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NONLINEAR INVERSE PROBLEM
H. R. Busby
(Received 28.07.1994.)

1. Introduction

As one constructs models to better reflect true physical behavior it becomes
necessary to include nonlinear terms into the equations representing the models.
In general nonlinear analysis cannot be encompassed in one general framework
but must be discussed on a case by case basis. There are, however, a class of
nonlinear models that can be analyzed with a common approach. These are
models that are only slightly nonlinear. This technique has been applied to
nonlinear inverse problems, using dynamic programming, by solving a sequence
of linear problems such that each solution gets closer to the nonlinear one [1].
Newton’s method of solving a set of nonlinear equations is an example of such
an approach. The success of such methods depends on two factors, one is that
the linearized portion of the model dominate the nonlinear terms. The other 1s
to start with a good first solution. Usually one has sufficient knowledge of a
system to help in the linearization and also to provide a good estimate of the
solution.

Another technique for the nonlinear inverse problem is the method of succes-
sive approximations in policy space [2-4]. This technique is based upon gradients
in which the approach to an optimal policy is by successive steps. The method
of derivation employs the familiar concepts and techniques of dynamic program-
ming. We essentially guess a presumably non-optimal decision sequence zy. By
simple reasoning we derive a set of recurrence relations that can be used to
evaluate the effect of a small change in the decision sequence. We then use this
information about the effect of decision changes to generate a new, improved,
sequence of decisions. The effect of changes in the new sequence are evaluated.
This iterative process is continued until no further improvement is possible. Each
successive solution we obtain will be feasible for the problem, but not optimal.

2. Formulation

Consider a system of n nonlinear difference equations

yi(t +h) = giwa(t), v2(t), .-, walt), 21(2), 22(8)) i=1,2,....n (1)
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where z; and z; are known forcing functions to be determined. Consider only

two forces just to help get the pattern. The error criterion will be linear given
by the-expression

N

Ex =3 (Qy; —dj, Qy; - dy) + (bzy, ;) 2

i=1

where Q is a matrix which relates the state variables to the measurements d.
Following [2] define

fnly1, v2, ..., yn) = The value of E starting at state y,
and using the guessed policy at z;. (3)
Applying dynamic programming gives
falyn) = (Q}'n —dn, Qy. — d,) + (bzn, Zn) + fn+1{gn} (4)
which can also be written as
fn{yl“)r Ya(t), uuy yn(t)) =(Qyn — da, Qyn — du) + (bzn, 2, )+
+fa+1(91, 92,.- ., gn) (5)
where
91 = g1(v(t), yalt), ..., yn(t), 21(2), 2a(1))
g2 = g2(etc)

To determine the first order effect of a change in the forcing terms at time t(n)

one needs to evaluate gi", g{ﬂ By partial differentiation of Eq.(5) with respect
to z we have g
[ Ofnt1 ]
; ; o
Ofn dg1  dgp dga gn 7 | 8 ffil
ﬁ: e A | 32'| 531 .:] 521 g
% ik LQL Tl oo dg dgs In d;_;_ (6)
d.’.’:g 632 dz:r 622 3;3 af,;+l
; b ayn i
and also that
[0fn ] (991 992 09n 1 [ 0fnt1]
d [ 9 Ow - O dn
0 fn o 092 Ogn | | Ofn+s
Oy2 | =2Q"(Qyn —dn)+ | Ov2 Oya = Oy Oya (7)
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The 1terations for each time step are
Zn(new) = z,(old) + 6z
Recall that each stage we have
a m T
f Az, 5f

Afﬂ = a:[ 82

then choose

Ofn 5fn
= B
Azy =k — 5 7 Azy = d.. (8)

0 fn 0 fn
&fn_k[(ﬂzl) (5:3) :| @

k is determined from Eq.(9) by setting Af, to be an incremental decrease in
the current f,. This in turn determines Az; and Az;. The initial conditions
are applied at the end point N*.

3 fne
[ :;; ] = 2QT(Qyn- — dn-) (10)

Thus to obtain a solution we start with some reasonable guess to the forcing
terms. Since the forcing terms are known Eq. (1) can be integrated using
the known initial conditions and storing the y’s. Now Eq.’s (6) and (7) can
be integrated backwards using the initial conditions, Eq.(10). At each step we
compute k& and Az from Eq.’s (8) and (9). With a new forcing term we repeat
the process and check for convergence.

3. Application to nonlinear systems
Let the differential equation be of the form
y + Ky + n(y) = Pf{t) (11)

where all the linear terms have been grouped into Ky leaving the nonlinear

terms in n(y). Expanding n(y) with a Taylor’s series expansion about some
state yp gives

n(y) = n(yo) + A(y — ¥o) (12)
where A represents the Jacobian matrix of n evaluated at yg. This gives
t y+(K+ A)y =—(yo) + Ayo + P£(2) (13)

Using the Crank Nicolson method Eq. (13) can be put into discrete form as
I+ (K+ A)h/2)]yisr = [I— (K+ Ah/2)]y: — hn(yo) + hAyo + hPf  (14)

where h i1s the timestep. Now let yo=y;, then we can write our equation as

Yie1 = Miyi + g + P, f (15)
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where

- M; = [[+ (K + A)h/2)] " [T (K + Ai)h/2)]
gi = —[I+(K+ A)h/2)] h(n(x;) — Aix;) (16)
P =[I+(K+A)h/2)]" Pf;

It is important that these integration formula remain stable. It should be
noted that as h = 0, Eq. (15) reduces to Eq. (11) and A; is not involved. Here
A; will be evaluated as the Jacobian Matrix of n(y). With these definitions of

L . a i . .
M;, gi, and P; the previous equations based on successive approximation can
be used.

4. IlNlustrative numerical example

Consider the example of a spring, mass, and dashpot system with a non-
linear spring. This example is taken from [5] where it was used in conjunction
with a parameter estimation problem. The nonlinear equation is given by

7433422 +052% = f(z) (17)

‘The initial conditions are z(0) = 2.0, and z(0) = 0.0. The inverse problem we
are interested in solving is one where measurements have been taken on the
displacement z and we wish to estimate the forcing function term f(t). The
above equations can be represented in vector-matrix form as

e B bt o

This equation can be solved as outlined above, The unknown function is chosen
as Hsin(f) which was used in a direct integration method to generate simulated
measurements of the displacement. The measurements were corrupted with a
normally distributed noise with ¢ = 0.10. These data are shown in Figure |
which also shows the estimated displacement after 75 iterations and Figure 2
which compares the forcing term. The original function 5sin(t) is shown in
the figure to show that the nonlinear inverse method produces a reasonable
estimate. All of the inverse solutions were obtained using a smoothing parameter

= 5.x107%. Figure 3 demonstrates how the error is reduced after each iteration.
However, for some problems the convergence rate may be slow and thus may out
require the selection and adjustment of several convergence parameters.

One method for smoothing the unknown forcing function is that of first-
order regularization. The idea is to regulate the first derivative of the forcing
function instead of the forces themselves. This is done by adjoining the following
differential equation to the dynamic model

i=v (19)
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Figure 1. Comparison of Data and Estimated Displacement

TIME (SEC)

47



48

Actual

Estimated

Busby, H.

30H04

Figure 2. Comparison of Forcing Term

10

TIME (SEC)



Monlinear inverse problem

L]

o

—

1 w

[~

1 o

Lo

1 w

od

i I | | 1 o
& o o o o o
: . : o

o o o o o )
o o o o o o

- @ @ =1 &
J0O4dd3

Figure 3. Least Squares Error Versus Number of Iterations
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Figure 4. Comparison of Forcing Term Using First-Order Regularization
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The new system becomes

T o =1 0 r 0 0
vl +12 3 -1 rl+10528 | + |0 (20)
z 0 0 0 z 0 r

and the error expression now uses r in the regulating term. Figure 4 shows the
comparison of forcing terms using first-order regularization. The results show
a reasonable estimation. Using first-order regularization however. requires more
iterations for the error to converge. For this example 250 iterations were needed.
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HEJIMHEBIHAA OBPATHAA 3AI0AYA

MeTon nocnenoBaTeNbHBIX NPHUOAUAEHMEB]l B TPOCTPAaHCTBE CTPATErMEl MC-
MoJL30BaH [JIA pelleHMsA HeluHeblHobl ofpaTHobl 3amauu. MeToa ocHoBaH
Ha aHaJM3e FpagMeHToB; NpUbIMKeHHe K ONTUMANILHOBI CTPATErMM AOCTUTaeT
cA TmociemoBaTelibHBIMM Imaramu. Jlna oBocHoBaHMA MeTola MCNOJB3YHTCA
XOpOIIO W3BECTHbIE KOHIEMIMM M [OAX0Jbl JMHAMMYECKOro IMporpaMMHUp-
poOBAaHMA.
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