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1. Introduction

Particular attention has been paid in continuum mechanics to ,the path-
-independent integrals” recently. Apart from their inherent theoretical interest
these integrals are of pratical importance in connection with the direct asymptotic
analysis of geometrically induced singuler stress concentrations, such as those occa-
sioned by cracks and notches.

The way to drive them differs from author to author. It was shown in a recent
paper by Knowles and Sternberg [1] that J-integral or the conservation law of Rice
[2], as well as its three-dimensional analogue, can be generated systematically with
the aid of a theorem due to Noether [3] on invariant variational principles in con-
juction with the principle of stationary potential energy. It was shown that, within
the context of linear isotropic, homogeneous elastostatics, the three conservation
laws are complete in the sense that they are the only ones furnished by Noether’s
theorem.

Noether’s theorem on variational principles invariant under a group of infi-
nitesimal transformations was used by Fletcher [4] to obtain a class of conservation
laws associated with linear elastodynamics.

It was shown in [1] and in later paper by Green [5], that analogous laws exist
for finite deformations of homogencous elastic materials, but the completeness
of these conservation laws, within the framework of Noether’s theorem, was not
proved. More recently, Chen and Shield [6] investigated, on the basis of the frame-
work of Noether’s theorem, the completeness of the conservation laws for finite
elastic deformations emong the class of laws expressible as functionals linear in
the strain energy W and its first derivatives with respect to the deformation gra-
dients.

Aifantis [7] considered conservation laws for symmetric stressdiffusion fields
surrounding line cracks.

Gurtin remarked in [8] that path-independent integrals can be derived for
both dynzmic and quasi-static linear viscoelasticity utilizing the convolution as the
basic tool.

It is our purpose to extend the investigation of conservation laws to the linear
theory of elastic dielectrics.
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2. Noether’s Theorem

Let
be a regular one-parameter family of transformation,
where
(2.2) X=X W, o), (r=1,2 ..... m)
R fo=82 ..0.x 1)
é(ia) —(@=1,2,...,n) — a point in regular Cartesian coordinates of

n-dimensional Eucliden space E,,

W(Wi)—(G=1,2,...,p) — and ¢ — are arbitrary m — vector fields of
p components and | scalar fields, respectively, defined and twice continuously di-
fferentiable on bounded, closed, regular region R in Ej.

For n = 0 the transformations are required to be identical

2.3) W-W @, p=9(), X-X.

Now we define a functional Z for given fields Y by the formula
@4 Z (W, 9)=[ L(Y) d,

where

(2.5) Y=YEW. VW 0 v9.

The functionaltZ in(2.4)is said to be invariant at (W, ¢) under transformation @2.1)if
T g
(2.6) JL(Y)dE-[ L(Y) dE,
R

for all sufficiently small values of |7|.
If, for a given (W, o),

(2.7) i[fz,(?) dg] -0,
dn 2 - n=0

then &Z is said to be infinitesimally invariant at (W, o).
b3 g
Evidently, ifZ is invariant at (W, ), then(Z is infinitesimaly invariant at(W, ).
™ O 1 a
Now we state a restricted version of Noether’s Theorem 1: Let R be a do-
main in E , and suppose (W, ¢) satisfy the Euler-Lagrange equations:

0
(28) L} Wi_‘__ L: Wi)&t:(),
0
(29) L: Q—— LJ Pra = 0)

a ()Ea a
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Then & in (2.4) is infinitesimally invariant at (W, ) under transformations [(z.1)

™ g
for every bounded regular subregion R of R if satisfies

0
(2.10) e {L(Y) g+ L Wi (2’) pi+L, 9aq ]:O
where
_(aé‘ (oW op
v
‘}’1 n=0 ()7] n=0 g a‘fj n=0
(21 1) pi= ﬁi_Wi,a %oy =Y Prax %

Further, (2.10) is equivalent to the conservation law in integral form asserting that

(2.12) _£[L(Yﬁaa+lq“%a(Y)Pr+lq¢mq]"a@JdE=0,
0 = bid = s c a

for every OR that is the boundary of a regular subregion of R, provided n is the
outward unit normal vector of OR. ”

The proof of this theorem can be found in [1], [4], [10]. We used the follo-
wing notations in this paper:

0
(21 3) L,a: L 5 L)Wi: aL 5 L) W‘G= aL
3k = oW Wi
i OL o=k
G ti) c ()(c,p,cl

provided the foregoing differentiations are used. By L/a we denote the partial deri-
vative of L with respect to L, « to distinguish it from the total derivativz L, «.

3. The classical, linear theory of elastic dielectrics

R. D. Mindlin [9] in a paper devoted to elasticity, piezoclectricity and crystal
lattice dynamics, gave the Euler equations which, for classical linear theory of ela-
stostatic dielectrics in the absence of body forces, read:

Ti54=0,
3.1) Eiji+ Eit—e,;=0
—eo @15 + 755 =0,
where the above quantities represent:

Ty — stress tensor; Eij — local electric stress tensor; EL; — electric field;
¢ — electric potential ; =; — polarization vector; ui,j — displacement vector; ej; =
— u(;, ;) — infinitesimal strain tensor.
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The corresponding constitutive quantities are given by

39 5 owL 27 OWE . oWL

( --—) 4ij ey b’i‘ : 5 Ijl'f E)
Oej orq o

where the stored energy of deformation and polarization W% is given by

-~ ry ] l
(3.3) WtL- = A 75 75 + e By 7 7 7)_ Cijkr ety exs+ Dygry i ekt
If we define an electric enthalpy
(3.4) ; I )

- = I¥ ]‘(f.’jj,T:{JT.(-_,-)—T €0 Poi Pri T+ @y T,

then we can show that

, OH O0H O0WL (QH WL OH OWwL
(33) Z_OH _OWR OH _ow: oH _wr
‘}“i,}' aé’ij aeij @ﬁj,g Orrj,g oy o

and the equations (3.1) can be written as

0
(3.6) (i) 0, _‘LH_(ﬁaH) @ (aH) )
0uji/ i 07\ Omji/ i 00,i/ i
Since,
(3.7) 2 : EE:O, oH 0,
ox; ou; do

it follows that the relations (3.6) are the Euler-Lagrange equations.
Let L in (2.4) be
(3.8) L(Y)=H(2),
Z= (g, ™is mig i)
Then, Noether’s theorem holds and so does the conservation law (2.12) in the form

(3.9) J [H (Z) aj + Tij pi+ Eij gi + (—¢, @i+ 7] n; da=0,
S

where
Ei=xi, wi=W;, m=W, =9, Bi=Pi, vi=pi
1 2 1 1 2

(3.10) Y=Y Pi=pi qi=pi, r=gq
1 1 2 1

The actual form of the law (3.10) depends upon the existence of the corre-
sponding family of transformations (2.1) or (2.11). Thus it is our next task to deter-
mine of this family of transformations.
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4. Inverse Noether’s Theorem

Thecorem. Suppose the elastic dielectric material is isotropic and let £
be the functional
(4.1) T (Y)=[ H(Z) dx,
A =
where V' is a bounded regular region, H is given by (3.4), and ¢ — (i, 7, 9). The
7 is infinitesimally invariant at 4 under transtormations
(4.2) &= (b1,

for every U, wich do not depend cn the material property of body and which satisfy
the equations (3.2), if ¢ satisfy

(4.3) P=9+P P n+0),
where B
(4.5) wi=ai, Bi—cijkxj Pr+bi, vi=0, d=c

and a;, b;, ¢, ®; are arfiitrary constants and cijx are the components of the three-
-dimensional alternating tensor.

Proof of Theorem 2:

According to the Theorem 2, the relations (3.1-6) and (3.9) hold. The local
balance law of (3.9) can be written, fiy the use of (3.2) and (3.6), in the form
0 owL owr oH ]

(4.5) ' — |H(Q)yy+—— pi+— qi+ r|=0.
0xj eij orj i 0Q,j

Using (3.3-6) in (4.6), after lonzer calculations and rearrangzemeznts of the terms
in this expression, we obtain

|
Cijpg €pa (;@i.e‘—”j.k 0tk,¢ + 3 €ij °€s,3)+ Dijpq [7a,p (B.‘i,i—uj,k Ok,i t+ €pg xs,s) +
+ epq (Y1,0— 7,k %k,1)] +
|
Ba‘qu (“{j.f""‘ﬁj,k ok, 1 ? i Ot.\‘.s)+

1
(4.7) A =i (yi+ ? T, os,5) +

N 1
—gg P4 (0,i—@,k kit 5 0, Os,s) +

T (3,5——@,15 otk,i)+ @7 i+ i @4 os,s =0
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Since a, B, Y, O are independent of Tisj Uiry and g, it follows that the linear,
quadratic, and cufiic parts in 745t Uiy and @, of expresion (4.7) must vanish sepa-
rately. Moreover, we require, according to Theorem 2, that the transtormations
(2.1) do not depend on material properties of a fiody. From a mathematical point
of view this is equivalent to the requirement that the terms along the coefficients
Cijpgs Dijpqs Bijpg, Ai; and =0 in (4.7), must vanish separately, i.e.

|
(48) Ciqu €nq (6);, —Uj R Ok,i+ —2* €ij ﬁ,g,.g) =0
(4.9) Dijpg (7o (Bri—uujk oui+ epg ass) + epg (Yii—m1k ok,i)] =0

1
(4-10) Br‘ipq (Yf,i“-ﬁf,k Olk,i + iy )i s,s) =0
|

(4.11) Aij (e +—2— 7y ds,s) = 0

1
(4.12) —20 Qi (Si—-‘ip,k ok, + 5 P os,s) =0
(4.13) T (8i— Pk i) + 95 yi+ T 0, oss=0
From (4.13), if follows that
(4. ]4) '“{j = 0

fiecause y; is the coefficient along the linear part of (4.13) in ®,; and (4.13) must
vanish without restriction on @, j and =;. The linear term of (4.12) in ¢, ; gives

(4.15) 5,i—0

During further discussion we shall use the explicit form of the following isotropic
tensors :

Cispa = 2315 Spg + 1 (3ip Big + Big 35p)
Dijpg=d18ij 8pq + d2 (3ip Bjq + Biq 31p)
(4.16) Bijpg=1b1 81 3pq+ bz Sip 8jq -+ b3 dig Sip
Aij=ag 3
and the expression
Xs,r = QLsyr + Ls,uy Uty + s,y Tor + K P
(4.17) : Bs,r= Bsr + Bs,ut Uty + Bs,:t Tt + Bog Pur
Yo = Ysr +Ysuy Utr + Yoy Teor + Yoo Por
O,r=38r+ 8., try + Oy T+ 850,
From (4.17) and (4.15) we ofitain
(4.18) 8 =1

where ¢ is an arfiitrary real constant of integration.
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With the help of (4.16), (4.14) and the requirement that a polarization vector =i
(xist i.e. mim; 7~ 0, from (4.11) there follows

(4.19) og,s =0
or
ass =0
Os,uy = 0
(4.20) sz, =0
Ko =0

according to (4.17)1.

Using (4.13), (4.14), (4.15), (4.19) and (4.20) we ofitain
(4.21) ks ¢ =0,

which, on account of (4.17) and (4.20) is equivalent to
(4.22) ki~ 0.

From (4.20) and (4.22) we have

(4.23) oty == iy

where a; is an arfiitrary constant.

The expressions (4.10-13) are identically satisfied because of (4.14), (4.15) and
(4.20), while (4.8) and (4.9) give

(4.24) Ciipq epq Bii=0
(4.25) Dijpq Ta.p 3 =0
From (4.25) we ofitain

(4.26) Dijpq B,i=0

Returning (4.16)> and (4.17)2 we see that

(4.27) Bapy=05 Biuy; =05 Bimy =0, Bie=0.
The solution of this system of differential equations reads
(4.28) Bi = Dij x; + bis

where ®;; — ®j; and b; are arbitrary constants.

If we denote

(4.29) Di; = zijr Dk
then (4.28) can fie written as

(4.30) Bi sijk Xj Ox + by
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5. Conservation laws

It can be seen from (4.5) that four fami!jes of transtormations which corre-
spond to the arfiitrary values of four sets of constants a;, b;, ¢ and @, exist.
To these transformations the following conservation laws correspond:

D). bi#0, ai=®Dy=0, c=0.
The corresponding family of transformations is
(5.1) Xi=Xiy Ui=w+byy mi== Q=0

which represents the rigid fiody translation, and

(3.2) [ Ty njda—0
R
1D). DH£0, ai=b;=0, ¢c=0
(5.3) ;1 = Xi, _':;;' = Tli, E; = Ui+ Sijk Xj CD],-”!], ED =

which represents the rigid fiody rotation, and

(5.4) | cive xx Tiy ny da=0
it 4 ¢#0 ai=bi=D;=0
(5.5) ;i:x,g‘_, T—:,':—T:;_, Z_l;:lu{, (;*@+Cn

which represents a family of scale changes, and

(5.6) | (—eo9,i+m5)njda=0

S

In the local form the integrals (5.2) and (5.6) give the balance equations (3.1);
and (3 1)3

IV). ai#0, bi=D;=0; c=0,
(27) Xi=xitam; =T wi—u; @—g

which represents the coordinate translations, and
(5.8) [ [H35x—Tis wyp— Ei; mige—(—20Q,j+ ;) o] n; da=0.

This integral is a new conservation law and represents the generalization of the
corresponding conservation law of Rice [2] in the case of linear elastic dialectric.
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NOETHERS THEOREME IN DER LINEAREN THEORIE DER
ELASTICHEN DIALEKTRIK

Zusammenfassung

Es wird in der Arfieit die Noethersch Theoreme gegefien und zwar in der
Form, welche an der Theorie der elastischen Dialektrik angewendet wird. Durch
diese Theoreme werden die Familien der Transfoimation und die denen entspre-

chenden Gesatze der Konservation zur linearen Theorie der elastischen Dialek-
trik bestummt.

NETEROVA TEOREMA U LINEARNOJ TEORIJI ELASTICNOG
DIJALEKTRIKA

Izvod

U poslednje vreme u mehanici kontinuuma posebna paznja je posvecena
odredivanju integrala nezavisnih od putanje. Interesovanje za ove integrale nije
samo teorijske prirode ve¢ i praktinog znacaja s obzirom na njihovu primenu kao
na primer u problemima loma i prskotina. Iz tih razloga u ovom radu se daje pro-
Sirenje primene Neterove teoreme na linearnu teoriju elasticnog dijalektrika u polju
elasti¢nog potencijala. Izvode se odgovarajuce familije transformacija i njima odgo-
varaju¢i zakoni konzervacije ili integrali nezavisni od putanje. U opstem slucaju
dobijaju se Cetiri zakona konvervacije od kojih je jedan nov.

Ovaj rad je deo istrazivackog projekta finansiranog od strane Zajednice nauke S.R. Srbije.
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