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1. Introduction

In article [1] the generahzed bending theory of anicotropic plates was
introduced. It was shown that in order to describe the total stress-deformation
state, six analytic functions are necessary:

Q (21), @ (22), T (20)s ¥ (22)s @ (20)> ¥ (24) (1.1)
where

2p=x+ Ny (=152 3 4) (1.2)

and ); are complex numbers-roots of the characteristic equations (2. 1)/[1] and
(2.2) /[1] (The term (2.1)/[1] stands for equation (2.1) found in article [1]).

In the present contribution the arbitrariness definition of functions (1.1)
and their form in case of a multiply connected region, as well as the main
force and the main moment will be analysed and formed out.

2. Arbitrainess of stress functions

Theorem 2.1 The components of stress tensor (2.7)/[1], the unit forces
(3.4)/[1] and (3.5)/[1], as well as the unit moments (3.6)/[1] are not altered
if one replaces

Q (2’1) by Q (zl) = ;— » CcM 2, -+ -Y(l) 2, + "Y“(lj

« (22) bY (OF] (22) = ;—' wi8) e 2,’% + Y(z) 2y + ?(2)
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T {z1) by I'(z) = % x® C® 28 +y® z + y®

v(z) by yi(z) = % X CO 23 + YO 2 + FO 2.1)
¢(25) by @ (2) =ix® COz + v
$(z) by Y(z) =ix®COz+ yO

The complex constants x¥ (¢ =1,....,6) are defined by the coefficient

of the Hook’ s matrix; all the remaining con tants are free, whilst C® are
real, and v®, ¥*) complex constants.

Theorem 2.2 If the displacements are defined as single valued functions,
the constants C®, v, $® appearing in the previous theorem are not free
but must fulfill the following conditions:

R,v» + R,y® =0 (=1, k=2and i=3, k=4 (2.2)

In M Ipy® + I 2 I Y® = R, (A, — M) R, y®) (2.3)
(=1,k=2 and i =3, k= 4)

R,v® + R, y® =0 (2.4)

I B9 I y® + I B I v© = R, (B — B Re¥® (2.5)

The proof of both theorems is done in the known manner [2]. Let wus

now analyse the example of the function ¢ (z;) only. From the equation (3.4)
/[1] we shall eliminate the function ({ (z,). It can be established that the

expression &, ¢ (2,) + 32 ¢ (25) is a single-valued function. If additionaly the
conjugated equation is taken into account, we get

3O ¢ (25) + 3 ¢ (2°) = F (T Zyys Tiy)- (2.6)

The further development is well known.

3. Form of stress functions for multiply connected regions'

The middle plane of plate should lie inside the contours ¢, and outside
the contours ¢, Cy, . . .c¢n and should include the region S of the plane
(z:2 = x + iy}]. The equations

xp=x+ R, (M) y
(B v 1,253, A) @3.1)
Y =In ()Y
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are defining the bijective mappig of the plane (z| into the plane (2 = x +
+ 2 y). The contour ¢; is mapped into contour ef® (7=0,1,..... m;
k=1,2,3,4,); thus the orientation of the contour ¢;® corresponds to the
contour ¢; if we require

O(yy) _I1 RN

[i<1
! = I, A >0 (3.3)
Bepsivie 0T Rl o

Theorem 3.1 In casz of the finite plate with m holes, the stress functions
have the following form:

i 1
Q(z) = .le(l) (7 AS'U 21 + Y,S'l)zl ¥ 35'1)) In (2, — 2,7 + Q% (z) (3.3)
j=
m 1 ’
o (2) = _le(z) (WZ_ Agz) z3 + T_S'Z) 2y +39 ;('2)) In(z, — 25,5) + *(z2) (3.4)
J=
i 1
I'(z) = Zx(s) (_ A§-3) 3% =+ T}” &y = 35-3) In(2, — 21,5) + I'*{z) (3.5

i=1 2

m 1 N
o el (— AP L Y02, + af-“’) In (2 — 20,5) + Y* ()  (3.6)

j=1 2
P = Su0 (40, + 1) (e~ 20) + 0* () (3.7)
=
$ (20 = .zlx(ﬁ) (A}G) 2, + 'Y_E'G)) In (24 — 24,5) + ¢ (20 (3.8)
J=
wBfi=1,...;6 are complex constants, defined by terms of the
Hook’s matrrx
Y989 @ =1,...,6) are complex constants
Af.ﬂ'(z' = kon . 1 6) are real constants

zpj(k=1,2,3,4) are fixed points inside the contours i

The functions marked with stars are holomorphic functions in the corres-

podent region S® which by means of the equations (3.1) represents the image
of region S.

The proof of this theorem runs in known ways. Let us now study only
the example of function ¢. Due to the equation (2.6) it is evident that R, [3¢®

¢ (z,)] in the region S® is a single-valued function. In the known way it can
be established that
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39 ¢ (z5) = S A® In (23 — 20,5) + " (25)

i=1

Due to this expressiont we get ¢ (z,). If »® = 1/8® is introduced and
then integrated, we actually get (3.7).

Theorem 3.2 If the displacements defined by equations (2.6)/[1] are re-
?uired to be single-valued functions, then the strecs fuctions have the following
orm:

Q () = ilx(l) S0 In (5, — 2,,7) + QF (21) (3.9)
P

8 Y = 2}42) 5D In (2 — 2,,5) + 0% (2 (3.10)
£

T == f:lm 5O In (31 — 2,9) + T (&) (3.11)
£

Y (2) = ém 5O In (30 — 235) + 1* (=) (3.12)

o (25) = j;ﬁlx@) YO In (5, — 23,) + 9* (22) (3.13)

P == ix(ﬁ) YO In (2, — £4) + " (22) (3.14)
P

I 2 3 4 6 . .
The complex constants 3} ? 3 B 55 Y ¥ present in these equations
and characteristic for contour c¢j, are not entirely free but are connected
with the following four equations:

I, %® R, 5% + Rn® I, 32 = I %, R, 8" + R,x®O I, 8 (3.15)

I, %® R, 3% + Ry x® I, 8 = Inx® R, 87 + Ry x® I, 5*  (3.16)

Inx® Ry Y + Rx® I Y7 + In @ R, YO 4 R,x® I, ¥ =0 (3.17)
I (B ) R, ¥ + Ry (B ™) In i + I (86" %) R, )% +

R (%) Ly T =10 (3.18)

Proof. The cocfficients formed at particular powers of the variable Z in

equations (2.6)/[1] must be single-valued functions. If the mentionad equations
(3.9) — (3.14) are taken into account and if we consider that on the counter-
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-clockwise round of the contour ¢; the function /n (2 — 2,;) is increased by
2ni, and In (2 — zp,;) is decreaszad by 2mi, then the assertions of this theorem
are established in the known way.

4. Main force and main moment

. Definition 4. 1 The main force along the arc 4B is the vector

+h
— 1
P = 2—h f f(Xn, Y. Z,)dZds 4.1)
AB —h

where

Xy = 6, c0s (n, X) + T4y cos (n, y)
Yy = Ty cos (n, X) + o cos (n,y) (4.2)
Z, = Ty cos (n, x) + Ty, cos (n,y)

Iet us take into consideration the unit force definition, i.e. the equati-
ons (3. 1) — (3. 2)/[1] and integrate it to the variable Z. If in addition the equati-
ons

cos (n, x) ds = dy cos (n,y) = — dx (4.3)

are taken into account, we get

- 1
PR i; f(zx dy g Txy dx’ Tx?; dy — E!I dx’ Nﬂf dy i Ny dx) (4'4)

On the basis of the equations (3.4) — (3.5)/[1] it can quickly be appointed
that under the integral sign in (4.4) thare are total defferentials.

If we consider

i

x=———0O 2 — M. 2

melk (Ax 2k & 2k)

(k=1,2,3,4) (4.5)
PR SRS £

SE il

resp.

3 Mehanika 10
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i

dx = ‘2_I—"" (Af» d.ak = A]C dzlﬂ)
m *k
(4.6)
dy'—_'?I )\‘(—d..o‘rb {—dok)
Kk
the integral (4.4) can be calculated. Thus we obtain the following
Theorem 4.1 The components of the vector [I*:] ay are the following:
[Flg = — R (B ¢ () + B Y (2015
[Fla = — R85 9 (2 + B W (2015 (4.7)

A

1 . i ST 1 . 1 ...
[ﬂhﬁ_hR[m[39®%r5kF@ﬂ*m?L;m@%#?#y@%}

B

On verifyng, it must be taken into account that the equations
1) 1 £ i (1 :
® 43 pP=0, BY+NB’=0 (=39 (4.8)

which are regarding to definitions (2.12) — (2.13)/[1] equivalent to equations
(2.2) an (2.5)/[1], are in force.

Definition 4.2 The main moment along the arc 4B is a vector:

——;—ff(Z.ny——Ynz,an—an,Ynx—Xny)dst (4.9)
AB

—h

Theorem 4.2 The coordinates of the main moment are by means of stress
functions expressed as follows:

h® . : .
Mlip = ——— I, {océl) (n—MQ (21) + 01(51) (2, — =) 0 (&)]ﬁ +
6 I, M\
h? (2 e Y (2) == A
s = Iy, {Otz) (he — M) @ (22) + os (22— 22) @ (32)}}3 4
6 Iy As
h' (s, i (1) =1 A
4+ —— I {0'-2 (o — M) T (=) + oy (71— 2)7T (31)}3 +
10 I Ay

h4

— Iy {otgz) (A2 — As) Y (22) + OL(52) (22 — Ez) 'Y (Zz)}ﬁ (4.10)
10 I, Aq
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(M) 4 =
h* = . = Ko o
= Iy {O\l — ) 2 05(51) - 1(21)) Q (=) + Ot(sl) (A2 — M 21)0(21)}§ -+
B L2 . . e o e s
bt I (0 = T Qo — e a) 0 () + o (a1 T (e} +
m 2
ht R . b L LA
— I {4 — W) R &P — 2 ) T (21) + «P (a2 — M 2) 1 (20))F +
10 I 2y
h _ .
m I {(7\2 — (2 0€(52) — A mg”) Y (22) +
+ 01(52) (222 — X2 22) Y ("-’-z)}g (4.11)
[M)as = R, (BE 25" [25 9 (22) — 31 (29)] +
+ B 2 [24 ¥ (2) — 22 ()} (4.12)
Here is
X1 (25) = J P (25) dz, 3 X2 (24) = [ ¥ (29 dz, (4.13)

The proof of this theorem is similar to that of the preceding one. In
controlling the fact that underneath the first two integrals (4.9) there is a total
differential, we meet the equations

e+ aP —aP =0  (1=1,2)
_ | | | (4.14)
o’ +3(0P + o) =0 (=12
which are filled up. This is due to (2.10)/[1] and (2.1) — (2.4)/[1]. In verifying
the third formula we again meet the equation (4.8).

Theorem 4.3 The components of main force and main moment onto the
contours ¢ (7= 1,...,m) are:

[Fx]cj = — 27w Im [3(63) w(® YES) -+ E’(64) % (5) Y_SG)]
[Fyley = — 27 I [B5” %™ ¥} + B3V x® Y} (4.15)
[Fz]cj =0

[Mx]cj = [My i = 0
Mgl = — 2 Iy [BE” 237 7, + BE 237 v/ (4.16)

3.
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Proof. This theorem is the consequence of the preceding two theorems
and of theorem 3.2. For the arc 4B we take now the clockwise round of the
contour ¢j. At such a round, i (zp — 2,5) is decreased by 2mi, and /n (25 —
— Zy,;) is increased by 2mi. |

The constants Y¢ and Y{” are by means of the equations (4.15), (3.17)
and (3.18) determined single-valued.

It can be ascertained that among the constants there is a fewer number
of binding equations than constants. That means that several constants can
be selected freely. This is due so the fact that instead of four functions used
for describing the stress-deformation state we dispose with six of such functions.
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SPANNUNGSFUNKTIONEN IN DER VERALLGEMEINERTEN
BIEGUNGSTHEORIE DER ANISOTROPEN PLATTEN

Zusammenfassung

Der Beitrag ist die Fortsetzung der Veréffentlichung [1]. Dort haben wir
den Spannungs-Deformationszustand der Platte mit sechs verallgemeinerten
analytischen Funktionen behandelt. In diesem Beitrag erkennen wir den Defi-
nitionsgrad der gesamten Funktionen und der Form fiir vielfach zusammenhingen-
des Gebiet. Weiter beschreiben wir die Beziechung mit der Hauptkraft und Haupt-
moment entlang der einzelnen Kontur.
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NAPETOSTNE FUNKCIJE V POSPLOSENI TEORIJI
UPOGIBA ANIZOTROPNIH PLOSC

Povzetek

Ta prispevek pomeni nadaljevanje ¢lanka [1]. Tam smo napetostno-defor-
macijsko stanje plo$¢e obravnavali s Sestimi analiti¢nimi funkcijami. V pricujo-
gem 7zapisu spoznamo najprej stopnoj definiranosti omenjenih funkcij in obliko
teh funkoij za velkrat povezana obmodja. Pokazemo tudi kako se glavni vektor
sile in glavni moment vzdolZ posamezne konture izrazata s temi funkcijami oz.
z njihovimi parametri.

France Bresar Bogdan Krusic

Vitodrag Kumper§cak Fakulteta za strojni§tvo
Visoka tehniska Sola University of E. Kardelj—
University of Maribor Ljubljana

62 000 Maribor Pob. 394, 61 001 Ljubljana

Yugoslavia Yugoslavia





