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1. Introducticn

The aim of this paper is to present closed form solutions of thermally induced
stresses in principal directions of short and long cylinders (disks, rings, rods, tubes), and
of solid or hollow spheres, made of polarly and /or transversaly anisotropic homogeneous
linear elastic materials. Stresses in cylinders and spheres have been evaluated due to
temperature distribution and inner /outer pressure, while body forces due to centrifugal
action have been taken into account only for cylinders. Gravitational force has also been
neglected. Developed formulae are extended solutions, known from Timoshenko [1],
Lekhnitskii [2,5], Nowinski—Olszak [3] and Head [4].

With cylinders (n = 1) and spheres (n = 2) governing equations are, assuming radial
variation of parameters {stress, strain, displacements, forces, temperatures) only:

(a) Equilibrium equation

dog /dr +n (op - U¢)/r +(2=n) pw?r =0 N
(b) Strain-disp'lacement relationships
€g = dujdr, 6y & ufr )
(c) Constitutive equations
feg€pert = D (0p.040, 3 + 56%,635,62] e =a, T (3)

or inversely

log 050 = C({epeper} — {epegep} ), €= D7 4)
where Hookean matrices are
[D, Dp ;D3_‘i G365 !Cs
_D'—'iDgD,;Dsi, C= C2 C4 CS (S)

I_D3‘ Ds Dﬁ! L_CB Cs CGJI

—
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For isotropic materials Cy =Cs =Cg =A+2u,C, =C3=Cs = A (6)

may be expressed by Lamé coefficients
A=Ev/((1 +v) (1 —2v), p=E/Q (1 +v)) (7)

In the case of a polar anisotropy elastic coefficients are

E, '-#E¢= By, Mre = MRk #:quk = Ek/(2 (1 +v¢k)),VR¢=VRk¢v¢k
giving

Dl = I/E.R E Dz =D3 = —VRk/ER, D4 =D6 = I/Ek’ Ds = _Vd)k/Ek’

Cz :C3 = EkVRI\/(l — quk — 21)}”‘ Ek/ER)’

Cs = B /(U + 1) O + Vg B /BR) [ (1 =vgye — 20k Bi/Eg) ®)

For transverse anisotropy, elastic coefficients are
Ep =E¢#’=Ek, MRy = Mok FURe ™ r/(2(Q +VR¢),VR¢=#VRK=V¢,C
giving
Dl :D4 = 1/ER,D2 = = R¢/ER’D3 =D5 = —VRk/Ek,D(, = 1‘/Ek’
Cy = Ca=Er (1 —vhy Eg/E/( +vg) (1 =2y — 2VRy ER/E):
C, = Eg (VR(P + V;'{k Ep /Ek)/((l + VR¢)(1 —VRo »21}12{,( Ep /Ex)),
C3 =,C5 = ERVR¢/(1 _VR¢ MZV;k ER/Ek)’
Cs =E, (1 —VR¢)/(1 ~——VR¢—2V§2k Eg/E;) 9)

The third stress/strain component, in the k direction, options are:
_ short cylinder (plane stress) o, =0

_  long cylinder (plane strain) €, =0 or de, /dr=0

— sphere 0y =04, €§=€g-
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Temperatures in long cylinders and spheres (¢ <r <b) can be determined from the
following heat balance (differential) equation

n

r " d(r " k(T)dT/dr)/dr + q(r) =0 (10)

where k and g are conductivity and heat source density respectively.

For short cylinders (¢ <r < b) the following heat transfer equation has to be used

d® 0 /dr* +1/rd0/dr —9%0 = 0 (11)

where § =T — Tgand € =+/ 3;,/5@, h, k and § are, respectively, the temperature of
a fluid, heat transfer coefficient, conductivity and thickness of the solid material).

The temperature field can thus be determined in the form of a steady state
distribution:

Short hollow ring

) K, (®b) Iy () +1, () K, (%)
T0) =TT 1p K, (%) 1, (%) +1, (b) K, (%a) 7

Short solid disk
T(r)=Tf+(Ta—Tf)10 ®r), a=0 (13)
Long (externally cooled) cylinder and sphere

T () = T, +qo/(2 (n +1)ko) (b* —1* +) (14)

where for rods and solid spheres (2 =0)f=0
while with tubes and hollow spheres this contribution reads

f=2d8"" (@ =) (r/b)+(n ~1) (1 /b —1/r)).

2. Isotropic case

The following isotropic body solutions can be obtained from the combined Navier—
—Lame (Euler’s) differential equation of the form

d*u/dr* +n (1/rdu/dr —u/r*)+(2 —n) pw?r/C, =HdT/dr (15)

Some of the required formulae are given in reference [1] and listed below (H =
=a(l +v)/(1 —v),K=0).
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3. Polar anisotropic case

Combining the equilibrium, deformation and constitutive laws, bearing in mind the
polarly anisotropic Hookean relationship, a generalised Navier—Lamé (Euler’s) differential

equation can be obtained in the following form
d? u/dr* +n (1 /rdu/dr —m* u/r*) + (2 —n) pw?r/Cy, =HdT/dr +KT/r  (37)

where the coefficients m, H and K depend on the thermoelastic coefficients, given in
Section 1.

3.1 THERMAL STRESSES

In this case, taking into account nonhomogeneous thermal strains, the constitutive
ceofficients are, for long cylinders and spheres

m = +/(Ce +(n —1)(Cs — C,))/C; (38)
H =ap +nay C,/Cy +(2-n) o, C3/Cy (39)
K =n(y (€ -C)/C, + o (C;, —C¢ +(n—-1)(C, —-Cs))/Cy +
+ (2-n) a, (€, —Cs)/Cy (40)
while for thin disks and rings these coefficients read as follows

m =/ (C: - C3)/(Cy Cs - C3) (1)

H = ap + 0y (C;Cs — C3)/(C1 Cs — C3) (42)

K =((C1 ~C2) ag —(Co = C2) ap)/(Cy —C3/Co) (43)

The common solution of the above equation (37) for displacements is
-q o tq o SN -q +p

u@)y=Ar * [Tr " dr+Br" [Tr "dr+Mr * +Nr 44)

a a
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where

A=H@n+q)-K)/p+q), B=K-H@m-p)/p+q),

q=Q-nm+@n-1)1/2+/ 1/4+2m2),
P=Q-nm-(n-1)1/2-V1/4+2m?).

while M and NV are integration costants determined form boundary conditions, which for
separately considered thermal stress case may be taken with vanishing radial stress at the

surface, while at the axis of revolution # = 0.
Evaluated thermal stresses are:

(a) Tube and hollow sphere

t
og =r 1T M (Cy —qC)+ 1§ Tr¥an+
a

r p—
+rP " N (N (nC, +pCy)+ [ Tr Pdr)
a

n—q-—1 : r
0y=r"7"" A MG —qC)+ 1§ T dr)+
h a

= +p —1 r =
+rP 1n—}-o—-—(j\[(ncz +pC)+J [ Tr pa'r)+(f+.f) T/n
n a

where )

I=4 (nC, — qC,),J =B (nC, +pC,),
—-q-1 b +q +p—1 b -p
M= —(b J Tr "dr+Jb [ Tr " dr)
a a
/(@Cy —nC) ("1 1 —1 67"y,

b —
N=—@b 7' T+ ar+gp™® !

a

b

(i a4V
a

HCask i W6 F S T ),

(b) Rod and solid sphere

—q-1 , T & = e 5
Op =7 q I£ Tr'? dr +1'7 I(No (nC; +pCy) +J | Tr p dr)
0

(45)

(46)

(47)
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—ag—1 h—q -1 r B +p—1
og=r " LEZA™ ;¥ et 22 i, (a4 0) +
n 0 n
A
+J [ Tr o dr)+({+J)T/n) (48)
0

where

-1 B b
No=-Ub 7' f1r¥ar+p™™" [ Tr P an)
0 0

/(pCy +nC)B P,

Above formulae also apply to thin disks and rings, using their own values of m, H
and K.

3.2 CENTRIFUGAL STRESSES

Alternatively to the use of Navier—Lamé (Euler’s) differential equation for
displacements, the following Euler’s equation for radial stress may directly be used when
evaluating stresses of solid body revolution:

d? op/dr* +3/rdog /dr — (m* —1) 0 /r* +0w?L =0 (49)
where for thin disks and rings -

m =‘\/D1/D6 5 L= (3D6 —Dz)/D6,

while for long rods and tubes

m =/(D, +D;/D¢)/(Dé — D5/Ds) , L =(3Ds —3D5/Ds — Dy +D,Ds/Ds)/
/(Ds —D5/Ds

Using this option the desired stresses have been calculated:

(a) Ring

05 = pw? (3 Dg —D2)/(9Ds — Dy) (b°™™" —a

3+m )rm—l

- (bs—m _ as—m)(ab)2m/rm+1)/(b2m —-02m ) ‘_rz) (50)

3+tm 3+m, m-—1
)r

0¢= pw? (3Dg — D2)/(9Ds - D) (b —-a +
+(b3—m B as—m)(ab)zm/rmﬂ)m/(bzm __azm) "

+r? (3D, — D)/(3Ds — D)) (S1)
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(b) Disk
0p =pw? (3Ds —D,)/(9Ds — D) 1* (b/r)> ™™ 1) (52)
04 = pw?* (3Ds — D;3/(9Ds — D1)r* (m (b/r)’ ™™ + (3D, — D;)/(3Ds — D)) (53)
(c) Tube
o =Mr " T AN 4 pw?L /(9 —m?)r? (54)

1

o, =mMr " —Nr_m~1)+pw2 (1 =3L/(9 —m?*)r? (55)
¢

where
M=pw*L/O —m*) @™ = >y *™ - ™)

and
N=p?L/O -m*) @ ™ -6> ")y @)*" /6*™ - a*™)

(d) Rod
0g = P L/O —m?)r* (/1) ™" ~1) (56)

04 =pw? L/(9 —m?)r? (m (b/r53_m —3)+ pw? r? (57)

3.3 INTERNAL/EXTERNAL PRESSURE INDUCED STRESSES

For material obeying polar anisotropy, pure pressure load stresses are in a long tube
and hollow sphere given by

Op = R il gt (58)

op = PRI"™! —gs/r™! (59)
where
P=(2—-n)ym+ (n-1)(Cs +Cs +pC,)/(2C; +pC}),
@=(-2)m+@-1)(Cs +Cs —qC,)/(2C, - qC,),

B = (paqu =P b”ql)/(n.':rpﬂtq)r &gt I, . amd
LS 1= +
$=(p,a'~? —p, b F)@f" /" - P,
while in a long rod and solid sphere the stresses are given by

og =1, (/b (60)
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0p = —p, P/b)" " (61)

4. Transversaly anisotropic case

Within the scope of transversaly anisotropic bodies, thermal stresses may be expres-
sed as shown in ref. [6] for rods, tubes and spheres respectively. They can be summarised
as follows:

(a) Tubes and hollow spheres

C, -Cy))(Cy +nC 4 dr nEL L _ gt b dr
UR:(I 2) (€, 2) (F T ( ) Fxre_
Ci(n+t1)/n pe r (bn+1_-an+1)rn+1 o r
o S b
/" s HT a4 el | HT/ dr) (62)
2 R (S e

n+l , n+1 n+1
(r

_ (Cl —Cz)(Cl +nC2) j_' dr b +a /H) ?KT—dI
r

g : +
¢ C, (n*1)/n ) y (bn+1 S

oLy b
/ [HT dr —
a

v ¥
+1/ Y fHT ar+
a " (b —-a

—a¢T(n+1)/n—(Z—n)ozzTZC;,/(Cl +C3)) (63)
where

H=op +na¢ +(2-n) 2G3/(C, +Gy)a,, K=ap —oy
(b) Rods and solid spheres

(C, 402)(C1 +nC,) 4 dr n+1 " n
- ET— —1 HTr"d
R 77 C,(n+1)/n (gf, r Ir (J). Ak
n+1 b n
+ 1™ yHT! dr) (64)
0
(€, —C)(Cy +nCy) T dr n+1, | n
= KT— +1 HT" d
e R R e
b
+1" g HTr"dr—a¢T(n+l)/n—(2—n)aZT2C3/(C1 ¥ Cp)) (65)

0
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With internal /external pressures induced stresses are given by

OR =(pbb

n+1 n+i

(a

—

1
P )

a

kol 3y gttt P Rb-gh oy - (66)

n+1 (an+1/n+rn+1))/(rn+1(bn+l _an+1) (67)

0¢=(pa g (bnﬂ/n +r"+1) _p,b

in tubes and hollow spheres, while in rod and solid spheres external pressure induced

stresses are trivially

Or = 0p=—Py

(68)

In tubes and rods there are also axial stresses. These can be expressed (plane strain,

under [0, rdr=0 assumption) by:
(a) Tube

0,=C3/(Cy +C3) (0 +U¢+2(Pbb2 . a*)/(b* —a*)) -

(b) Rod

—(2C3/(C, +C3) —C6) (2/(®* —d®) fa, Trdr —a, T) (69)
g = C3/(C, +C2) (0g +0¢+2Pb)*
—(2C3/(Cy +C3) —C6) (2/b* o, Trdr—a, T) (70)

5. Conclusion

Known formulae for polarly and transversaly anisotropic cylinders and spheres,
available hither:o only for pressure loaded tubes and spheres (Lekhnitskii [2]), thermally

loaded tubes (Nowinski and Olszak [3] .
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[S]) have been supplemented by thermal stresses in all kinds of solid and hollow rolls
and balls (i.e. plane stress and plane strain cases of radial problems).

Two examples of numerical results are given in this paper, showing tubes made of
materials obeying polar anisotropy. Fig. 1 illustrates thermal stresses in graphite, while
Fig. 2 yields centrifugal stresses in steel (actual values and deviation from the isotropic
level of radial and hoop stresses). Some more examples (transverse anisotropy) have been
given in reference [6].
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Fig. 2 Centrifugal Stresses in Steel Tube
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TEPMUYECKUE U MEXAHUYECKUE HAIIPSI)KEHUS BAJIOB U IAPOB
C MOJISPHOM U MOMEPEYHON AHU30TPOITUN

B cTaTbe NPUBOAMM aHATHTHYECKHME Pa3pEIICHUA HANPsOKEHUH KOTOPbIE HACTYyNarwT B
KOpIyCe TOHKHX M [UIMHHBIX BaJIOB (IMCKH, KOJTblA, TPOCTH, TPYObI) H CIUIOIIHHX H MOJIBIX
IApOB, CAENAHHBIX W3 MOJIAPHO H/IM NMOMEPEYHO AHM3OTPONMHOrO OJHOPOINHOrO JIMHEHHO-
YIIpYyroro mMaTtepuana. Banel ¥ 11apel NOABEPraOTCA TEMNEPATYPHOMY MOJIK0, BHY TPEHHHM
¥ BHELIHMM [aBJIEHHAM a KOPIYCHbIE CHJIbI M3 3a LEHTPOOEXKHOCTH MPUHATHI BO BHUMAaHHE
TOMBKO B Bajax. Cujia TAXKECTH TOXKE HE NMPUHATA B BHHMaHHE.

OnoMsHyTbIE 00pa3lbl MPEACTABIAOT paclIMPeHHE HM3BECTHBIX 3anHCei, KOTOpbIE
Dbl W3BECTHBI I TPYOBl M 1Iapa ¢ NMOBEPXHOCTHBIMM JABJIEHMAMH, 2 OTHYACTH U [N
BpalliaTeNBbHBIX IUCKOB.

IMocTynok npoBeaeHns Mbl HCTIONHUJIN C NMOMOLI ypaBHeHuss HaBuep-Jlame, koTOpoe
IUIA paguaTbHON MpoOJieMBl Bajia M 1I1apa JIMIIb OJHO, HO COOEPXKHMT YIPYrue napamMeTpsl,
3aBHCHMMBIE OT BHOA OOCYXXIAeEMOH aHM30TpONMMH. MaTeMaTHyeckue B3STO 2TO
nubdepeHuManpHOe ypaBHeHHe Jiiyiepa, OQHOPOOHAA 4acTh KOTOPOrO pEHIaeT KpaeBbie
YCIIOBHSI, @ HEONHOPOAHHE AO0JIH COAEPKAET BIIMAHME TEMIEpPAaTyp H BPAICHHA Tena.

TMapTUKYISpPHOE pellieHHe CONEPXUT CHHTYIAPHOCTS Ha OCH Tella BpallieHHs (I10JHOoe
T€/10), KOTOPYIO BO3MOJKHO YCTPAHUT MPHHAB BO BHUMaHHE, YTO TaM HET PAa3HHLbI MEXIY
pasMaTbHLIM H ODPYYHBIM HanpasieHHsMH. PajuansHbie W KOMbLUEBbIE HANPSKEHUS U3 3a
TOrO ABAAKOTCA Ha OCH Tejla MeKIy CODOi paBHbIE, KaK 3TO TpeDyeT ypaBHEHHE DAaBHOBECHS.

TOPLOTNE IN MEHANSKE NAPETOSTI V VALJIH IN
KROGLAH S POLARNO IN TRANSVERZNO NEIZOTROPLJO

V sestavku podajamo analiti¢ne reSitve napetosti, ki nastopajo v telesu tankih in
dolgih valjev (koluti, obro¢i, palice, cevi) ter polnih in votlih krogel, izdelanih iz polarmo
ali transverzno neizotropnega homogenega linearno elasti¢nega gradiva. Valji in krogle
so izpostavljeni temperaturnemu polju, notranjim in zunanjim tlakom, medtem ko so
telesne sile zaradi centrifugalnosti upostevane samo v valjih. TeZnost pravtako ni
upostevana. _

Podani obrazci predstavljajo razsiritev doslej znanih zapisov, ki so bili znani za cev
in kroglo s povrsinskimi tlaki, delno pa tudi za rotirajoce diske.

/
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Postopek izlepljave smo izvedli s pomogjo Navier—Lamejeve enacbe, ki je za
radialni problem valja in krogle ena sama, vsebuje pa elasti¢ne koeficiente, odvisne od
vst€ obravnavane anizotropije. Matemati¢no vzeto je to Eulerjeva diferencialna enacba,
katere homogeni del resi robne pogoje, nehomogeni delezi pa vsebujejo vpliv temperatur
in vrtenja telesa.

Partikulama resitev vsebuje singularnost na osi vrtenine (polno telo), ki pa jo lahko
odpravimo z razmislekom, da tam ni razlike med radialno in obra¢no smerjo. Radialne in
cirkumferencne napetosti so zato na osi telesa med seboj enake, kot to zahteva
ravnovesna enacba.
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