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1. Introduction

If a thin disk of variable thickness is considered, having hyperbolic shape t(r) =
to(2)", a < r < b,n > 0, the equlibrium equation between radial and hoop stresses
is given by

r‘%’hu —n)or = 0. (1)
For the thermo-elastic case, bearing in mind Hookean law, this gives rise to the
following equation of stresses in radial direction

d’cg  3-n dogp n(l+v)
dr? T dr rz

while for the plastic range, Tresca yield is encompassed by

aFE dT
R+—r—"c'i;'—0: (2)

oy — or| =2k, o40r <0, (3)
losl = 2k, og4or > 0. (4)

The above equations may be solved subject to boundary conditions
on(r=a)=—pa,  or(r=8)=-n (5)

and for known temperature distribution T'(r).
2. Elastic case

The solution of the eq. (2) with (5) is known to be [1]
4 —p b9 — (ppa? — q

o = 2227 = pab)r (Poa? — pab®)r?  oE

aPbd — aqibr q—p

+p /a" T(r)r""’ldr] - [‘T(r)r"’ —T(a)a "+ ¢ /ar T(r)r""ldr] -

{,-v [T(r)r"’ — T(a)a™P+

alr? — aPrf

e (rer - @t g Ty ir) -

albP — agPbhd

. (T(b)b"’ —T(a)a~ +p / b T(r)r-P-ldr)] } (6)
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and from (1)

gr = 220" = Pab?)(1+p— ) — (psa® — pab®)(1+q —n)rt
L aPbi — adbP

+ ‘-Ia—_E—p{(l +p—n)r [T(r)r""’ ~T(a)a™? +1r;n‘£r T(r)r—"“dr] -

-+

=(l4+q—mn)r? [T(r)r"" —T(a)a % +¢ /r T(r)r“"ldr] +

a
(1+p—n)a?r? — (14 q —n)a’r?
X
adb?P — aPbd

x [b‘-’ (T(b)b"’ - T(a)a™ ¥ +¢ ]: T(,-),.-a-ld,.) =

+

— b (T(b)b"’ —T(a)a= +p f b T(r)r-P-ldr)] } (7)

where p and ¢ have values of

2
n n
== — - : 8
D, q 5 1:!:\/(2) +uvn+1 (8)

Extreme thermoelastic hoop stress values are (Fig. 1) if p, = py =0

co(r = a) = aET,(no - 1), 9)
o5(r =6y = a BT (m — Ti/Ts); (10)
where
LYRE P p(p)pmp=1dp — BYEP (Y ppye—a=L4r
P LTt )Y LTt

T llay ~ i)
n=0{({p=0,q¢=—2) th=n.
3. Plastic yield

Taking into account Tresca case (3) for thermal stresses, with internal pressure
Va, while p, = 0, which reads (Fig. 2)

7p —0p = —2k (12)

and introducing it to the equlibrium (1), it renders with (5) the plastic sclution

2 (s 2)()’
o == Pu+n el I (13)
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From (6) and (7) the corresponding elastic solution is (¢ < r < b)

bPri — birP aF
cchQ’—c‘IbP q—p

+ p[ T(r)r-P-ldr] — [T(r)r"q —T(c)e™? +¢ ] T(r)r‘q'ldr] i

oR=Dp {r” [T(r)r'p I

cIrP — cPrd _ _ b o
M[’” (T(b)b T =T(c)e™ +qr/c T(r)r=9 dr)—
b
and
_ (1+q—n)bPr? —(1+p—n)birP
e b cPbi — cibP .
N qa—EP{(I =R [T(")"_p —T(c)c™? +p/ T(r)r‘P-ld,-] _

—(14+q—n)r? [T(r)r_q —T(c)c™? +4¢ /c" T(r)r_""ldr] -

(L+p—n)c?r? — (14 q —n)cPr? T() T(c) ®T(r)
+ prTra—rTY "\ " e T —,.wdr)*

b
— b (T(b)b"’ =T ae P p / T(r)r'p'ldr)] } (15)
Using (12) with (13) and (14), the interface pressure is (since p+ ¢ =n—2)
2k(cPb? — c?b?) + aEc” 2T (c) [(2)P - ()]
(p—n)bic? — (g —n)bPcs
aEd? [qbq f: T(r)r=9"ldr — pb® f: T(r)r'P'ldr]
(p—n)btcP — (¢ — n)bPet

Pe = o

+ (16)

From the continuity of radial stresses at r = ¢ (Fig. 3), required pressure at r = a
is

%
Pa = _;"[l'i'a A]! (17)

where

| PP — e 2ERT() () - ()]
(g = n)bPct — (p — n)bicP
;‘ﬁ',‘, [qbq j;b T(r)yr=9ldr — pb? f: T(r)r""‘ldr]
(g = n)bPct — (p — n)bicr :

—_
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For the first yield (¢ = b) its value becomes
rar — = a7 (3" - ()
(g —n)bPat — (p — n)biar
- i Lo T
(g — n)bPat — (p — n)bla?

Pa=~— +

+ 2k

(18)
and for the ultimate yield (¢ = &) simply

Pa ] (3> ] (19)
n b

what also follows directly from (13). If alternatively the other Tresca option (4)
applies, then
Ty = -2k (20)

2k 2k TS S
O'R——';":“l'-(Pa+n__l)(;) (21)

give respective values of the interface pressure

and

2k(cPbd — cIbP) + aEc* 2T (c) [()” - ()]
(1+p—n)bicP — (¢ — n)bPce

aEe™™* [qb” f: T(r)r—9"'dr — pb? f: T(r)r""ldr]
(1+p—n)bic? — (1 4+ q—n)bPct

Pe = T

-+

) (22)

so that the required at r = a is now

2 _—
p“——n—1[1+a A], (23)

where
_ gt - et - £SO [() - ()
o (1+q—n)bPct — (14 p—n)bicr
%%“:1 [qb” fch(r)r‘q'ldr—pbP f:T(r)r“P‘ldr]
(14¢—mn)bPc? — (14 p—n)bicP

First yield (¢ = a) occurs with

e — Pt - 3BaT(@) [(2) = (1))
(14 ¢ —n)bPad — (1+p—n)bta?
aBan=? [qbt [0 T(r)r=1"Vdr — pb? [* T(r)r=>~"dr]

(14 q—n)bPa? — (1 4+ p—n)bia?

pg = =2k

+ (24)
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and the ultimate yield (¢ = b) for

()]

what also follows directly from (21). For a case without surface pressures (ps =
ps = 0), using eq.(20), the required temperature rise causing the first yield may
also be evaluated (¢ = a) from the expression

r@[(2) - (&) ]+t [ mowrtir = [ Trr-tar =
-2 -0)] )

Ifn=0(p=0,q= —2), the last equation simplifies to

T =2 om (21)
where 79 is heat exchange efficiency, given by
9 b
™ = T / T, (28)
Therefore for n # 0 equivalent efficiency is defined by (11)
_pb f: T(r)r=P=ldr — gb? f: T(r)r—9=ldr (29)

= T(a) [(2)" - (3)7]

enabling the use of eq.(27). However, not only the amplitude T(a) but also the
distribution T'(r) has to be considered. It is not possible to achive the complete
plasticity just by an increase of temperature, unless a decrease of k value due to
temperature is taken into account. All presented formulae simply degenerate with
constant profile shape (n = 0). The only correction required is with eq.(19), where

5 _
p:=-2k-1n(;)z—2k-ba“, (30)
what is the same as by eq. (25).
4. Conclusion
Thermal stress elasto-plastic relations have been determined for the assumed

hyperbolic disk profile. Thus the known formulae from (2] and [3] have been gen-
eralised. No material hardening has been assumed.
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Figure 1:

Thermal stresses in a disk
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Figure 2: Tresca yield criterion
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Figure 3: Hyperbolic disk plastification
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THERMOPLASTIZITAT HYPERBOLISCHER SCHEIBE

In der vorliegenden Arbeit ist das Temperaturspannungsfeld in einer Kreis-
ringscheibe mit variabler Dicke angegeben. Wenn die Flie@spannungsgrenze tiber-
schritten ist, gemass dem Kriterium nach Tresca der Anfang - und der Enddruck an
der inneren Flache, die fur die Plastifikation bei konstanter Temperaturverteilung
notwending ist bestimmt. Ausserdem behandelt die Arbeit noch das Beispiel ohne
oberflachliche Belastung als die zusatzliche Temperatursteigerung das Material-
flieBen verursacht. In diesem Fall ist fir die Vollplastifikation auch die Festigkeit-
sverminderung zu berucksichtigen.
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