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The starting point is a non-linear discrete object model

Ik+1=£[l§:- k] + G [z, k] we (1)
zy=hlz, Kl +u (2)

The discrete algorithm of the estimation which is optimal according to the
criterion of maximal a posterior probability has the following form [4], [9]:

Zppr = Zppe T B [ik+1 -h (ik...l.”,, k + 1)] (3)
Tpp1/k = f(Ze, k) (4)

where a priori covariant matrix of an error estimation is covariant matrix of an
error estimation

Zipe =1, (2 k}Ekg (zi, k) + G (&, k) Q, G~ (&, k) (5)
y . fia
L1 = Ek+1;k - §k+1ﬂ=ﬁ£ (Ek+1fk. k+ 1) |=k+1/k"

nT (ik,q..‘[..-‘kr k+ 1) + Ek+1]*l h; (5_’k+1fk. k+ 1) Zev1/n (6)

The coefficient of the generalized Kalman filter intensification matrix can be
calculated from the relation

Kip1 =Zeph] (§£+1fk1 k+ 1) Zin (7)

The inital conditions are:
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If the equations [1] and [2] do not describe the dynamic system with suffi-
cient accuracy and if can covarient matrices @ and R do not describe random
disturbances which are present in the system with sufficient accuracy then it is
possible that the optimal estimation diverges (behaves in an unstable way).

The eyuations which determine the matrices I, I,/ and K, for the
case of a generalized Kahnan filter invsive only the ziven a priori information
which cannot be further corrected. That’s why every deviation in choosing a
priori parameters leads to the modification of the intensification matrix K, and
can be a reason for the filter divergence. Errors in computation can also cause
divergence of the optimal estimation algorithm. If [Z;] is decreasing, the moment
will come when the matrix elements £, become co-measurable with computation
errors and this causes the optimal estimation algorithm divergence. For the
generalized optimal Kalman filter the observations which have been made at
any previous moment carry the same information just like those made at any
given momext. In that sense the general Kalman filter gives a greater estimation
accuracy since it processes the results of previous operations which have arrived
once again.

In real conditions and due to deviations in determining a priori parameters
as well as to errors in computation a greater impact of ongoing measurements
is needed. Howevcer, if the object dynamics is not taken accurately and its
mathematical modelling this can lead to great errors in the part where the
measurements have not been fully taken. In that case it is possible to cause
the estimation divergence as a consequence of the mathematical model deviation
from the real object behavior.

As a way of preventing the divergence it is possible to rely on an adjustment
of the covariant matrix E;,,/; based on experience so that a greater attention
is paid to the ongoing measurements (since they are supposed to mean "more”
in forming an optimal estimation).

In [1], [2] and [3] there are several ways presented dealing with the problem
of the estimation divergence elimination. The basic idea of all these approaches is
ultimately connected with the limitation of the coefficients of the intensification
matrix K.

Another approach [5] is more complex and it involves forming of adaptive
algorithms which can be used to perform an optimal estimation not only of
the state vectors but also of the object parameters or statistics of input and
measuring disturbances.

These authors suggest an algorithm for increasing the optimal estimation
accuracy starting from the criterion referred to in the latter approach [2], [5]
and [9]. This criterion which serves as an indicator of the generalized Kalman
filter divergence is determined with the inequality

o, <715y [M (vavi)] (9)
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where S, denotes a matrix trace whereas vy reserve coefficient (y > 1).

Vp =23 -i;_(i?.k,-'k-uk)
M [gi;] = hy (ik;k-lsk) Zeje-1bg (ik,rk-xsk) + By

If the filter divergence is consequence of increasing the real: estimation error
beyond the allowed one, then the condition (9) can be used as a criterion in
deciding upon divergence. If the matrix M [E&EI ] is replaced by its theoretical
value, the criterion (9) obtains the form

vi o <75 [ﬁz (ik;k-lrk) Ek{h—lﬁ (ikfk-irk) +Ek] (10)

If the condition (9) is not fulfilled then it means that the estimation real
error overcomes more than v times its theoretical value, that is the filter gives
an estimation which considerably diverges from the real value of the state vector.
The method of ”freezing” the intensification matrix K, consists of the following:
if there is a divergence (as shown by the criterion (9)) then the intensification
matrix of the filier K gets "frozen” (the procedure of computing the matrix K,
is not carried out) whereas its last value (when the condition (9) was fulfilled) is
preserved. K, remains constant until the criterion (9) is fulfilled. The method
of "freezing” the intensification matrix /X, enables further reduction of the norm
JX,| which as a consequence leads to an increase of the importance of the
ongoing measurements in comparison with the case when the filter is operationg
in its usual optimal regime. It is obvious that the effect of "freezing” K; upon
divergence of the optimal estimations is the same as that of the empirical increase
of the importance of the matrix £, . /-

Unlike an increase of the importance of the covariant matrix based on
experience this can also be done in another way [9]. The measuring distur-
bance covariant matrix which has previously been denoted as R, can be also
represented in the following form:

My, =Bip=b0""B; k2] (11)
where b— scalar moving within the range b = 1+ 1.4. R, -meaning that the
covariant matrix R; is at the moment 7 used for obtaining an estimation of
the state vector at the moment k. It is not equal to R; as in the case of
the generalized Kalman .\liec but it is 6*~7 times greater. From the ex;ression
for K,,, it is obvious that the state vector #,,, optimal estimution involves
all the covariant matrices of the measuring disturbanre from R; to R,,;. In
other words, it has been proposed that the ongoing estimation should involve
the importance of the covariant matrix of the measuring disturbance of all the
previous measurements. The more anv moment j is away from the ongoing
moment k, the more importance should be allotted to the covariant matrix R
which corresponds to the moment j. P
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Instead of the constant parameter b the authors suggest an algorithm whose
scalar multiplier is not constant but instead, it changes automatically at each
strp of an optiinal esi.nation calculation. The criterion used here as an indicator
of the fotimal estimition divergence also has the form (9). The value of the
paramet-: ¥ should also be determined where the scalar product EEH'EEH has
a minnual value allowed for by tl inequality (9). In sther words, a value
for v should be (.termined at whicni the condition tor the optimal estimation
convergence (9! is the most intense. ii it is v > 1, the value is 4 = 1 since at
that moment the strongest convergence condition is

Phoiley <75 (M ep1¥Ee1)] (12)
From the equation (12) its more general form is obtained
PiarZegy = M (L i¥ip] =
= b1ty (ik+1,fk=*’~' + 1) 1 (ikﬂ;;uk’ <+ 1) :
f_i (iuut:k“' )hr ( E+1a’k=k+l)+ (13)
+h, (_k+1f,_.,k+1)

G (Zepan b +1) QGT (2ugs, b+ 1) AT (Zesajeo b +1) + Rapy
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As it 1s
3 T {.
M (v vip] =k (£k+l;’k=k i 1) Spraykhs (EJ:H;J:: k+ 1) + By
it follows that

beyr1l =
[EHH_’kTH -k, (ik+1ﬂu k + 1) G (Ze41 b +1) (14)

QG (2ey b+ 1) AT (Zrgaje b +1) + + Ry
[ﬁi(i,,+1;k,k+ 1)1_1(_@¢+”,,.,k+1)§k£r (;k+1,,,,k+ 1)4 (_,,+”,,,k+1)]'1
| bryy =
255 {[eernifin = he (Basayn £ +1) G (usa b +1)- (15)
Q,G” (Bpns b+ 1) BT (Bugrjerk +1) + iy
[be (2evijrk+1) £, (Besrjurk+ 1) EufT (Zesrpp b +1) B (_Hl_,k,k+1)]_l}

where m is the number of the measured changeable states.
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Choice of initial
conditions £(0), Z(0)
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Figure 1. Proposed algorithm for increasing the estimation accuracy

The inverse matrix in the expression (15), that is (14) exists since I, is a
positively determined matrix by definition [2]. The algorithmic scheme for the
proposed algorithm for increasing the estimation accuracy is shown in Fig. 1.
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It can be seen in the scheme that the estimation ., lags behind the
measurement z, ., for the time needed to compute the expressions in the blocks
(1-7). The time can be shortened by changing the program scheme. The change
would involve the comuitaiion of the scalar beyy for (k + 1) cycle at the
previous step k, simultaneously with the calculatior of the estimation z; whereas
the measurement z, _, appears jus: before beginning of the calculation operation
Zy,y given in the block 7.

The proposed algoritlim has been nsed for correcting the optimal estimation
of the generalized Kalman filter but it can also be used in a similar way for some
other discrete algorithm for non-linear optimal estimation. All these algorithms
are adapuiv  since the calculated scalar can be further used for determining
matrix T,, ., (block 4 The disadvantage of the generalized Kalman filter is
in the fact that the optimal intensification matrix K , is computed only on
the basis of a priori parameters and if they happen to be insufficiently accurate

they can be a cause of divergence.

In addition to a priori values the proposed algorithm also used measured
parameters (indirectly via the parameter b:) which provides for a necessary
correction of the intensification coefficient K., at each discretization interval.
Namely, if the estimation error increases as manifested in an increase od &y,
then this leads to an increase of the value of the scalar product ¥, Py, and
thus to that of the scalar bgy,. The increased value of the scalar by leads to
an increase of the norm |Z, /| and that of the norm of the matrix K, . In
this way a greater impact of the ongoing measurement is provided for.

It is obvious in the equation (15) that in order to find the parameter by it
is necessary to find an inverse matrix

[EE (ik+1ﬂ:1k + 1) b (inut:k + 1) Egi (éki-lfi:rk & 1) hy (5 sk k+ 1)]_1

As the procedure for finding an inverse matrix, especially with the systems
of high order is not a simple operation it is possible to use a simpler relation
for calculating the parameter by. If the trace of the left and of the right side is
found in the expression (14) it is obtained that [10]

Sp [ves1tfer = Bo(IG(IQ,ET(RI() + Bavs

(16)
Sp [he()E, () EST(IRE ()]

bey1 =

where (-) and (:) means (_&_,,H”,k + 1) and (&;,,,k + 1), respectively.
This approximate expression can be used as an alternative to the expresion

(15) and the authors suggest its exclusive use since it is much simpler than the
expression (15) whereas at the same time it gives almost the same results.

Acknowledgement. This paper is part of the scientific project N %1113
"Non linear deterministic and stochastic processes in dynamic systems with ap-
plications in mechanical engineering”.



Proposal for an algorithm for increasing the accuracy of an optimal estimation ... 105

REFERENCES

[1] Athams, M., A Direct Derivation of The Optimal Linear Filters Using The Marimal Princi-
ple, IEEE, Trans. Autom. Control 6, (1967).

[2] Nikolié, V.,Algoritmi optimalne stohasticke filtracije, Magistarski rad, Beograd, Masinski
fakultet, (1981).

[3] Sriyananda, H. A., Simple method for the control of divergence in Kalman filter algorithma,
Intern. J. Control, 16, (1978), 1.

[4] Sage, A.P., Melsel, J., Estimation theory with aplication to communication and conirol, New
York, Mc Graw-Hill, (1972).

[5] Jazwinski, A.H., Adaptive fillering, Automatica, 5, No. 4, (1989).

[6] Nikoli¢, V., Izbor optimalnog upravijanja kod diskreinih sistema sa slucajnim uitcajima

koriidenjem opiteg globalnog kriterijuma optimalnosti i optimalne ocene veliding stanja, VIII
Jugoslovenski kongres aerckosmonautike, Mostar, (1987), 62-69.

[7] Kalman, R., Bucy, R., New results in lincar filtering and prediction theory, J. Basic. Engr.,
(ASME Transactions), (1961).

[8] Jazwinski, A.H., Stochasiic processes and filtering and prediction theory, New York, Academic
Press, (1970).

[9] Nishimura, T., Corection to and exiension of "On apriori information in sequential cstimation
problems”, IEEE, Trans. Aut. Control, (1985).

[10] Gantmaher, F.,R., Teorija matric, Moskva, Nauka, (1967).

[11] Nikolié, V.,Petrusié, Z., Adaptive algorithm for optimal scalar estimation of the staie vesior
componenis for the discrete model of the mine elevator, 10 International Conference ICAMC
90, Ostrava, Checoslovakia, (1990), 359-364.

[12] Ocone, D., Topics in nonlinear filtering theory, MIT, (1950).

[13] Miter, K.,S., Moro, A., Non linear filtering and stohastic control, Springer-Verlag, Lecture
Notes in Math 972, Berlin, (1982).

NPEOJNIOAREHHWE OJHOT'O AJITOPH®MA
IO YBEAMYEHUA TOYHOCTH ONTUMAJN'LHOA OUEHKH
PAIIMPEHHOTO IUCKPETHOI'O U BTPA
KAJIMAHA OJIA HEJJUHEAHUE CUCTEMHA

B pafore Ha OCHOBAaHMM 3HAKOMBLIX KPWUTEDHMEE M pe3yiATaToB HJA
YBEIMYEHNA TOUHOCTH ONTMMAJIHON OUEHKN BEKTOPa COCTOAHMA PallMpeHHOTO
IMcKpeTHoro dnabTpa KanMana anA HemMuedHBIX cHCTeM (1], [2], [3] = [5]
npeoMeHne oL bIM alanTusHLll aaropudm. DToT AaIropudmM MOAXOIMT OT
NpeIoMkKeHHA YTO Kopa "MALMOHAA MATPHUUA WyMa HaG/ONEHWA ANANTHBIHO
yTOuHaels B poltece peanm3ai,. ¥ PEYMCIUTENLHOMA npoueaypu. Takum obpa-
30M TpeNoKeHMi anropudM A ypo WUEHUA TOUHOCTH ONTUMAJNBLHON MM
NCEBA0—ONTUMAJILHON OLEHKM MOMKHO NMOJb3op~Th M Ajii CCTAJNBHRIX OMCKpPET-
HBIX a/TOPU(MOB OLEHKM BEKTOPA COCTOAHMA HelMi._ UHMX CHCTeM (2] n [4].
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PREDLOG JEDNOG ALGORITMA ZA POVECANJE TACNOSTI
OPTIMALNE OCENE UOPSTENOG DISKRETNOG FILTRA KALMANA
ZA NELINEARNE SISTEME

U radu je na osnovu poznatih kriterijjuma i rezultata za povecanje tacnosti
optimaine ocene velizina stanja uopstenog diskretnog filtra Kalmana za nelin-
earne sisteme [1], [2], [3] i [5], predlofen jedan adaptivni algoritam. Ovaj al-
goritam polazi od pretpostavke da se kovarijaciona matrica mernog poremecaja
adaptivno podesava u toku realizacije racunske procedure. Ovako predloZeni
algorita za povecanje taénosti optimalne ili pseudo optimalne ocene moie se
koristiti i kod drugih algoritama za diskretnu ocenu velicina stanja kod nelin-
earnih sistema [2] i [4].
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