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1. Introduction

Because of its practical importance, the flow on a body of revolution
of arbitrary shape, spinning about its axsis, which is parallel to stream, was
intensively studied in fluid mechanics. Firstat all, experimentally (Wieselberger
[1], Luthander & Rydberg [2]), and afterwords theoretically. Namely, to resolve
the corresponding problem of incompressible laminar boundary layer, Shlich-
ting [3), Truckenbrodt [4] and Parr [5], used procedure based on Karman-
-Pohlhaussen’s method (1921), improved by Holstein & Bohler (1940).

Enlarging multi-parametric Loitskianskii’s method [6] for the case of a
sacious boundary layear, Bogdanova [7] chose, in more recent time, as one of
the examples for obtained universal equetions, this case of flow.

In this paper, complete universalisation of treated problem has done.
Namely, in contrast to Bogdanova’s [7] solution, for which practical application
additional integration of corresponding momentum equation is indispensible,
universal solutions (determined numeric (ly) of the equations obtained in this
paper, can be directly applied in a particular case. This methodical quality,
important for its eficiency of application in tehnical practice, was attained
introducing in the Bogdanova’s [7] procadure, new, more appropriate Saljnikov’s
[8] variables, enlagred by Kuki¢ [9] on the corresponding problems of axsymet-
ric boundary layer. :

2. Transformation of the governing equations

Examination of treated problem starts from basic equetions of incomp-
ressible laminar flow in spacious boundary layer [7], evaluated for the usual
hypothesis of the boundary layer theory. The equations are expressed in orto-
gonal curvilinear coordinates x,, x,, x; (x; is normel on the surface) and they
contain corresponding:

— projections of the velocities v, (x;; %55 %e)s Va(Xys X5 X3)s Ug (%15 X5 Xg)
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— projections of the velocities of the outer flow U, (x,, x,), U, (x,, x,), and
— Lamé’s coefficients &, (x5 %) h; (x5 %), #; = 1..

e Easee— e
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Fig. 1

Taking into cosideration addopted coordinative system, shown on the
Fig. 1, the following notation can be done:

X] =Xy Xg = 2y, X3 =Y,

Q)
Vy=U, Vg =W, V3= 7,
with the corresponding Lamé’s coefficients:
hy= s hy= R ;= 1 (2)
Governing equations of treated problem, using (1) and (2) are:
ou . w dR 00 _
ox R dx oy
g g ARl S8
0x oy R dx dx oy*
u@_ _I_tvaﬂ +Z.U_L£ .@ — dew.
0x oy R dx oy*
Taking into consideration Fig. 1, boundary conditions are:
y=0:u=2=0,w= U;= R({x) o;
4

y=— 0: u=U, (x), w=0.
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The direct solution of the system of equations (3) with boundary condi-
tions (4) presents considerable difficulties. Therefore, the Loitskianskii-Bogda-
nova’s [7] teatement is used, improved by the more appropiate Saljnikov-
Kuki¢’s [9] variables.

Namely, first at all, following variabjes:

bo 1

x=x;1=U2ZR®x(av U "'R(x)dx) 2, (5)
0
and dimensioless flow functions

bﬂ_ x .__1__
O, (x, 1) =U, 2 ' (%) (@ U=t R(x)?dx) 2
0

bo 1

®y(x, )= Uy ' U, 2R 4o (5 9) @y | USRI dn) 2,  (6)
0

are introduced in the last two equations of the system (3). The equation of
continuity is satisfied by:

u = : agbli’()""—'lé aq)l (7)
R(x) oy

Rw(x) ox
and funtion ¢, is defined as:

_ oY
Bt (8)

In this way, transformed equations of the concerned problem are obta-
ned. They are not quoted here, since they are to large.

For their further universalisation, following expressions are introduced:

..q__Bgy. R
B o

< |

2. 9

Sense of these expressions in parametric methods is well known (6). Here is:
7 — new variable, defined with (5).

For the linear proportion /, momentum thickness is addopted;

u u
— fg (1 23 4) dx, (10)
- ; U, U, .

as a distincive feature of the concerned problem.



10 R. Bachrun, M. Pavlovi¢, M. Daguenet, V. Saljnikov

Combining the expressions (9) and (10), variable B is defined:

o o
0

Introducing the variable 7, defined with (5) in the exspression (9), relation:

ag § U211 R (x)*dx
0

R 12)
B UMb R (x)* (

indispensable for the further transformation of differential equations of treated
problem, is obtained. Namely, after introducing the relation (12) and ¢ = Uil Uss
they are:

f@-zd%b_@%ﬂ%aﬁmxﬁw(ﬂﬁ+

o B dx 3 B R(x) dx \oq
2, U, (00, D, 00, 0
PV [(24‘,) zciUl+aoBz-|(I>ld L Ul(a 1070, 0% 5)9;);(13)
2 B* d x orn* B \onoxonm O0x 0%

on’ B dx V()n 0 B’ R-(_xj dx o0m 0
|, T L EE (0000, 00,00
Lo B \ o oxoy ox on*/

Pd, zdU, o, 0D, s U, dR(x 0®,0®,
g—t L 8 12 g b a0 it el

X

+ — G_, [(2 — by) zd_gl + a B?
2 B° dx

It’s easy to conclude that coefficients in the equtions (13) depend only
on the variable x. Following the general Bogdanova’s [7] examinations, and
keeping her notation, following groups of parameters

dk U

(n _ R—12_ Tl ok
fk(J = Ul dxk 2
fi =05 (14)

fm _ Ut d* R(X) —, |

B ™ R(x) dx*
dt U,
[4] — Bofios S8 zk ,

fko Ul dxk

can be introduced as a new variables. It is evident, that only three of them,
. 3 C
i e f if,], F Em] E:,] are indispensable.

Since the U, = w Rx), following relation can be established:

i =afh) (15)
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After introducing parameters (14) and relation (15), for k=1, using more
suitable notation:

=g =a (16)

the system (13) is transformed, as follows:

&0, f 0@, \? 1 i 0> D,
Erd 1 - b (2 — B) £, - s B®] 1D -+
()7]3 Bz[ (07] ) 7_232[( O)fl 0 ] 1 p 2

bk (20eY_ EGQ0, 0. 20, 20
B \ a7 B? \dn oxom dx- Oy
D, 2g, 00,00 1 0 @ g
21 SBLC Tt (2 — bo)f, + a0 B O, ——F =
o B® 0v o0 2B o
_EUi§Ef¢z_@%f®1
B> | 0m 0xom ox on’ :
where:
. ©® R (x)*
e W B 18)
Ui (

is the “spinning factor”.

Besides, by means of the relations (5), (8), (9) and (14), the following
exspessions for the parameters f, and g, are obtained:

X

a, B U;f bo—1
= —— = PR (X1 dx; 19
fi UP R’ 1 (%) | (19)
0
2B R (x) [
g = &%) UP~! R(x)? dx, (20)

UbTIR (x)?
[\

where the variable B is defined with (11).

It’s interesting to mention that for a, = b, = 2, relations (19) and (20)
are reduced to the Gortler’s “main function” of axisymetric boundary layer [10]:

2U,J U, R (x)?dx
0

W S g il

B (x) B U R (0 ; 21)
2R (x)of U R (x)? dx

il e U, R (22)
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From the form of the equations (17) can be concluded that is indispen-
sable to transform the factor U, z on the right side of the both equations for
their complete universalisation. However, this can be done only after intro-
duction of transtformed momentum equation for x-direction.

3. Transformation of the corresponding momentum equation

Using wusual treatement in the boundary layer theory, corresponding
momentum equations can be derived from the system (3). Since the only one
of them, which corresponds to meridional (x-) direction is neccessary tor the
further examination, only the first momentum equation is quoted:

0 * U’ ok oF R o ik Tox
ox S T @3+ 8D+ p (008 + B = )
Here dre;
5 = f_u(l—'y)d- 5= | == dy 24)
! J v )9 oz Ju.v, (
momentum thichness
5 u
5 1
displacement thickness, and
0 u
Tox = W@ (d}) (26)
'/ o
shear stress on the wall in meridional direction.
Combining the dimensionlless expession
- ) (u/U
7 = [iﬁ&j%l] , 27)
0(x/d11)dy=0

which characteriz_e shear stress on the wall in meridional direction with defi-
nition (26), right side of the equation (23) is transformed to:

Tox v
= o 5, 28
oUi LU, 2
Intoducing in the equation (23) expression (28) and relation:
A8 v_dz

_ _—
dx

A —28:‘1

(29)
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which follows from (9), written as:

1 (30)

multiplying with U, S /v, momentum equation is obtained in the following
form:

U,dz 4 F
.= b= QHH) — @ Hy +Dfld =" (31
where
2o eyl broe, 00 " 5
Hyji=—=1; Hp=—; H=—r (32)
8ll 8ll 8Il

On the other side, differentiating the groups of parameters (14), new
relation is derived:

- Ci?f[rI NI mdz 33
Uz — =N, +kU i 0 (33)

where
N =Rl e -t + 550, (34)

with r as the group index, i. e., in the most general case r = 1, 2, 3, 4.

Function 0)7, indispensable for the definitive universalisation of the
system of equations (17) is obtained introducing the momentum equation (31)
in the relation (33):

- B8 [r] ] r]
U, z 2 = N3, +Ekfi F, = 6. (35)

4. Universal equations of treated problem

By means of relation (35) it is possible to derive difterential operator:

0 0 i
Uz =Uiz22 ;m = Zzheilafw (36)
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which transforms epuations (17) in universal form:

QAR ) D, 0* ®,
1y I Ji [ - (0_1)] t o, gl_(télf-_) "—[(2*503f1+aoB]‘D — =
d'f} L 0 B* \on OTF
_ZZ O, 0° 0, a(Dla(D i
omofdan ofW g (37)
0D, 2g, 00,00, 1 0* @,
= (2 — by fy +a B D, =
0 B® 07 07 232 0
Z ( 0° by dfﬂﬂﬂ[ﬂ
Z on O0fon off o/
whith the corresponding boundary conditions:
o =0,=20 9 (38)
o o
. l;a&=0 for n = 0.
on . 07

Since in the treated case four original groups of parameters (14) are
reduced to following two;

R =5 i =g (39)

group index r has only two values: » = 1 and r = 3.

Separating the sums on the right sides of the system (37) according to 7,
and using the notation (39), definitive form of universal equations is:

0* O o d\° 0D, R
f “+ﬁ{1—(—j]¢&g‘( 4 ol =it aB0, 2 -
o7’ B, 07 B,\ 0 2 B* on?

=f1*Z m(ad)l__a‘-’(bl o ®, d(D)u em(acb 2 @, g_tpla?q)l);
B? k\on ofxon Ofe 0%’ k

2 0m dgxdn gk O
| (40)
0P, 2 ()(D oD 1 ®,
i e AL I SRR T T Rk B

"4 ; 0D, a(I) a(b()CD 30(1) 2 dh, 0D, 0" D,
B O‘Yj()fkd”f] dfk dq 0 agkdr ogr 07°
where, taking in consideration (34) and (35):
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BE] = kT 1R+ & Fif+ e
0 = (kf, — ) 1 gxn + EFig i

while F,, determined with (31), is:

F,=2E —2f,(2+ H) — 2 (c* Hx + 1) (42)

5. Solution of the universal equations

Taking in consideration limitation of computer (memory, speed) that was
used for numerical integration, system (40) was solved in so-called two-para-
metric once localized approximation. That means that the only f, and g, para-
meters are kept, parameters with k& = 2 are rejected. This is possible since the
first members of the Loitskianskii’s parametric groups (14) is ”strong” — re-
sults obtained in such approximation is sufficiently good for practical applic-
ation. Besides, all members with derivations of g, are rejected, that means that
the solution is once localized by g,. Betwen two possibilities: localization by
f, or g, the second one is chosen. It was considered that parameter f,, which
characterize the influence of the outer velocity distribution and had implicitlly
the influence of body shape on boundary layer developement, is more impor-
tant than parameter g,.

According to this, universal equations (40) in two parametric once loca-
lized approximation are:

» @, 0 ®,\° e 0 M.\2 ] 2
STy [1 2 (_) ]+ o’ -g-::(‘ ) b vy iy, Bty B
anti B o B* \on 2:B? on?
— (o PO

1 b

S B '\omofiom of, o .
0° @ 0D, 00 1 ol ‘i
BT (2 — bl fy + 3 BY O, =
on B d» o . 208 0’
I od, 0°P od,0*d
e _ZFI 7 (___1 - ] 2)’
B on 0fion  of, 0%’
with the corresponding boundary conditions:
od, o
P,=0,=—'=—"—1=0 for = 0;
o o
§)] o
(? *=1; —* =0 for n— o0; (44)
0 0

(Dl = (D(lﬂ) (f}; gl); (Dg - (])(20) (Y}sgl) for fl = 0.
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This system of equations has been numerically integrated®* by means of
uJdnite difference method using an implicite scheme. Three diagonal alebraic
system of equations, by which each of the original partial differential equations
(43) has been substicued, have been solved using Gaussian elimination. Since
the partial differential equations determing universal stream functions @, and @,
are of third order, nonlinear and joined, the iterative procedure has been
applied. The calculation has been realized with double precision, for four
different values of spinning factor:

and for the following values of the parameter:
g =0; 40,02 ; 4 0,04 ; L+ 0,06 ; 4 0,08

The integration has been done with space increments A f, = 0,001 and
A7 = 0,1, starting at the point f, = 0 (i. e. the point of the minimal pressure
or maximal velocity in meridional direction), moving upstreams to the front
stagnation point (positive domain portion) and downstveams to the separation
point (negative domain portion). The cumulative calculation error, performer
for both universal stream functions, was less than 1 - 10—

6. The results of the numerical integration and their
practical application

Complicated nature of treated problem, which is described with great
number of independant factors, parameters an variables, has, at the end of
the numerical treatement, great number of the various results. The most inter-
esting of them are quoted here.

g
) l'9--06 ‘
in 6=.5
8 | | S -
f4 - 08
04
o
6 206

B~

1y /S q
o% 12 ‘4 6 18 0. N 0 2. : 6. ~10. N

Fig. 1. Fig. 2.

* The calculation has been done in C.I.R.C.E., France
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On the figures 2. and 3. ®,, and ®,, are shown graphically for the
g1 = — 0,06 and ¢ = 0,5. It can be mentioned characteristical evolution of the
velocity profile, approaching the point og separation (f, decreasing).

T T8 R
| v,f%fﬁf%ﬁ]'g" L A

|
— | e
|
|

| N
106

Fig. 6

Variables 4 and B, universal displacement and momentum thickness,
are shown on the figures 4 and 5, for 6 = 1 and different values of g, as
parameter. As it can be expected, approaching the point of separation, chara-

(q)m)l ]

G=1
FrL:O

i ! ’ !
| @ I
| nn )r ‘

Fig. 6

2 Mehanika 10
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cteristical increasing of the boundary layer thickness can be noted, particularly
on the figure 5.

On the figure 6 functions (®,,)q=0 and (Pyy,)q=o are shown for ¢ =1,
with different values of g, as parameter. These functions, which serve to
calculate shear stress on the wall, also determine, very strictly, the position
of the separation point ((®,4),=0 = 0).

Fig. 7 Fig. 8

The influence of the spinning factor can be seen on the figures 7. and 8.
Because of the influence of centrifugal forces, rotation provokes the growth of
the boundary layer thickness, as shown on the figure 7. It is evident, from
the figure 8, that the shear stress on the wall of the spinning body is reduced,
n comparison with the rotationless care. This important efect is well-known
in balistics.

f,/ 82 A B (=03 nadnz0t (Paqnlnzo
90 il H:'-I H;:,
o8 aglioa  6=0 A5 90
f 8¢ 9 N, as|as | 6=0 -
36103 / : \ fayB? i
3.2 32
A / N 7 =
- 35 ~ =T
os [\ 34102 7 \.}\ < 2.8].28 //‘ S
T~
(O
azfior 7 i N o \-.\ \:‘:b‘/ =il
2 A NPT T
0 \ 30 25 5 \/ -20 e 20
0 V \
: > o o UG VTS #l R
/ g 7 28 N \
04 \ o8 .ml 2 // 12 N
26 ) \
2.4,91\ kgmji.__.qﬁ____'oa »
- 5T L S : B
] al— 04 N
-08 2.2].96 05 s \
0|95 00 ) R .
“os -06 -0 -02 “:!. ¢ 0z o4 06 08 T L 02 04 08 08 K

Fig. 9 Fig. 10
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On the figures 9. and 10., for ¢ = 0, all characteristical universal func-
tions are shown. It can be mentioned that this rotationless case is chosen only as
the example of application of given diagrams as nomograms. In the particular
case, which is defined with the known A,(x), R(x) and «, using (19), f./B’
can be evaluated as:

f UP~! R? (x) dx.

0

h __aUi
B*  yl R (x)

Entering in the diagrams 9 and 10 with this particular value of f,/B® the

values of all universal functions (4, B (Pygm)a=0> (@ran)n=0> & Fy HT: H;;
can be determined. Lines with flashes on the figures 9 and 10 show graphi)
cally described procedure.

o W %k, .
Introducing the obtained values A, B and Hz; In the expressions:

(aov § U " R® (x) gn)' 2
8*# - 0 B;
= UP? R (%)

*k % ¥k sk
322 = Hy 811

(ay v S UP™" R? () g
*
= A
¢ U R ()

displacement and momentum thicknenss can be evaluated.

Shear stess on the wall, as follows from (28), is:

bo
wU, 2" R(x)

% (P1ym)n=o-
(@ v § UL~ R? (x) dx)' 2
0

Tox —

2‘



20 A R. Bachrun, M. Pavlovi¢, M. Daguenet, V. Saljnikov

REFFRENCES

[1] Wieselberger, C., Uber den Luftwiderstand bei gleichzeitiger Rotation des
Versuckskérpers, Phys. Z. 28, 84—88 (1927).

‘ [2} Luthander, S, Rydberg, A., Experimentelle Untersuchungen iiber den
Lufiwiderstand bei einer um eine mit der Windrichtnng parallelen Achse rotierenden Kugel, Phus.
Z. 36, 552—558 (1935).

(3] Schlichting, H., Die laminare Stromnyg um einen axial angestromten roti-
erenden Drehkirper, Ing:.—-Arch. 21, 227—244 (1953).
~ [4] Truckenbrodt, E., Ein Quadraturverfahren zur Berechnung der Reibung-
sschicht an axial angestrémten rotirenden Drehkirpern, Ingr.—Arch. 22, 21—35 (1954).
i [5] Parv, O., Flow in the Three-dimensional Boundary Layer on a Spinning Body
of Revoluticn, AIAA Jour., Vol.,2,No.2, 361—363 (1964).

[6] Loitskianskii, L.G., Universal Equations and Parametric Approximations in
the Theory of the Laminar Bourdary Layer, Appl. Math. & Mech, Academy of Sci.SU,
Moscow, Vol. 29, No. 1, 70—78, (1965). (In Russian).

[7) Bogdanova, V.V. Universal Equations of Three-dimensional Boundary Layer
Theory, 1zv AN SSSR, No. 6, 34—42 (1968).

[8] Saljnikov V.N. A Comtribution to the Universal Solutions of the Boundary
Layer Theory, Teorijska i primenjena mehanika, Belgrade, No. 4, 139—163 (1978).

[9i Kuki¢, D., Calculating Procedure of the Axisymetric Boundary Laver on a
Body of Revolution, Naulno-tchnicki pregled Vol. 25, No. 9, 21—34 (1975). (In Serbo-
croatian).

[10] Saljnikov, V. Ubertragung der Gortlerschen Reihe auf die Berechnung von
Grenzchishten an Rotationkdrpern, DVL-Bericht No. 133 (1960).



Universal Solution of the Incompressible Laminar Boundary Layer Flow ... 21

VHUBEPCAJILHOE PENIEHUE HEC)KUMAEMOI'O JIAMHHAPHOI'O
ITOTPAHHYHOI'O CJIOA B CIVUAE 3AKPYUYEHHOI'O JIBUKEHMA
OCECUMMETPUYHOI'O TEJIA IIPOU3BOJIBHOU POPMBbI

PeszwmMme

Beegenem B Meroy Jloftnsmekoro-boranosoit [7] 1enecoo6pasHbIX Iie-
pemensix CansHuxoBa-Kyknuesoit [9] gocturHyra IoHas yHUBCPCATM3AIsT
ypABHEHHH JIEMHPHAHOTO HECYKHMAaeMOro IOIPAHITYHOro ¢J10s B C/ay4ae 3aKpyde-
HHOTO JIBIYKEHMS OCECHMMETPHYHOI'0 Tesa IpousBosibHOH (opmu. ITonydeHHast
CUCTEMAa YPAEHEHMH HyMEpPHUYECKH pelIeHa B JIBYXIIPaAMETPHUECKOM OHAYK/DI
JIOKAM30BAHHOM NIPHOIVIKEHMM. Pe3y ibTaThl HHTerpalyi IpecTaBleHbl rpadu-
yecKH M aHauusypoBaHbl. IlokazaH cmoco® [iisdl IPaKTHYECKOro IIPHMCHCHHS
[0/l YEHHBIX YVHUBEPCAIBHUBIX (DYHKIMH IOCPEJCTBOM JaHHBIX HOMOIPaMMOB.
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UNIVERZALNO RESENJE NESTISLIIVOG LAMINARNOG
GRANICNOG SLOJA ZA SLUCAJ] ZAVOJNOG KRETANJA
OSNOSIMETRICNOG TELA PROIZVOLJNOG OBLIKA

Rezime

Uvodenjem u metodu Lojcjanskog-Bogdanove [7] svrsishodnih promenlji-
vih Saljnikov-Kukiceve [9], izvr§ena je potpuna univerzalizacija jedna¢ina ne-
sti§ljivog laminarnog grani¢nog sloja za slucaj zavojnog kretanja osnosimetri¢nog
tela proizvojnog oblika. Izvedeni sistem jednadina je numericki reen u dvo-
parametarsko jedared lokalizovanom pribliZzenju. Rezultati integracije su pred-
slavleni graficki i analizirani. Prikazan je postupak zz praktiénu primenu do-
bijenih univerzalnih funkcija posredstvom datih monograma.
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