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Introduction

An inclusive survey of the research on the problem of the plain stress state
and of the plain strain state can be found in the paper [27] by P.P. Tedorescu.
The application of the complex variable function first time appears in solving the
problems of the plain elasticity theory in the papers of G.V. Kolosov (1909). N.I.
Mushelishvili has given fundamental contribution in the field of the systematic
development and application of the complex variable function to the theory of elas-
ticity problems. These contributions are summarized in the well-known monograph
[7] of the mathematical thery of elasticity. This monograph republished in 1966.
gives a short survey of papers and authors who have given further contribution to
the application of the complex variable function method to the elasticity theory
problems. Among the listed authors we would like to emphasize the papers of D. 1.
Sherman in the period from 1949. to 1959. He dealt with the boundary conditions
problesm for double-connected areas and gave an important contribution to the
complex variable function to the study of the stress state of the multi-holed plates.

The paper of Hedrih, Jecié¢ and Jovanovié¢ [19] and [21] give an analysis of the
main stresses state at the points of the elliptical-annular plate contour stressed by
one and two pairs of the concentrated forces. In this analysis the photoelastic exper-
imental method is used by which the isochrome and isocline families are obtained
for the tree cases of stress induced either by a pair or by pairs of concentrated forces.
By these isochrome and isocline families the main stress distribution is determined
at the points of the external and internal contours of the elliptical-annular plate
and respective graphic displays are made.

In our expose [20] at the congress of the Yugoslav Society of Mechanics held in
1990. we gave our contribution to the application of the complex variable function
and of the conformal mapping to the study of the stress state of the plain stressed
plates whose contours can be expressed by means of the confocal ellipses and
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arches of the hyperboles from the respective families of the orthogonal curves
The stress tensor components are derived in the system of the hyperbolic-elliptical
coordinates with analytical functions of the comnplex variable z in the conformally
mapped plane . By means of these expressions in this paper we have derived
the expressions for the stress tensor components and displacement vector in the
system of hyperbolic-elliptical coordinates at the pomnts of the elliptical-annular

plate segmentally stressed by the stress distributed along the external and internal
contour.

L. Definition of the problem of the plain
stressed elliptical-annular plate

The subject of our analysis is the stress state of the elliptical-annular plate seg-
mentally stressed along the external and internal contour by the stress distributed
in the middle plane in the form of pressure perpendicular to the contours of the
plate as shown in the Fig. 1. Let Ps(¢) and p,(p) denote the pressures on the
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Fig. 1

external and internal contour and a and 8 parameters by which in the hyperbolic-
elliptical coordinates we give the contour segments along which these pressures are
normally distributed. Let’s use the hyperbolic-elliptical coordinate system with the
coordinates p and ¢, where their relations with the Descartes coordinates is given
in the form:
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p
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therefore for p = const. we obtain ellipses and for ¢ = const. we obtain a hyperbola
from the orthogonal curves family. Along the hyperbola the parameter p changes,
whereas along the ellipse the parameter p changes. For p = p2 the internal ellipse
contour is defined. By using thus adopted coordinates of hyperbolic-elliptical coor-
dinate system and according to the Fig. 1. the boundary conditions can be written
in the form:

a) for the points on the internal contour

(5.0) { —p, for p€[n/2—a,7/2+a]U[37/2 - a,37/2+q]

ko, @) =

b 0 for goE(0,7r/2-~a)U(vr/2+a,37r/2—a)U(37r/2+a,27r)
Too(pyp) =0 for @€ (0,27) (2)
b) for the points on the external contour

—py for 21— PB<p<2m, 0<p< B, 71-B<p<7+f

Up(Pa‘P):{O for (‘Oe(ﬁ|1r/2+ﬁ)U(ﬂ'+ﬁ,27f—ﬁ)
Toe(p ) =0 for ¢ € (0,2m) ®)

2. Essentials of the complex variable function method
with interpretation within the hyperbolic-elliptical
coordinate system

For determining the stress tensor components in the hyperbolic-elliptical sys-
tem, that is, the normal stresses o and o at the points of plate for the sections
with the normals in the direction of the tangent lines to the orthogonal family of
hyperboles, that is, the ellipses and shear stresses 7., that is, 7., respective to
these planes, we use the complex variable function method requiring that the stress
biharmonic function ®(z, y), should be expressed by means of the complex variable
analytical function [10], [7], [5], [16] in the form:

® = Re{ZF(2) + X(2)} 4)

where z is a complex argument. Since the elliptical-annular plate contours in the
plane z can be mapped in two concentric circles in the ¢ plane by means of the
mapping function:

m a+b a-—b

= =R o R= ; =
sz =R(c+2) 2 om=t 5)
in which then by means of the same mapping function the hyperbolic-elliptical co-
ordinate system, coordinate lines — confocal ellipses and the hyperboles orthogonal

to them, map in the concentric circles family and a beam of straight lines.
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We use the following transformation formulas (15), (16) and (17) given in the
paper of Hedrili and Jovanovié [20]:
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which are in this paper derived by means of the conformal mapping of the z plane
into the plane by given function (5). These formula give the relation between the
stress tensor components in the hyperbolic-elliptical coordinate system and analyt-
ical functions F1((¢) and x1(¢) complex variable ¢, and the mapping function w(().

Y + Bl ==

In the previous expressions (6), (7) and (8) thie most prominent are the func-
tions F1(¢) = F(w(¢)) and x1(¢) = x(w(¢)), and can be directly represented in
the mapping plane ¢ in the form of the Laurent series along the complex variable
¢ = pe'® with the unknown coefficients A, and B,. The unknown coeflicients of
these series are determined from the boundary conditions (2) and (3), along the
elliptical-annular plate whose stress state is being studied. By reason of an infinite
number of coefficients the reduction of the number of the members of the series
to the finite number in concrete calculations is defined with a desired approximate
accuracy of the boundary conditions.

3. Determination of the boundary conditions development coefficients

Using the boundary conditions (2) and (3) for the sake of the comfortable
application of the expressions (6), (7) and (8) let’s write the boundary conditions
by introducing the series:

[op = Tpplp=py = Zcr(;l)emw = —pu(p) (9)
[0, - Tpplp=p, = Z:Cr(xz)"fim’p = —ps() (10)

with the development ccefficients C',(,l) and C,(ag) in the form:

1 2%
O = ~5= | pu(p)d, (11)
0
i §= .
C=—— [ pi(p)dyp. (12)

27f 0
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After calculating the integral in the expressions (11) and (12) according to the
boundary conditions (2) for these development coeflicients we obtain:

= 2 FYinOka = ——%:e‘“sin ko,
K T

i, =0 (11)
) 2p,
gl o 2

T

o = — P Ginoka ,
=

cid  =0. (12)

By analyzing we conclude that all the coefficients Cé:l)ﬂ and Céi)ﬂ with odd indexes

¥ 2 % . F
are equal to zero, except the coefficient Cgi) and an) with even indexes which are
different then zero.

4. Dectermination of the coefficients A, and By
of the development of the analytical functions
F1(¢) and x1(¢) in the Laurent series

Let’s represent the functions F1(¢) and x1(¢) in the form of their derivations
along the complex variable ¢ as the Laurent series:

Fl(Q) = AaC",  X{(Q)=)_ Bn(®
n=0 n=0

N S
Fi({) = A +A-1In( + Z —;le—‘i‘Cl
A i
, =\ Bn(nt!
X3(0) = Bel + BaglnC+ n-z_:m -—1%%:2 (13)
n¥-1,0

with unknown coefficients A,, and B, which would be determined from the bound-
ary conditions by means of the relation between the stress at the points on the
stressed elliptical-annular plate contour and assumed analytical functions of the
complex variable. Thercfore the expressions (6), (7) or (8) are written for the
points on the external and internal contours by means of the series (13) and made
equal with the expressions on the right side of the expressions (9) and (10) in which
the development coeflicients ¢ and € are known by using the expressions (12).
By transforming the cxpressions — sums according to the indexes n and by making
equal the coeflicients on the left and on the right sides with the equal degrees of the
complex unit ¢™¥ we obtain the desired relations between the coeflicients A,, A,,
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B ‘E,, with the coeflicients C,EI) and (,",(.2) as well as p; and py defining contours.
In order to simplify these relations according to the concrete defined stress problemn
of the elliptical-annular plate we carry the following analysis.

Let’s now consider the fact that some of coeflicients are equal to zero on the
basis of the defined boundary conditions, the characteristics of a symmetry of the
elliptical-annular plate and from the symunetry of the given stress, as well as from
the limited value of the plate points displacements.

Since the displacements area in the hyperbolic-elliptical coordinates is given
mn the form:

. 1 = Agg(2EH1 + S
ulL,—‘riuW:E{(Ii-—,u)z—mig “““(1+!‘)[£_'T££C—ZANCM+

2k + 1 1 —m/(? =

-1 oo = i

B Box , ¢ 1—m/¢?
+R 1(1_.’_’_’) B W]}_-—.___- 14
(? 221:-%1( P |1 —-m/? (14)

aud in order to define unanimously the displacement vector from the previous
expression (14) it follows that the coefficient next to the denoted member would be
equal to zero, hence we conclude that A_; = 0 and B_, = 0.

From the condition that the elliptical-annular plate as well as the given external
stress are with two symmetry axes, we conclude the that Aop = Hna0d B, = B,

: : : g 1 (3
If we use the previous conclusions, and since the coeflicients C,(; ) and e ) are
real, we can assume that the coeflicients Ap = A, are real, then from the boundary
conditions we obtain the following relation:

- =1 o0 , -1 oo
f-2)] Sone] ool )] Ene
—o0 =Ls 5 -co €=,
-3 o0
(G E)(-5) (S

1= ) - (D) H ]+
-3 m\® = 5 m 2 "1\ 2mR
w2 (-8) [(Sne)e(i-5) - (saner o S5 28]

(=

CR(1-m/¢?) a OR
: = = ) Cil%e™ (15
PR mf) |eog, =22 O™ 19)

If we use the relation (15) then the relations between unknown and known
coefficients can only be written in the function of six unknown and eight known
coeflicients A,, 4,45, Anas, Ansa, Bas, B,, and C',(,l), C',(lz), ,(31+)2, Cﬁ}?, C,(,I__)Q,

2) ) A(2)
B M

n-—-2 “n+4-
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(A0l =2 (3 2 47 P

+ mAypal(n+ 3)p"t - 20" (") —m(n — 1)p" "2 An-2+
mn + 3 "Bn}

1
2 ,-(n+6) 4 =
+mop n+4 R

m? m? " m2 5
" R[,ﬁ (1 4 z—pT)C}:) +m (2 + F)C,Elz ks ;;C,Elq - mC,E”_)g]

If we introduce the following notations in the previous equations:

2 2
L&) (p) = R[p'("_z) (1 4 2%) C) 4+ mp™" ('2 + —1;14—) C-(;:Ez‘*‘

2
1 ’: P 7>y PO rnp—"CE:__)z] (17)

P=Ps

and if expressions (16) and (17) are divided by p} and pJ respectively then we write
them in the following form:

2
{Aﬂ[(l - n)p2 + (3_*_”)132_ +p—-2(n—1)]+
+ mAngo{(n+3)p% = 272V —m(n — 1)p  An2 +

B 1 n+3 5
+m?p 2 +3)An+4 - 'EB Bn} = LE; )(p)‘p=p- - (18)

L
A |

P=Ps

If we introduce the following notation:

En(p1,p2) = LP(p2) = L (p1) (19)

and then we make subtract of the equations (18) we obtain the following equations
along An—2, An, Ant2, Antain the following form:

m(1 — n)(pi* = p3 ") An-2+
+ Anl(1 = n)(p3 % = p7?) + (n + 3)m” (p32 = pT2)+ o3 2" By g
FmAnal(n +3)(p7% = p7) - 2007 o7

+ An+4m2(p2 2(1’1-{-3) p1—2(n+3)) -
= En(p1,p2) n=-o00,...,-2,-1,0,1,2,...,00 (20)
If we introduce n = —4,—2,0,2 and if we take into consideration that A, =

A_,n, so that we can obtam four non-homogeneous algebraic equations with only
four unknowns Ag, A2, A4 and Ag in the form:

D{A}=E (21)
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where we have introduced the following notations

Ag E_4(p1,p2) l
{4} = Ay B = E_3(p1,p2) _ ly

Ay | Eo(py, p2)
Ag Ey(pr,p2) la
11 a1 az  ay
5 (aik)l_' | %12 a22 a3z a4
k 13 azz azy aggy
d14  Qpq4 d3q9 Qg4

ay; = mz(Pg - Pf)
az = —m((p; — pf) + 2(pS - p%)]

a3y = 5(.0% = Pf) - 7”2(:02—2 = Pl_z) =+ (P;O - ﬂ}o)

aqy = 5m(p;* — pr?)

22 = [3(p3 — pi) + 2m%(p

2 =03+ (05 - p9)]

a3y = 3‘1:":(19,;2 - pl_?)

::U

a13 = 2(p; — pi) + 3m?(p;? — py2)
azs = m[3(p3 - p}) = (p7% — p7?))]

azs = m*(p; ¢ — p76)

(143::0

a4 = —m(p;* — P1_2)

2

20 = ~(py = p1) + (5m* + 1)(p;? ~ p;’2)
ass = m[5(p3 — p7) — 2(p7°® - p7%)]

-10

ass = m*(p51% — pr10)

?3’12

+t —
P32

py"C.

(2y _m?

)

- 1 = 2 - 1
n+4 T —pTP1 ncr(1+)4 — mp, ncr(l-—? T “C,(,_)Q]
1

(23)

(23')

(24)
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Then the solution of the system of equations (21) according to the unknown coef-
ficients Ap, A2, A4 and Ag are obtained in the form:

_D} 7_D2 DS ___D4
AO_D, Az-D, 44--D, AB_D (25)

in which for the sake of the simplification the following notation is introduced:

4

4
=la) = Y aijKyj D= LK (26)
j=1

j=1
of the system determinant (21) and of the determinant cofactors.

By means of these constants expressed in the function C(]) C(g) C(l) C(z)

Ci (1 s = 2), Cél), Cé ®) and m and R, p1 and pa, we express all the other coefficients
An and B, from the equations (20) and (16) and (18) by writing them further
for n = 2k, k£ = 2,3,4,5,6,... so that we always obtain another new equation
with another new unknown Asx44 or By, determined by the four or five previously
determined coefficients. The coeflicients determined by the following recurrent
formulas:

Anta = p-—2(n+3) p—2(n+3)) {[L£a2)(l32) = Lﬁ”(m)] %
=



82 Hediih, K. and Jovanovié, D.

+ m(n - 1)(P.:{'3 = 95 Vg — Ag [~ 1)(p2 - p2)+
+(n+ 3)m¥(p32 - p72) + p; 2An-1) p—2(n-‘l)] B

= mAnsal(n +3)(p3 ~ p}) = 2py " — o7} (27)
: R L] 3 —
By = m{SmLB )(p) + SLg )(p) — mAg[10p? + 3(5m? — 1)p~%] -
— Ay [3(5m?* — 1)p? + (10m* + 3)p~ %) -
— mA4[(5m* - 6)p™% + 15p%] — 3mn?p~ 19 A4} (28)
i s s »
By = m{Lg )(p) + 3:71L(2 )(p) — 24A0p® — mA2(2+ 15m?)p~? -
— m?(15p% — 5p6) A4 — 3m3p~10 4, } (29)
R(n+1)
= T () — 1 — 3 Lo =2(n=1) | _
{1 - a0 - e m T
—mA,42((n +3)p? — 2p U+
+m(n — Dp?A,_g — m%Appap~ 203 4 %Bn_g} : (30)

Thus we hiave formally solved the problem since we use these coeflicients to deter-
mine the Laurent series by which we form the stress biharmonic function, hence,
the stress tensor compounents, the small strain tensor and displacement vector.

5. Stress tensor components in the hyperbolic-elliptical coordinates

By splitting up the real and imaginary parts of the expressions (5), (6) and
(7) in the following form:

—1 o9 -1 oo
59"“799:2{}2 (l"zmg) —ZAQkCu*-R"I(l-—%) ;Azkzi’k}:
== ZAzkp [cos 2kp — gcos‘.Z(k + l)ng (31)
-1 o -1 oo
gp = iTpp = R™! (1 - g) ZA2kC2k +R! (1 - g) zAl’kE?k—
s (- 8)
I3’21—m/(;2 = C+E 2 B 2 x
. [Z?kﬂakcz""ﬁ(l —m/¢?) - Z Azkc”(zrn/c"‘m] +

. . " B o~ Ba g 12m
+ R (1—25) [yﬁsz R( Cz) _Zka-i-lg R]} (3

(- 1)
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, ) . N _ :
Ty — iTpp = ﬁ ZAnpzk{ [eztw 4 e ke _ _;%(621(k+1)p + 6-2.(k+1)¢) }_
- 00

ol 3 -2
- _Z_L_ [eQikw . ﬂeza(k-x)w 4 E%_e'zi(k+l)‘p _ f_’%_ezi(k+2)w]+

g r’ p ’
o Kl+3’_’ﬁ)e"2tk-w _ L e-2)e_
g°p pt P2

9 2
+

1 00
B 2k |2kw l2(k+2]tp 1 l2(k+1)gp
+92R2§ e {[P'“’ +p2 +3 Pt

2m m?\ . m .
+ - T 1 - -2____ et'Zk'\,o g l?(k—l)l.p _
9p?(2k + 1) [ ( P ) P2

2 2
B _Tllf (2 + TT!.4 ) i2(k+1)p + 1‘2(k+2)¢}} (32)
p p pt

Considering certain values for the coefficients Ay and By from the previous
expressions we determine the stress tensor components in the elliptical-hyperbolic
coordinate system in the form:

a) the expression for the normal stress o,(p, ¢) at the plate points for the plane
with the normal unit /iy in the tangent direction to the hyperbolic coordinate line:

1 ok 2k Gm2 ( mz)
‘ — - § : U 1 . i | e
orp(p (p) = T, == gR{_ p (cos @{Azk[ P g -+ - 4

1 m 2 m?
+ —=Bu— |1+ m7—\1+2— +
gR “pz[ (2k+1)9( p“)]}
2km 2 m? 1 2m?
2k — Dy A | —5 + 55| 1+3— | | - 5B o773
eosa(k = Dp{ dn| 57+ = (1495} - ox 2"p4g(2k+1)}+
+cos 2(k - 2)¢ [A2k (—‘2

p
2%km?  2m3 2
+°°32(k+1)99{/12k[-22_, m 4 m (3+%)}+
2
+

1 m 2m? m?2
LY [ FIEN.LL00 (... | Pl
+gR u[ ( +p4) p4g(?k+1)( +p“) }

2

m 2m4 1 m 2m3
+cos2(k + o An| - 25 - |+ 5o [__+_-—_]}
( Jpq A2k p 925 gR 2k o2 ' pSg(2k +1) (33)

b) the expression for the normal stress o,(p,¢) at the plate points for the
plane with the normal unit € in the tangent direction to the elliptical coordinate
line:
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| = 55 | 2k 1
_ . ; 2k O, a9 I
Colpp) =0, = Jrq_ff _EOO Ao p {? cos 2kp — ;}; cos2(k — 1)p +
3 2

+ 5 cos 2k + 1)p — o cos 2k + 2
P (k+ 1)y - Pr (k+2)p|~

2m [(1 2 3;;12\ 2k - 1) m 2k - 9)
- — b= leos Ak — 1)6 — — tog 0k = V=
gp? ) LS g

m .'I'N2 1112 7!12 m3
~3-—;<1+~—) cos 2k« -+——~—(3+u~—) cos2{k + 1) — —cos 2(k + 2 J}~
p‘_ p4 rQ ﬂq \ pq ( )(YO p;j ( )SO

2

1 == m m . m
- T Z fj?kpzk{ [})—) cos 2k + 7 cos 2(k + 2)p — (l 4 ;4—) cos 2(k + 1)9::}4-

CR. . [(1 £ 2™ cas ok - 20k ~ 1)
T e —— — ) oStk — —cos(k —- 1)p—
p?g(2k + 1) pt ) ST v

2 2
» %’3 2+ ’7’)} ) cos2(k + 1) + ’7’} cos 2(k + 2)4 } (34)

c) the expression for the shear stress 7,,(p, ¢) or Too(p, ) at the points N(p, ¢)
of the plate for the plane with the normal unit kg, in the tangent direction to
the hyperbolic line, and in the unit direction ¢, which is tangent to the elliptical

coordinate line, hence, for the plane with normal unit €, and in the unit direction
hgi

R o | 2k mo
Pl ) = Tha = ;JE{;'; flzkp-k{g—' [sm 2kp — p—zsm 2k = 1)pp—

3 2
m me . m-
- Psm 2(k — D + pe sin2{k 4+ 1)y — ) sin 2(k + ‘2)«',9] +

2m [m . mey .
o —= [——2- sin 2(k — 2)p — (1 + 3--4—) sin2(k — 1)+
gepe Ly £

2 2 2 3
#32 (14 2 Yok - 2% (3.4 72 ) sina(h )+ 2 s +2)¢}}}+

1 i o m2\ mo .
+ W{ Bu.p‘k{[(l + }T) sin2(k+ 1)p — p—?—sm 2kp—

m 2m m m?
— Zsin2(k+ o) + —— [ sinok - 1 —-(1+2—)sin2k +
p2 L ( )‘P“I {)'Q(Qk & 1) [pz ( )(lo p4 &
. 2 2
+ %(2 4+ m—4> sin 2(k + 1) — = sin 2(k +2)¢] }} . (35)
p P p

6. Conclusion

The introductory part of this paper gives a brief survey of the research of the
stress state 1n the plain-strained plates with double connected domains.
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Our concrete contribution in this paper is the analysis of the stress state of the
elliptical-annular plate strained by pairs of two opposing segmentally distributed
forces along the external and internal contours by means of the complex variable
function and conformal mapping method. In these cases, the expressions for the
stress tensor components at an arbitrary point of the elliptical-annular plate, have
been derived.
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AHAJIN3 HANNPSAAREHHOTI'O COCTOSAHU A
DTN TUYECKO-KONBIUEBONM NMJIACTUHHU
NPUMEHEHUEM $YHKUWA KOMIUJIEKCHOTI'O NEPEMEHHOI'O
N KOH®OPMHOTO OTOBPAKEHUSA

B BBoanoit yactu stoit paboThl cAes1aHO KOPOTKOE NpelcTaBileHue Uccie-
MOBaHUWU HANPSKEHHOr0 COCTOAHMA IJIOCKO Harpy»keHHMX IinacTuH. Haue
NpUoKeNue ecTh B U3YyUYeHUU BJINIMMITUYECKO-KOJLLUEBOM NJIacTUHE CerMEeHTHO
HArpyKeHHoW Mo BHewHed M BHYTPeHHOM KOHTYpe IOCTOAHHLIM pachnpee-
neHuM napienveM. [lna sToro ciayyas NMOCTpoeHHU BblparkeHMa AJIA KOMIIO-
HEHTbl TEH30pa HanpKeHUH NMoJib3yAch MeToN0M GYHKUMMU KOMIIJIEKCHOM nepe-
MEeHII0M M KOHGOPMHOro 0ToOparkenns.
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ANALIZA NAPONSKOG STANJA ELIPTICNO-PRSTENASTE PLOCE
POMOCU METODE FUNKCIJE KOMPLEKSNE PROMENLJIVE
I KONFORMNOG PRESLIKAVANJA

U uvodnom delu rada dat je kratak pregled istraZivanja naponskog stanja
ravno-napregnutih ploca oblika konture dvostruko povezane oblasti. Na§ konkretan
doprinos u ovom radu su izvedeni analiticki izrazi za komponente tenzora napona
u proizvoljnoj taéki elipti¢no-prstenaste pcloce napregnute u svojoj srednjoj ravni
pomoc¢u dva para suprotno smernih jednako raspodeljenih pritisaka po segmen-
tima konture, koriéenjem metode funkcije kompleksne promenljive i konformnog
preslikavanja.

Katica (Stevanovic¢) Hedrih,
Masinski fakultet Univerziteta u Nisu,
Matematicki Institut - Beograd

Dragan Jovanovid,
Masinski fakultet Univerziteta u Nisu





