TEORIJSKA I PRIMENJENA MEHANIKA 16, pp 47-52, 1990, UDK 531+521.1
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In relation to the one-parametric transformation of the coordinates the virtual
displacements are defined and are derived the conditions under which they are in
acccordance with the non-holonomic constraints which are put on the system.

If the D’Alembert-Lagrange’s principle is followed as in 1], the relations are de-
rived, for the case of the relative motion of the non-holonomic mechanical systems,
out of which we can carry out the generalization of the basic dynamic theorems for
the relative motion by analyzing the invariability characteristics in relation to the
given transformation.

Let’s consider the example of the rolling ball without slipping on the inside of
the rotating sphere.

1. If the system of N material points is given with mases m; (i = 1, N), whose
motion is defined in relation to the moving system of the reference Ozyz. Let’s say
the moving of the moving coordination system Ozyz is defined by the velocity v
the pole O and by the vector of its own angle velocity w.

If the vector of the pole position O is marked with rg in relation to the inmobile
system of the coordinates OZjZ means that

Ti = Fo(t) + Fizi,yi,2:)

Since r,(¢) is the given function of the time, the variations of the position vector
in relation to the inmobile and mobile system of the references coincide, or:

or; = or;. (1)
The non-holonomic constraints in the form:
N ]
d,-l‘,'
Z: Aiv(r.-,t)T 03 Av(r;,t) = 0. (V =1, 1)1 (2)
i=1

are put above the system of the material points, where d,/dt is used to mark the
relative derivative of time.
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The D’Alambert-Lagrange’s principle for the case of the relative motion of the
material system under the condition of the active forces F considering (1) can be
written in the form:

N
Z[mga,; -— (F,‘ — Mmjap; — miacg)]ér; = (3)

i=1

where the variations ér; must be in agreement with the constraint (2), which means
it must be:

N
z A;br; = 0. (4)
i=1

Let’s consider the one-parametric transformation in the form:
Ti(zayas) — Ti(elyl,2ht,a) (5)
in relation to which the relative velocity would be transformed in the following way

Or; i ( or; dzi  9r; dy;  Or; dz;-)

d,-r,- _ 1-' =
B oz, dt ' By, dt | 9z dt

dt B T
i=1

(6)

Considering the transformation (5) variations can be defined in the form [1]
br; = —ba. (7)

One-parametric transformation (5) would be in agreement to the non-
holonomic constraints (2) if the following condition is satisfied considering (4) and

(7):

N

or;
ZAiua—a = (v = l,l). (8)
i=1
Considering D’Alambert-Lagrange’s principle (3), as in [1] the following the-
orem can be proved, if we observe the relative motion of the mechanical non-
holonomic system.

THEOREM 1. If the one-parametric transformation is in agreement to the non-
holonomic constraints, which means that the condition (8) is satisfied, the relation
is in effect

d.S 0T, X r;

— F;+F,,+F;)—,
f " Fa = 2Pt it Fe) g )
where
N N '
o= Z,-_l By B2’ T gl MV VST

Fpi = —Miap;, F. = -m;a,.
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It should be considered that the relation is in effect 2]

(5 - 5( "") =0. (9

Considering the relation (9) where 7T, is the relative kinetics energy of the
material system, the following theorem can be proved:

THEOREM 2. If T, is the invariable value in the relation to one-parametric
transformation (5), which is in agreement to constraints (2), means that

d.S s Or;
=D (Fi+Fpi + Fui) o

i=1

(10)

The proof comes from the relation (9) and the condition of the invariability of
the function T, which can be shown in the form [1]:
az.
oo 0

2. Considering the shape of the inertia forces Fp; and F.; which are the result
of the moving of the mobile system Ozyz, the relation (9) can be shown in a
different shape which should be more convenient for analysis in some other cases.

Namely, considering that is [3]

ps i Fcz’) 51‘:’

N
Z(—m,-ao —w X (W X m;r;) —€ X m;r; —w X m.-v,.,-)ﬁr,-

=1

d, Or; 0 "
{—-df [(u X m;ri)a—a] . B_Q[HU + 0¥ —w(r; x m,—v,.,-)]}éa,

o~

where

b

1 dVg dw
= E m;agr;, I = Li Ju2 = prind
, ¢ z - e dt

_— Ei=
dt

in which J is the moment of the inertia of the material system in relation to the
- momentary axis of the rotation w which goes through the mobile pole O, the relation
(9) gets the form

"-]u

Q.

(11)

QDIQJ
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S:.S'-i-;(wx m;rg)%f-, T:T;. —HO—Hw +w(r,- X m,-v,-,-).

If the considered material system is in the field of the potential forces with the
potential II(r, t) the following theorem can be proved.

THEOREM 3. If the function A = T — 11 is invariable in the relation to the
-one-parametric transformation (5), which is in agreement with the non-holonomic
constraints (2), then the equation of the motion have the first integral in the form

N
S=84 Z(w X m;r;)% = const.

i=1

The proof comes from (11) and from the condition of the invariability of the
function A
oA 0
da ~
3. In the case of the parallel motion alone the certain direction which is defined

by the unit vector 1, whose cosines of direction in relation to the system Ozyz can
be the given functions of the time, the vector of the position r; which is defined by

r; =r; + al, =1 (12)
Considering that
N N
ar. T, Ov,; _ d.1 _ *
da ; Ovei Oa ;m'v"ﬁf =Q--1

where Q, is the vector of the relative momentum of the system, the condition of
the invariability of the function T is brought down to

Q- 1=0. (13)

Considering Theorem 2, if the condition (13) is satisfied and if the constraint
(2) are agreement to the relation (12) which means thet they permit the parallel
motion of the material system along the direction 1, from (11) follows:

d,Q =
o -1=Z(F,~+FI,;+FC;)-I, (14)

i=1

the law of the changing of the relative momentum of the material system along the
direction L

Let’s consider now the transformation which defines the rotation around the
direction 1, which goes through a certain point A. Then is [1]

L (r; —r4), (15)

o=



The generalization of the basic dynamic theorems ... ol
and then considering (9'), for 0T, /0a we get:

oT,

N
o d . d,
9a = E m.-v,-,-a[lx(r,-—r,l)] =K, 1+Q;, --—dt(l‘A Xl),

=1

in which K, is the relative moment of momentum for the point O.
The condition of invariability of the function 7, now has the form:

K..-i+Q,.%(rA 43 Tk | (16)

When the direction 1 goes through the center of the mass od the given system
the condition (16) gets the form:

Kng - 1= 0, (17)

in which K,¢ is the relative moment of momentum for the center of the maas.

If the constraints (2) are in agreement with the transformation (15) and it the
condition (16) is satisfied from the theorem 2 follows

d,
Z(Kea 1) =My, (18)

the low of the changing of the relative moment of momentum in relation to the
direction 1.

4. Example. Let a ball of mass m and radius a, roll without sliding in the
field of earth’s gravitation inside of the sphere of radius R which rotates, with the
angular speed w around the vertical axis Oz. In relation to the coordinate system
Ozyz connected to the sphere the position of the centre of the ball is defined by
the angles a and S:

zc =rsinffcosa, yc =rsinfsina, 2¢c=rcosf, r=R-a.

The equation of the constraint is received form the conditions of rolling without
sliding;:
vee +w xa=0, (19)
in which w is the vector of its own angle speed of the ball with the coordinates p’,
¢’ and r’ in relation to the system Ozyz.

If the one-parametric transformation is defined with (15) and we shall take for
the direction 1 the axis Oz. It is not difficult to show that in this case function
A = T —11 is invariable in relation to the one-parametric transformation (15) which
is in accordance with the constraints (19) and considering the theorem 3 follows
the first integral of the equation of the motion in the form:

J.v' +w(J, + mr? sin? ) + mr?asin? B = const.

The author thanks professor V. V. Kozlov for his time and his advices.
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CBOBIIEHUE OCHOBHLIX TEOPEM NUHAMMUWKU
[TPY1 OTHOCUTEJIbLHOM IBUXEHUU
HETOJIOHOMHON MEXAHWYECKON CUCTEMEL

M3 npunununa IanamGepa-JlarpaH&ka IOJMyd9eHM YTBEPAKICHMA, M3 KOTOPHIX,
aHaJIM3MPOBAHIEM MHBAPUAHTHHX OCOGEHHOCTEN OTHOCUTENILHO OZHOIapaMeTpH-
9ECKUX CEMENCTB ITpeo0pasoOBaHUM, MOKHO 0GOOMUTL OCHOBHHE TEOPEMHBl OMHAMUKHU
TP OTHOCHUTEIBHOM IBMKEHUM HEroIOHOMHOM MeXaHHYecKOoM CHCTeMH. PaccMma-
TPUBAETCA TpHUMeEp.

UOPSTENJE OSNOVNIH TEOREMA DINAMIKE PRI RELATIVNOM
KRETANJU NEHOLONOMNIH MEHANICKIH SISTEMA

Polaze¢i od Dalamber-Lagraniovog principa, izvode se relacije iz kojih se
analizom invarijantnih osobina u odnosu na datu jednoparametarsku transforma-
ciju moze izvrsiti uopstenje osnovnih teorema dinamike za relativno kretanje ne-
holonomnih mehanickih sistema. Razmatra se primer kugle koja se kotrlja bez
klizanja po unutrasnjosti rotirajuce sfere.
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