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1. Introduction

For more exact presentation of stress-strain state in the plate, which also
gives information about circumstaces outside the middle plane of the plate, we
need five analytic functions:

Q(2), w(2), ¢(2), Y(2) P(2).

w

The function P(2) is determined by transverse loading g(x,y)=Re(P"'(2)),
the other four of them can be determined if we know the circumstances on
the boundary of the plate. If the external stresses acting on boundaries of the
plate are given, we have the first boundary-value problem; but if the displa-
cements of the points of the boundary of a plate are given, the second boundary-
-value problem is obtained, respectively.

The complete definition of generalized boundary-value problems are
found in [1]. There one can also find the meaning of all those notations which
are not especially described in this paper.

In this paper both boundary-value problems for a plate with cuts on a
straight line are solved by the theory introduced in [1].

2. Stress functions for an infinite plate with cuts
on the x-axis

Let the cuts [ay, b;] lie along x-axis (k= 1,2,...,m)
and

let us introduce the notations

e Z lck, Cp = [ak, bk]’ ar & bk =4 Aptq- (2.1)
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Then:

Theorem 1. In the case of an infinite plate with cuts along x-axis the
stress-functions have the following form:

o(2) =k§1Yk Ik(z) + Tz + Ky + @u(2) (2.2)
U(z) = — y.kE l-_fk I(2) + Tz + K + $o(2) (2.3)
Q(Z) zk%l(Ak’l P4 + Yk;l) Ik(z) "‘I’ I‘z 2 + K2 _|_ Qo(z) (2.4)
w'(2) =k2 Yo Te(2) + 122 + K; + wo(2) (2.5)
=1
Here is

bi

I(2) = ! In(z— x) dx, (2.6)
s

B oY
Sk = bk = ak, (2.7)
A+ A+ .o+ Ay =0 (2.8)

and K,, K|, K,, K, are arbitrary complex constants.

For large |z|, (|2) > R), we get

o(z) = Byinz + T2 + K, +0(z7) (2.9)
Y(z2) = —%xByInz +Tiz + K{+0(z7) (2.10)
Q(z) = ByInz + Tz + Kp + 0(27) (2.11)
w'(z) =ByInz + Tz +K; + 0(z7™). (2.12)

These expressions assure that the stresses at & = 0 are bounded. The
displacements are however bounded if we additionaly demand:
B]. = 0_, Fl = 0, I‘; = 0 (2.13)
Bz=0, r2=0, r5=0, K2=K£=0,
w'(2) = 0(z7%) (2.14)
This theorem is the consequence of analogical theorems which are found
in [1]. The use of the function I,(z) instead of In(z — x) was introduced by

Krusi¢ [2]. Its preference is that it is bounded when the point z is approached
to the cut.
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3. Solution of the Problem I

We must find the elastic equilibrium of a plate if the external stresses
acting on its boundary are given. We know [1] that the problem is reduced

to the following boundary equation (z€cy):

o) + 170 + V() — %ohm = F()) + O + %

% Q) — t Q1) — w'(2) + B () = ﬁfu(t) +
+ Ql(t) "l“ i?‘kt + Bk
v % 3 +v o = 2—v

g = 3 x k)
v +1

—l—v 1 —v

At first we discuss the problem (3.1), and later the problem (3.2).

3.1 Determination of the functions ® and ‘¥

Theorem 2. If we introduce the functions

@0(2) = 1 J- X Qpl (x) dx =3 1 L D (x) dx,
2ni X (2) X — 2 ani J x—=&
M=y [ 2RO s [ 2
2niX(2) X E Dandch e~ @
c c

Ay(3) = Avo(s) + Pi(e) X&) + -15- r{,

where the following notations is used:
X(2) = (2 — ap)'* (2 — bp)'!%
k=1

X(x) = X*(x) = lim X(2), Im(z) > 0,

hpy(x) = (Sy — D + By — Z9) — i (Tay — Th)* — i (Tay — Txy)”
hpo(x) = (Zy — L)t — (B — Z5)~ — i (Toy — Tay)* — i (Tay — Tey) ™

P(2) = Ayz™ + A, 2™ + ... + Am,

1
A0=F1+"_Fi:
;.
P 1 [+ ] (¢ o] [+ o] [+ o]
P1=F1=ﬁ(2” =2 =)

1l oo
Tf=—(F —Z2 +2i Ty = " + 5% — 2{ I57),

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

3.6)

3.7)

(3.8)

> (3.9)

(3.10)
(3.11)

(3.12)

(3.13)

(3.14)
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then the stress-functions ®(z) = ¢'(z), ¥(z) = {'(z) take the following expression:

D(z) = Do(z) + Pi(z) X'(2) — —; 508 (3.15)

¥(z) = Al(z) — D(z) — 2 D'(2) + % o b D(2), (3.16)

The coefficients A,, 4s, . .., Am of the polynomial P,(¢) we find from the
following (Cramer’s) system of the linear equations:

T 206+ 1) P(x) X() + % [0 () — @5 ()] +
+ [Afo(x) — ATo(x)]} dx = 0, (3.17)

(h=12,...,m).

Proof. This problem is solved by the method of Muskhelishvili [4] therefore
we mention only some basic phases of the proof.

In the sense of the definition f(z) = f(z) we introduce the function

Ay(s) = B(2) + 2 B(2) + F(z) — % o H* &' (2).

At once we can see that the expression

O(z) +A(Z)+ (2 —2)P'(z)=L

is the derivative of the left side of the Eq. (3.1). From the expression of unit
forces Xy, Tzy [1] we get

L= 2 [y —3) —i(Tay = TH)

If we add the conjugate equation and put down the requirement

Iim(z —2)®(2) =0, (V¥ x€c, x #ay, x # by),

we get
O+(x) + AT () = % (S, — T+ — i (Tay — T,

The rest of the solution is well known [2], [3], [4]. The system (3.17)
is derived from the requirement that the function D, = uy + i v, is unique.
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3.2. Determination of the functions Q and '

Theorem 3. If we introduce the functions

g zi(f 1 Xf:)(ﬁfz) P 211:11' X %%%’ @18)
Ro= -5 j Xfigx()xdj 2) o J 5o
wi(E) = Ral2) — 5 Qa) + " B Qa(2), (3.20)
then we obtain '
0s) = T (Apas + o) —1; [(s— ) In(z — a) — (3.21)
— (2 — by) In(z — b)) — 5] + Iz + Ky + Q4(2),
o) = kz"; e o ac) BRE — y)— (3.22)

Sk
— (2 — by) In(z — by) — 5] + Iz + K] + wy(2).

The constants K, and K, are arbitrary, the meaning of the remaining
constants is found in [1].
It must be fulfilled (2.8).

Functions ps;, p, are defined by

£s(%) = % LF4(x) + Fa(d] + i 7% +Br (3.23)
i) = Lf&(x) £ (3.24)

1) =F(@) +B&) — ¥ X (Arorz + i) Ele) —

’ ’ e == = 1 i
—%(Tez + K)+ 23 (Agaz + Ypo)-—In ——i O + (3.25)
k=1 ) Sk . & — Op

+ Ay E(2)] +.2 T +h§lYk,1 Ey(2) +

+I‘22+K -—x”hZZ [ZAICILI z—ak s FAk,lz +?k,1.],
k=1 Sk Z“‘bk (z—ak)(E—-bk)
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Ey(s) = —S-l—[(z — )iz — ap) — (e — b In(z — b) — . (3.26)
k

If ‘we choose B,, then we must still determine 3m — 2 real constants, i.e.
m real constants r, and m — 1 complex constants (3. We find them from the
following (Cramer’s) system:

XK1 py(x) — _ i
—-——-———X(x) dx =0, (=1, ..5m~— 1) (3.27)
b
R%IM&@—AK@M&%=& B0 e . (3.28)

Proof. If we introduce

Aq(2) = 2 Qo(2) + wy(2) — x""H°Qo(2)s
and require
Iim (z — 2)Qy(2) =0,

X

the boundary-value problem (3.2) acquifes the form
' QF(x) — A3 (x) = fi(x) +irx + B
w Q5 (x) — AY(x) = fofx) +irex + By

The further way to find the solution is known. Eq. (3.27) are deduced from
the requirement that the solution is bounded in the neighbourhood of points a,
b,. Eq. (3.28) are deduced from the requirement of uniqueness_of bending w,.

4. Solution of the Problem II

In this case we have the following boundary equations [1]:

xp (6) — £ §0 — §0 = &) + Qo) (4.1)
00) + 0@ + O — - T = 1) + i) (42)
wo = (t). (4.3)

Also here we shall first look for the solution of the problem (4.1), and
for the problem (4.2) later.
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4.1. Determination of the functions ® and ¥

Theorem 4. The solution of the problem (4.1) are the functions ¢'(z) =
= @(2), ¥'(2) = ¥(2), which are expressed_the following way:

x®(z) = @y(2) + Py(2) X(2) + 27 (xT'y + 1 + T (4.4
W(z) = — O(2) + As(2) — 2 P'(2). (4.5)
Here we denoted
T X(x) fi(x) 1 Jo(x)
S 2wiX(2) f £~ 2 - 3 27i x—zdx ko
= PB(Z) X_l(z) i (7-1—11 1 f‘l == Fi)s
1 X(x) fi(x) 1 fa(x)
P(s) = — ———— — - ) ;
(=) 271 X(2) _f xX— 2 s 2 %4 x—zdx (4.7)
2 fi(x) = [g'(x) + Qa(x)]+ + [g'(x) + Qa(x)] (4.8)
2 fo(x) = [g'(x) + Q)+ — [g'(%) + Qa(x)] (4.9)
Pfz)= Coz™ + C, 2™ + ... + Gy (4.10)

Co = 271 (xI'y — T1 — T
C]_=xBl—2”160(a1+b1+a2+b2+...+am+bm)-

The coefficients Cy, Cy, ..., Cp can be found from the (Cramer’s) system:

:‘i“[xrb(x) — At <P FoitaD, @)

=5 (b;c) — Qs (bk):
(A=12,...,m-1).

Proof. The Eq. (4.1) is now differentiated also with respect to the vari-
able x and by the introduction of the function

Ay(2) = 0(2) + 2 @'(2) — ¥(2),
the problem is transformed to

[% D(x) — As()] + [% P(x) — Ay(x)]~ = 2 fi(x),
[x D(x) + Ag(x)]t — [ O(x) + Ag(x)]~ = 2 fo(x).
D (ay) = Dg (az), Dy (b;) = Dy (by),

From

(k = 1,. R I)0 =:u0 —l—ivo)’
we get the conditions (4.11).
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3.2. Determination of the functicns Q and ©'.

Theorem 5. The function Q and ' are in this case also expressed by
the formulae (3.21) and (3.22), but now the functions Q,, », have the fol-
lowing meaning:

Oy = KO [ T H) 1 [ B + 55 g (410
) X(x) (x — 2) 4 x—=z
i = , 4n .,
o) = — Kiz) — 3 4@ + T %@, (4.13)
Aoy o = XK@ [ H HH® 1 fHa“(x) —Hi® 4. a1
47 X(x) (x — 2) 41 x— 32
Hy(x) = 22+ Qz(x) — G(Ag, 'Yk.l)s (4.15)

é(Ak,v ch,l) = ([; + fz) g fi z+ K, + K +

+k§1 {(Aksl Z2 + Yr,a) Ek(z) + Y Ek(é) -

(4.16)
B 4 h? [2/1;.,,1"1—' In z—ay  Apaz -+ ch,l} ¥
1 —v Sg z2—b, (z—ay)(z—by)
m L 1 zZ—a =
+25 {(Ak,l B o) — ok | Ay, Ek(z>}.
k=1 i z — by
The constants A, Y, are found from the system
> Agy, = 0, 2z Yea = 0; (4.17)
k=1 k=1
wolar+) — wolag) = hak+1) — h(ay,). Ek=1,...,m— 1. (4.18)
. ) .
f" [Hix) + Ho@W 5 _ g, E=1,...,m—1. (419
X(x)

2
Proof. Now we introduce the function

a8 . =
Q.O(z)y
— vV

Ay2) = — 2 Qy(z) — wolz) + -

and find
[Qo(x) — A+ + [Qo(x) — Ay(x)]~ = Hig(x) + Ho(x);

[Q(x) + A®]F — [Qo(x) + Ag(x)]~ = Hi(x) — Ho(x)-
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The conditions (4.18) follow from (4.3), however, we get the conditions
(4.17) from the requirement that the solution stays bounded in the neighbourhood
of the points ay, by.

The obtained solution w, is determined up to an additive constant, [2).
The real solution is found by considering (4.3).
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DIE LOSUNG DER VERALLGEMEINTEN RANDWERTPROBLEME
FUR EINE ELASTISCHE PLATTE MIT SCHNITTEN AUF EINER
GERADEN

Zusammenfassung

Dieser Beitrag ist die Fortsetzung einer fritheren Veroffentlichung [1].
Diese frithere Veroffentlichung ergibt die allgemeine Biegungstheorie der Platten
und als besonderen Fall die Losung einer Kreisplatte.

In der folgenden Arbeit sind die beiden Randwertprobleme fiir die Platte
mit Schnitten lings einer Gerade behandelt. Da die Verschiebungen und
Spannungen in der Mittelebene berucksichtigt sind, stellt dieser Beitrag eine
Neuigkeit in der Theorie der Platten.

RESITEV POSPLOSENIH ROBNIH PROBLEMOV ZA ELASTICNO
PLOSCO Z ZAREZAMI NA ENI PREMICI

Povzetek

Prispevek predstavlja nadaljevanje in dopolnilo ¢lanka [1]-ta prina§a splosnp
teorijo upogiba plo$¢ in kot poseben primer je v njem refena samo krozna
plosca.

Pri¢ujoéi ¢lanek prinasa reSitev obeh osnovnih robnih problemov za plosco,
ki ima zarezo na eni premici. Ker so upo$tevani pomiki in napetosti v srednji
ravnini plosCe, prispevek pomeni novost v teoriji plosc.
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