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ON OPTIMAL CONTROL OF MOTION OF A MECHANICAL SYSTEM
OF A RESTRICTED KINETIC ENERGY
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The present paper deals with the problem of optimal control of motion of
a mechanical system with a restricted kinetic energy when such a system is subject
to the action of control which has the nature of a generalised force of a restricted
intensity. The motion is considered in a phase space Vs, of g% p, variables (« =
= 1,2, ..., n), so that the condition of restriction of the kinetic energy defines a
closed set B in that space. Here, the optimal trajectory can be, partially, located
within the open interior of the region B, and partially, on the boundary of the
region B. By applying the principle of the maximum and other necessary condi-
tions [2, 3], the structure of the optimal control is defined, and a sufficient number
of equations and conditions are given for the solution of the problem in its final
form.

We shall consider a holonomic, sceleronomic mechanical system which,
in addition to potential and non-potential forces, is also acted upon by controls
having the nature of a generalised force. Differential equations of motion of such a
system in a phase space V3, have the form of
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dr op,
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where H is Hamilton’s function of a scleronomic mechanical system, QN — is a
non-potential force, while », — is the force of control.

Let the controls of a restricted intensity be permitted, i.e., let the set U be
determined by the inequality

a*®u,uy — K2 <0, K = const, (2)

where a*® is a contravariant metric tensor of the configuration space R,.
Let the kinetic energy of the system be restricted, i.e.

T—C>=0, C=const, (3)

thus, the region B of permissible phase positions is defined.
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_ Let the criterion of optimality be given in the form of a requirement that the
functional
151
F=Jw(g" ¢ ---59" P1s Pos--.sPn) At (4)

lo

has the minimum value, where, in a general case, the limit 71 is not determined.
Let the initial and final phase conditions of the system belong to the open
interior of the region B, and let s be the number of sections of the optimal trajec-

tory lying on the boundary of the region B. Then,
T — C* < 0 M t€[tg,m)) (% Ta)s « « v 5 (Tus—2s Tus D) (T2 1] (5)
,[1 - (;'1 — 0 \,_‘.j te [T k—1s -_'_fl'n']) (6)
where 725 1 are the times of arrival of the phase point to the boundary of the re-

gion B, while w25 (k= 1,2,..,5) are the times of departure of the phase point
from the boundary.

The principle of the maximum provides the sufficient number of necessary
conditions which are satisfied by each part of the optimal trajectory within the
open interior (5) of the region B. In that case, considering (1) and (4), Pontryagin’s
function has the form of

YH )V H .
JG = Ay i F v ( : - ON HI) — w, (7)
0Py, 0g*

and hence, on the grounds of the principle of the maximum, we have on the optimal
trajectory

()= sap I, (8)
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where the vector %,, v* satisfies the system of equations
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Since, in our case, the function JIC is linearly dependent on the control s,
then, by excluiding the case v* = 0, the condition (8) will be fulfilled on the boun-
dary of the region U

a*®u, ug — K*> = 0. (10)
In that case, we can introduce a new function
31 = B — 1) (a*® u, ug — K2). (11)
thus, since the boundary (10) is smooth along its entire length, the condition (8)
obtains the form
9 02 3C
((3_1) =0 ( 1,) o ¥ uf < 0, (12)
aua ug aua auﬂ “a
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whence

|
Hg = Ay "‘b) rJ([) =0 (13)
27

while the vector A,, v* satisties the system of equations

(. dCy 03 0aP
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Let us observe that here we have excluded the case where the function is
stationary over the region U, i.e. when

oxC _
ou,,

0,

or v* = 0. This case belongs to the class of problems of the so-called singular con-
trols [1], and will not be dealt with in this paper.

When the optimal trajectory lies on the boundary (6) of the region B, then
following condition is satistied

= _—"*_Qc‘y%"ua
dt  09* 0py  Opa

it 9048 |\ o7 75 )=
0q*

where, for the holonomic, scleronomic system,

H — T ’1_ H, (E_I = g
apo: apa
and hence, we have
I1
(-0 o) =0 (15)
0pe \  0q*

On the grounds of this inequality, which represents a new relationship bet-
ween the phase coordinates and optimal controls, we propose to form the following
function

oT oll
s = — ) (=57 QY )
0Py 0qx
or
i, = )_10T oy ( s ON + uq) — o — 7 (@Pu,ug — K2) —
op, ogq*
WA I
— [L(——I- ( - - ON + uq). (16)
0P aq*
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Analogously to the preceding considerations, the optimality conditions have
the tollowing form
‘)r}('-) ()2 r]C‘_{
( “) =0, ( - o Mattp < 0 (17)
Oy Juy Oty OUg [y

|
W= — (W — ppa) 1 >0 (18)
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whence

while the vector 2,, v* satisfies the system of equations
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From the preceding we can conclude that, provided ¢*(z), pp(z) ¥ ¢ € [t25-1,
T2x] 1s an optimal trajectory which lies entirely on the boundary of the region B, there
exists a continuous vector function 2,(z), v¥(z), as well as continuous function w(z)
and 7(z) so that the equations (1) and (19), and the condition (8) are satisfied.

d.
dr
variated function also lies within the boundary B.

In addition, < 0 which appears as a consequence of the fact that the

The complete solution of the problem of optimal congrol of motion of a
holonomic, scleronomic mechanical system with restrictions (2) and (3) consists
in determining the functions ¢*(¢), pa.(t), 2. (r), v*(2), u,(t), w(r), 7(r) in all sub-
intervals of the interval [z, £1], of which there are 2s - 1. Since in each sub-inter-
val we have 5x functions g%, pa, *a» V%, U, and one function 7, and since the fun-
ction w appears is a sub-intervals only, in which the trajectory lies on the boundary
of the region B, the total number of functions looked for is (52 + 1) (2s + 1) + s.
For their determination we have 4n (2s + 1) equations (1), (14) and (19), n (2s + 1)
equations (13) and (18), 2s + 1 equations (10) and s equations (15), thus all these
equations are equal to the mumber of functions that are looked for.

By integrating the differential equations we obtain 4# (2s + 1) constants
of integration. In addition, we also have the terms =1, T2,..., T2s/f1 as Unknows
so that the total number of unknown constants is (4n -+ 1) (25 -+ 1). To find them
all we have 4n initial and final conditions, and conditions of transversality. We
shall find the remaining conditions on the grounds of behaviour of functions in
points Ti, T2, ..., Ta2sf1. Namely, the optimal trajectory is a continuous one over
the enire interval Jro,t1], and we have

[g* (v2k-1 — 0) = ¢* (z21-1 + 0), Ps (v2p-1 — 0) = po (r2p1 + 0),

(20)
lg* (t22 — 0) = ¢* (Tor + 0)5 po (T2 —0) = (72 +0), k=12,..,s
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which yields 4ns conditions. At the same time, in the same points, the vector A,
v* has discontinuities ]3], which in our case have the form

Ao (T2k-1 — 0) = A, (7281 + 0), v* (728-1 — 0) = v* (t2g-1 + 0), (21)
/&
Ao (T2 — 0) = Ay (T2 + 0) + mg;’ ve (T2 —0)=v*(t2r + 0) + aa-
Of these conditions there are, also, 4ns. The functions JC satisfies 2s + | condi-
tions of the form

(BOzgp1—0 = )y y+05 (H)zryp—0 = (K)syp10, () =0 (22)

so that, now, we have (4n + 1) (2s + 1) conditions. But, in conditions (21) there
appear s unknown constants «. In view of the fact that at the moment of arrival
of the phase point at the boundary of the region B, the following condition is ful-
filled

(T)m2r1-0 = C% (23)

we have obtained the total number of conditions required for the determination
of unknown constants.
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OB OITTUMAJIBHOM VIIPABJIEHHW JIBUJKEHHEM MEXAHHUYECKOI
CHCTEMbBI OI'PAHHYEHOI KHHETHUYECKOH OHEPTHH

Peswome

AHAIM3HPOBAHHO OINTHMAILHOE J(BHAKCHHE TOJIOHOMHOI, CKJICPOHOMHOM Mc-
XAHMUYECKOIT CHCTEMBI OTPAHMYCHHOH KUHETHUECKOH OHEPIUM 110/ B/MSHUEM YIIpAB-
JICHHUST BH[A OUpaHH4JcHHoil 06o0meHHoil cvim. IlpumeHeHuem IIpHHIMIIA MAKCH-
myma [TTOHTPsCHHA OIpe/ieIcHa CTPYKTYPa YIPAB/ICHUs M IOCTAB/ICHDI YPABHEHIA
H VCIOBHS, YHCI0 KOTOPBIX JIOCTATOUHO JU/IsI KOHEUHOTO PEIICHH.

O OPTIMALNOM UPRAVLJANJU KRETANJEM MEHANICKOG
SISTEMA OGRANICENE KINETICKE ENERGIJE

Izvod

Razmatran je problem optimalnog upravljanja kretanjem holonomnog, skle-
ronomnog mchanickog sistema ogranicene kinetiCke energije, pod dejstvom uprav-
ljanja koje ima prirodu generalisane sile, ogranicenog inteziteta.

Kretanje je posmatrano u faznom prostoru, tako da, uslov ograniCenosti
kineticke energije, odreduje jedan zatvoren skup u tom prostoru. Koriscenjem
Pontrjaginovog principa maksimuma i drugih neophodnih uslova, odredena je
struktura optimalnog upravljanja i postavljen dovoljan broj jednacina 1 uslova za
reSenje pooblema u kona¢nom obliku.
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