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ON BRACHISTOCHRONIC MOTIONS OF NON-CONSERVATIVE
DYNAMICAL SYSTEMS
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Brachistochronic motions of non-conservative systems, with different limi-
tations on acting forces, have been considered by several authors.

Euler was the first to solve the problem of the brachistochronic motion of a
particle in a medium with resistance depending on particle’s velocity (cf [1], p.
241). In 1956. R. Stojanovi¢ [2] considered the brachistochronic motion of a time-
-independent holonomic dynamical system in a field of non-conservative time-in-
dependent and velocity-independent forces. Ashby et al. ([3], 1975.), studied the
problem of finding the curve of the most rapid descent of a bead sliding along a
wire, from one fixed point to another, under the simultaneous influence of gravity
and Coulomb friction.

Finally, in 1979., D. Duki¢ [4] considered brachistochronic motions of non-
-conservative systems with generalized non-conservative forces that can depend
on time, on generalized coordinates and velocities, although not in an arbitrary
way, but under a given condition.

We shall study, in this paper, the brachistochronic motion of a holonomic»
stationary non-conservative dynamical system, considering that acting forces can
in an arbitrary way depend on time, generalized coordinates and generalized velo-
cities of the system.

Obtained results contain the results of above quoted authors in some cases,
whereas they differ from them in some other cases.

Let us consider a holonomic, time-independent, non-conservative system
with n degrees of freedom. Generalized coordinates, which determine the position
of the system at any moment z, are the ¢¢ V. The kinetic energy T of the system is

a homogeneous quacratic function of gencralized velocities gi:
1 4 u
T=~£ ais ¢* ¢/ ¥ (1)

where coefficients a;; depend only on ¢f: ai; = aij(gk).
1) The Latin indices take the values from 1 to n.
*) The repecated indices imply summation.
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Let us assume that besides potential forces with potential
11=11 (q'), (2)

the system is also acted on by generalized non-conservative forces Qi, which can
be arbitrary functions of time, generalized coordinates and velocities :

Qi = Qi (¢, g%, gh). (3)

Let the considered system start from a given initial position A, with given
values d(oy At £ = to, to being fixed,

A: ' (t0) =q'w), (4)
and reach a final position B, with given values q;,, at ¢ = &1, where £ is not fixed,
B: g¢i(r)=q'q). (5)

"The time the system needs to move from A to B is determined by the integral

1

I-_fdr. (6)

to

If we take the requirement for 7 to have a minimal value, i.e. for the system
to move brachistochronically, the trajectories of the system will have a determined
configuration, and control forces #; are to be added to given forces acting on the
system, in order to make such a motion possible.

Our aim is, first, to obtain differential equations of the brachistochronic mo-
tion of the system, and, second, to determine the control forces ;. We assume that
with such a motion the law of conservation of energy has the same form as in the
case of the motion under given forces, i.e.

T+1=0:¢, (7
wherefrom we conclude that control forces satisfy the condition
u; ¢t =0, (8)

Let us take, now, as an independent variable the first coordinate ql, instead
of z. Remaining coordinates and time will be functions of ql. Primed quantities
will stand for derivatives with respect to g1, so that we shall write, for instance?,

,_ dg*
Bl )
dql
Writing the kinetic energy of the system in the form
| " i
T=— ( ai1 + 2aiq q.—a+ Aap i g—) (¢1)2, (10)
9 g gl gt

%) The Greek indices take the values 2, 3,...,n.
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and introducing a function G:

G (¢4, % ¢*) = an + 2a1x ¢’ + azp ¢ ¢, wigh
we obtain from (10)
G
de=\|/ =1 dq'. 12
V 5 (12)
Then, we can write (6) in the form
a0
I= = ik, 13)
j v = (
900
Further, using (12), we get for (7)
ol — , oIl —
(20 )e' im0, "
i 0 o Or (14)

where we put
— 2T 21
oo )y 1 42 ' y
Qi Q%(43QsVG ’l/Gq 3 t)- (151

Let us remark, finally, that (12) yields

, G
‘ "V?ﬁ*zo' (16)

Now, our problem is to minimize the functioaal (13), sudject to th2 tw) cda-
ditions (14) and (16). This variational problem is ejuivalent to th2 minimization
of a new functional

a)
I= f Fdqt, (17)
900
with integrand B
F(g', ¢t T, ¢'s ¢ T's » p)=

=V%+ ;{ T (‘;—q’—f—@) e %{—Ql o (z-vg) (18)

where the multipliers A and u are functions of ¢! to be determined.
The conditions of extremality lead to equations:

’ aél ol ‘?__Q_l)
ELJrl(dtq o =Y

: 01/ G (09 e, 091 _
A _“"”)aTV:ZTH(aT"“ +“a_f)‘° (20)

(19)
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d 0 It 4 30) 317
dq’ Vog |21 T Moge og* dg*
| 01/ G _,| a0 (0-’1 ) d (ou ”
~U=wanl 572 s 55— 08 ) + —01)[=0 (21)
\ H)()qql 2T [q ()q“ ()qfﬁ Q'j ()q: ()C]l =1 ( b
H(‘J{]U) =0 (22)
Ay = 0. (23)

(19), (20) and (21) are Euler’s equations for (18), which correspond to vari-
ables r, T and ¢2. The end-conditions (22) and (23) appear as the consequence of
the fact that the values of ¢ and T are not fixed at the right end-point.

'The n+-3 functions ¢= (¢%), £(¢"), T (q), 2(q!) and 1 (¢1), can be determined
by the integration of n—] second-order differential equations (21), and four first-
-order differential equations (19), (20), (14) and (16). We have, for the determina-
tion of 2n+-2 constants of integration, 2n conditions (4) and (5), plus two end-con-
ditions (22) and (23).

The paths of brachistochronic motion are thus founded: by the inversion
of the equation z = 7 (1) we get ¢! = ¢'(¢), and than, putting this in the functions
q* = ¢*(q1), we obtain the remaining coordinates g* as functions of z: g% = ¢~ (o).

Let us see now how we can attack the problem in another way. Taking r as
the independent variable, we are to minimize the integral (6), subject to the two
conditions®

T+9£gf—Q,; = (24)
dgi

and
2T—ayj ¢t gi = 0.  25)
This means we have to minimize the functional

n

11 :fFl dt, (26)

Iy
with the integrand

Fl (t: qt qi: T: T: )“13 I-‘-l)= 1 + M (T+a_; g‘_Qi gl)_}' 1 (2T__aU q' qJ)! (27)
q

where 21 (z) and 1 (z) are Lagrange’s multipliers,

) It is possible, in fact, to solve the problem by minimizing the integral (6) on one con-
dition (24) only. But then the integrand Fi of the new functional would have the form F; = |

== . ; — 0T . oT. oI . :
+ a(T+I1—Q4 ¢*) = 1421 (—— ¢+ — ¢ +— ¢'— O, q') > and depend on second-order de-
og* og' ag

rivatives of g* (z), so that Euler’s equations would have the enlarged form (cf [1], p. 293, In
order to avoid cumbersome calculations, we consider here the kinetic energy 7T as a function of
time on equality with ¢ (z). That is the reason for the additional limitation (25), which represents
a non-holonomic constraint in ¢¢ and T.



On Brachistochronic Motions of non-Conservative... 45

Formulating Euler’s equations for (27), we get

2ui—M =0 (28)
and
d B . oIl d - 00; -
= (2z~t1 —--L.)—2:J-1£—7~1 ‘L: et [ M (Qi+ iQ-?-- q7) ]—11 _th_1_ g’ =0. (29)
dr 0q' 0q? og' dt ogq' 0g*

The upper limit of integral (26) not being fixed, and function 7 (¢) not having
prescribed value on the right end-point, we have also the end-conditions in the torm

[l—%hgg.j giqgi+4m T] = S
aqz. t=11
and

% ()= 0. (31)

Eliminating the multiplier y; by (28), we shall write (29) and (30) in the form

-‘i(il i{)—h--i (T+ 1) ML [ (Qi + a(,%,- q7) ]—h Q-Q_" @=0 (299
de g’ 0q’ dt oq’ ogt

and

1 + 7-.1‘(?2_1 (.]‘- q:'. +2m T =0. (30’)
daq' =0

After integration of n+2 equations (29'), (24) and (25), we get qgi, T and 11
as functions of time. Conditions (4), (5), (30") and (31) make it possible to determine
the constants of integration. Finally, 2 (¢) being determined, it is easy to obtain
from (28) the second multiplier w1 (7).

We shall show now that it is possible to obtain equations (29') starting from
(19) —(21). To do that, let us find, first, starting from (11), (12) and (15), deri-
vatives

, du _du 16
W -=——10 =L

T dg di Eva

or | 27 21 | 2T
_CLQJ.’:_I,, QQJ i
oT 2T 9¢'

a2 1y 1 40 1 oT
° G - / .~ g e,y (32)
2 3 G 2T og¢~ 2T og*
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Y R PR 0/

0¢ G| 2T ogx ogi g w6

d ‘6 _11/5F 1 oG 1 G oT
o § 2T 2 G 2T o 27| 2T og

00i _ Qi 001 0g'  0Q:i 0g* 00; 1 0T 0Q; -,

0 dg) gl 0gi  0g¢ ogf  OgF 2T ogf gt
Then from (19), (20) and (21) we have, using (32),
00;

arn 2o,
ot

00

C
At — (=) —-
27" T a7 oy

and

d 1 X 00; - 10T d 00
Sl | e . S ] : } 7L(OJ+—.*" f”—
{ [21‘ : 8 g | LT et

dr 2T gt 0g* 7
- dan 2 | I (1—p)+- A ‘?Q»' jqua_T__.)f}Q] g/ =0
og* |2T 2T ogt 0g*  Og*

After some calculus, using (20") and (24), we get from (19):
d s @” * d g i
— I - .1 )—)\-(T+ 1I) +—d— ).(Ql + ()-.Q-’-'qf) —?.?—Q—] gi=10,
A og! og! dt oql
while it is casy to obtain from (20") and (21°)
d yg OoT -0 ;s ¢
- ( A .)—7. (T+ 1) + L A (QI + 0% g7 ) —A 90; g’ = 0.
dt 0g> 0g* dt og* _,
Putting in (22) multiplier g, found from (20), we get
2Q; - - -
[ 1+2A OQ] g7 gt -+ 20 T} = (.

gt r=1

-

It 1s thus obvious that equations (33) and (34) are identical with (29").

(19°)

(20)

(217)

(33)

At the end, we shall give a bricf exposure of still another way to solve our

problem.

It is a fact that the time the system needs to travel from 4 to B depends on
control forces u;, as well as on the paths of particles, i.e. on coordinates gt (¢). The
dependence of the functional (6) on control forces was, of course, taken in account
up to now by using the condition (8) for these forces in the equations of constraints

(14), resp. (24).

However, if we demand that control forces appear in the functional. the con-
dition (8) must be considered as a constraint which ntust appear in the tunctional
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with Lagrange’s multiplier. Further conditions are then given through the La-
grange’s equations of motion
d aT oT olT
— ———=——+ Qi+ ui, (35)
dt dqi 0dg’ ogt
which represent non-holonomic constraints, relating g (2) to u; (¢). Finally, in order

to avoid second-order derivatives ¢ in the functional, which appear as a conse-
quence of the left-hand side in (35), let us introduce generalized impulses:

pi =— (36)

on which the new functional depends together with ¢ and ui.
Equations (35) then take the form

OT oIl

pi— e O yefly = ¥
Pt aqt i aqi Qt Ui 0: ( )

and we, to relations (8) and (37), add equations
pi—aij ¢ =0, (38)

which follow tfrom (36).

Now we formulate the problem:
Determine the conditions that minimize

151

I= j di (6)
o
with conditions expressed by non-holonomic constraints
ui gt =0, (8)
. 11
pi— or + Q—T—Qi—'lli =0, (37)
agi  0qt
pi—aij ¢/ = 0. (38)
The multiplier rule implics that the orbit is an extremal for the integrand
oo i . e 9T oI
Fa(t, g, pis iy % Pis D2, wsvi) =1+ et ¢+t (pi———+— e
dgt  ogt
+v (pi—ais ¢, (39)

where %z, pi and vi are the Lagrange’s multipliers.

It is easy to obtain first 2n Euler’s equations for the integrand (39), corre-
sponding to variables #; and pi:

A2 é"—p."z 0 (40)
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wi—vi 0, (41)
Eulerian equations corresponding to coordinates ¢f are
d 2T 90, 2T 2 _
— (12 Up—pud——F — g —Q.J—-—vj a;,—) + £ —uf el o ipt 90y 4
dr 0g7 0q' oqg' dq7 0g‘ dq7 0g' og"
Oaxj -
4k ___“_*_J, 77 = 0. (42)
og'
Finally, next end-conditions appear as conditions of extremality
| IR pi—u (p¢_2 (_)__ ):,_ i aQ;q,] 0 (43)
0q! gt Jt=1
and
wl (1) = 0. (44)

After a rather long calculus (using equations (40), (41), (8), (37) and (38)),
whose details we shall ¢mit, equations (42) can be reduced to the form

d /. : : -
— (7\2 a-;Y-.")'—).g—a_ (T H)-l——d [)\g (O + quf)‘,-—kg _‘LQ’ g/=0, (42"
og’ dt 0q’ og’

while condition of transversality (43) yield

[1 i 1239_5‘ g7 qi + 2hg T} - (43"
()q‘ I=10n
Having in mind the fact that condition (44) is equivalent to (31), it becomes
clear that equations (42’) and (29') are identical.

Control forces u; are obtained from equations (35), taking into consideration
equations (29):

oll 1 d _ 00Q;-. 0Qj -. = 0T -
ui=2 (— = )-—.ﬁ {—(lhgj q7) }—-thj F+hy——+W Oy (45)
0q’ M |de 0g’ gt ik

Let us examine, finally, the form the differential equations of brachistochro-
nic motion will take in several particular cases.

a) The case of time-independent non-conservative forces: Qi = Q; (¢, .qk)
In this case the integrand (27) does not contain ¢ explicitly, and thus we have
(cf. [1], p. 216)

. 2
By OB 5 G, (4 6)
gt oT
. . oF ory
where C is a constant. Substituting derivatives p ._1 and ;;1 in (46), we get
oq!
1+ M ‘;—Q—j ¢ ¢+ 2 T=C. (47)
ql
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From (47) and (30") it follows that C =0, 1.8

l + 7\1*()93.
oq’

Hence, differential equations of brachistochronic motion are in this case
determined by (29’), the multiplier 2; (¢) satisfying the equation (47") and the end-
-condition (31).

g/ ¢t +2n T=0. (47"

b) The case of dissipative forces, with the dissipation function of Rayleigh

1 P ¥
® - — bij (@) ¢ ¢

e

This case is somewhat more special than a), because non-conservative forces
are then

Qi=——=—bijg. (48)

The equations (29") take the form

g J: of - 0 d od D
——(Al—i)—lr—_(TJrH)——(zh ..)+27\1" 2 (29')
dr oq' aq’ dt 0g° oqt
and (47) becomes
. D
7\1——7\1+~1—=0. (47"")
I 2T

¢) Generalized non-conservative forces depend only on coordinates q' : O =
= Qi (q¥)

The equations (29') and (47) are then still more simplified:

d (1 oT 2 00; 0 .
—-(—— ._)_-L—_(ﬂm—n( Q_—-&)quigpo, (29""")
dt\2T oqi | 2T g’ ogf  ogt 2T

i1=_-_- (47ru)

d) The dynamical system is conservative, i.e. Qi=20

The differential equations of brachistochronic motion take the well-known
simple form

oT d
LS (—1— —._)—l—(n )= 0. (291V)
a\2T ogi | 2T ogt

The motion of the system is then determined from (29"), with conditions
(4) and (5).
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SUR LE MOUVEMENT BRACHISTOCHRONIQUE DES SYSTEMES
DYNAMIQUES NON-CONSERVATIFS

Résumé

Les équations différentielles du mouvement brachistochronique des systémes
dynamiques non-conservatifs sont déduites ainsi que l’expression des forces de
controle qui déterminent un tel mouvement.

O BRAHISTOHRONOM KRETANJU NEKONZERVATIVNIH
MEHANICKIH SISTEMA

Izvod

Izvode se diferencijalne jednacine brahistohronog kretanja holonomnog, skle-
ronomnog, nekonzervativnog sistema, a takode se odreduju i kontrolne sile koje,
zajedno sa datim silama, ostvaruju takvo kretanje sistema. Pri tome se uzima (jedna-
¢ina (8)), da je rad kontrolnih sila na elementarnom stvarnom pomeranju sistema
jednak nuli.

Problem se prvo resava tako $to se funkcional (6); koji predstavlja vreme kre-
tanja sistema iz date pocletne konfiguracije (4) u datu krajnju konfiguraciju (5),
transformise na oblik (13), pri ¢emu je umesto nezavisno promenljive ¢ uvedena
nova nezavisno promenljiva ¢!. Varijacioni zadatak se svodi na odredivanje uslova
ekstremalnosti novog funkcionala (17), sa podintegralnom funkcijom (18), koji
dovode do Ojlerovih jednacina (19) — (21) 1 prirodnih grani¢nih uslova (22) 1 (23).
Jednaéine (19) — (23), uz (4) i (5) odreduju brahistohrono kretanje sistema.

Dalje se pokazuje da se do istog rezultata dolazi 1 odredivanjem uslova ekstre-
malnosti netransformisanog funkcionala (6), uz veze (24) i (25). U tome slucaju
podintegralna funkcija funkcionala koji se minimizira ima oblik (27), a jednacine
koje se dobijaju resavanjem problema su (28) — (31).

Najzad, pokazuje se da je moguce resiti problem i uvodenjem kontrolnih
sila u funkcional koji se minimizira. Tada se odreduju uslovi ekstremalnosti funk-
cionala (6) uz ogranicenja (8), (37) i (38), Sto dovodi do Ojlerovih jednacina (40) —
— (42), uslova transverzalnosti (43) i grani¢nog uslova (44). Pokazuje se da se do-
bivene jednacine svode na one koje su rezultat prethodno izloZenih postupaka resa-

vanja postavljenog problema.
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