc, i.e. line along the (-direction, and Ty, Ty, T2 do not
depend on the (-coordinate. If we use the diadic form of the representation
(24), we shall have

. 12 2
Teta, ® ap + h—af Ta, @ a + 9 12

1
h 4(,5—2

n - 1) T;"au @ ay . [25]

g, @ g =

Let us perform the multiplication of (25) with the base vectors, and we shall
have the following coordinate representation of this approximation

2
g 4 512

1
h 4(;1_2

h

12

b
te 3

vyt = s 5+ -) 13, (26)
where v is the above-mentioned shifting operator in the shell theory. The equa-
tion (26) can be integrated over the shell thickness, where £, measured from -4%
to +2 coincides with (; therefore, using the fact that the integral of the third

term in (26) is zero, we immediately obtain

&

Ted = / T oy dgc (27)
and similarly
+h
Tt _/ t*tyspde de (28)

6S. in [14] the repercussions of the request for invariance of finite element approximations in
Euclidean space.

7S, p. 92 in [5): " Any two-dimensional theory of thin shells is necessarily of an approximate
character. An exact twodimensional theory of shells cannot exist, because the actual body we
have to deal with, thin as it may be, is always three-dimensional. We may perhaps illustrate this
point in a somewhat facetious way: even if it appears to be the fashion for ladies to be as thin as
possible, fortunately, in our view, they remain essentially three-dimensional.”.
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if ¢ and d have the range {1,2}, these expressions reduce to (v3! = 13 = 0)

A h

o +5
thw — / t“’ufuj’ d( and T,'W = / ’ tawfffiffc d¢ (29)
: ] -

mEs

These quantities can play the role of stress-resultants in an invariant approach
in the derivation of thin shell equations of motion.

4. Stress-resultants in shell theory;
symmetrical versus nonsymmetrical ones

Obviously, the proposed invariant approaches (6)-(9) and (24)-(29) lead to
symmelrical stress resultants. However, this property is non-existent in the usual
(above mentioned) approaches to the introduction of the stress-resultants in shell
theory, except in the special cases when v reduces to the Kronecker delta or if
a forced symmetrization is performed (s. for example (5.35) in [3] or (4.25) in
[15]). It should be noted that we have encountered an ad hoc introduction of the
resultants similar to (9) - s. the expression (29), in [9] (to be exact, the mixed
stress tensor components are in question). The essence is that the approach,
proposed in [9], preserves the invariance of the corresponding integrand, although
this aim is not explicitly underlined. Hence, all this assures us that the dilemma
in the title of this paper is resolved.

Of course, it is up to the reader to adopt an approach, particularly because
of the opinion that ”... it is not even clear that exact laws of nature must
necessarily be expressible in tensor form ..” (s. p. 130 in [4]). But still, no
one desists from using Tensor calculus in shell theory (motivation can always be
found in the tensorial notation elegance)! However, this calculus 1S, 1N essence,
Calculus of invariants and hence this characteristic should be strictly respected.
Pointing out one consequence of this inconsistency was the intention of this

paper.
5. Concluding remarks

We emphasize that the integration in (27) and (28) (as well as in (9)) accords
with Ericksen’s concept of integration of tensor fields in curvilinear coordinates.
Therefore, it seems that only now Rutten’s statement ”... the determination of
the resultant actions and moments of force vector fields which are referred to
general curvilinear coordinates is one of the most important fields of application
of the finite shifters ..” (s. [8], p. 502) receives its full meaning.

Concerning the physical and geometrical interpretation of the procedure in
(27), it can be understood as the equalizing of "the action” at a point on the
reference surface with "the resulting action” along the (-line through this point,
while in (6) the equalizing of the actions upon a contour lying on the reference
surface and upon the corresponding part of the cylindrical surface through this
contour is done. Obviously, this latter ”global” balance differs from the former
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"local” one by the factor \/g/a present in the classical stress-resultant definitions
as well. Of course, in order to obtain this factor in (27) and (28), it is sufficient
to start from the approximation \/g/a T = %Tn+ ﬁ-f T+ %{ lfﬁz —1)T, instead
of (24). However, having in mind that this factor® is not an absolute scalar (but
a relative double scalar field!), we shall decide on (27).

Acknowledgement: The author wishes to express his gratitude to Pro-
fessor Mladen Berkovi¢ (Faculty of Mathematics, University of Belgrade) for a
critical review of the paper.
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LES RE:SULTANTES DE CONTRAINTE DANS LA
THEORIE DES COQUES — SONT ELLES
ASYMETRIQUES OU SYMETRIQUES 7

On a révélé la non-invariance des procédés usuels (Truesdell, Naghdi, ... )
pour l'introduction des résultantes de contrainte dans la théorie des coques. Les
approches permettant une consistence géométrique dans cette introduction sont
proposées; une consequence directe est la symétrie de ces résultantes.

REZULTANTE NAPONA U TEORIJI LJUSAKA -
SIMETRICNE ILI NE ?

Ukazano je na neinvarijantnost uobi¢ajenih postupaka (kod Truzdela, Nahdi-
Ja, ... ) uvodjenja rezultanti napona u teoriji ljusaka, kao i na pristupe kojima se
to moze prevazici, a u cilju postizanja geometrijske konzistentnosti. Neposredna
posledica predlozenih pristupa je simetrija tih rezultanti.
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