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ON OPTIMALITY AND DUALITY IN
NONSMOOTH VECTOR FRACTIONAL
CONTINUOUS-TIME PROGRAMMING:

STRENGTHENED CONDITIONS
FOR MIXED-AFFINE MODELS

Aleksandar Jović

Abstract. We investigate a nonsmooth vector fractional continuous-time
programming problem with inequality-type phase constraints, motivated by
applied-mechanics contexts in which performance is quantified by ratio-type,
time-accumulated indices under pointwise-in-time operational constraints, in-
cluding abrasive machining and grinding, quasi-steady aircraft cruise efficiency,
and energy-aware gait scheduling in legged robotics. We derive saddle-point
and Karush-Kuhn-Tucker type necessary optimality conditions for properly
efficient solutions by combining a continuous-time Slater-type condition with
a regularity requirement for convex inequality systems, and we also estab-
lish a sufficient saddle-point optimality condition that holds in the convex
framework. For models with mixed affine structure, we strengthen the theory
beyond classical Slater-based frameworks by introducing two additional veri-
fiable hypotheses, a solvability condition and a separation direction condition.
These assumptions yield sharper multiplier conclusions, including nontrivial-
ity of multipliers associated with nonaffine constraints, and lead to refined
optimality statements without auxiliary parameters. A key lemma is estab-
lished and provides the main tool underlying these results. We then introduce
a vector-valued Lagrangian and formulate a corresponding vector dual model.
For the dual problem, we prove weak and strong duality results, including a
strong duality theorem that guarantees the absence of a duality gap. Several
examples illustrate how the assumptions can be verified and how the theoret-
ical results apply through explicit multiplier constructions.

1. Introduction

A vector continuous-time programming problem involves minimizing a vector-
valued integral functional subject to phase constraints that must hold almost ev-
erywhere in time. Over the past several decades, such problems have been stud-
ied extensively due to their central role in modeling time-dependent systems in
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economics, engineering, and control; see, e.g., [1–4]. In particular, a broad optimal-
ity and duality theory has been developed for vector continuous-time programming
under various convexity and generalized convexity assumptions; see, e.g., [5–12].
In many applications, performance is naturally measured through efficiency-type
criteria, that is, ratios of accumulated benefits to accumulated costs. This leads
to vector fractional continuous-time programming, where several fractional indices
must be optimized simultaneously. In contrast to the non-fractional case, the lit-
erature on vector fractional continuous-time programming is comparatively sparse;
see, for example, [13–17]. The smooth version of a vector fractional continuous-
time problem was studied in [13]. Subsequently, [14,15] derived saddle-point type
criteria and duality theorems for a class of nonsmooth vector fractional problems
involving Volterra-type integral inequalities. It is important to emphasize that
these papers impose the nonnegativity constraint z(·) for trajectories in L∞(∆;Rn).
Moreover, in order to apply scalar nonsmooth continuous-time results from [18],
Zalmai adopted restrictive hypotheses and constraint qualifications that can be
difficult to verify in practice, and also worked with a special Volterra-type con-
straint structure. More recently, [16] examined a more general smooth vector
fractional continuous-time programming model and obtained improved optimal-
ity conditions under new constraint qualifications that are demonstrably verifiable
through examples.

1.1. Motivation. Vector fractional continuous-time models arise whenever
engineering performance is assessed through time-accumulated efficiency indices,
i.e., ratios of “useful effect” to “spent resources” measured over an operating hori-
zon. In many mechanical systems the decision variables can be interpreted as
time-dependent set-points (or scheduling signals) chosen in response to changing op-
erating conditions, while no state dynamics are explicitly modeled. This makes the
resulting formulation closer to continuous-time programming than to optimal con-
trol. Moreover, in practice the involved performance maps are frequently obtained
from data sheets, calibrated look-up tables, or piecewise models, which naturally
leads to convex but possibly nonsmooth integrands.

Model 1 (Abrasive machining / grinding efficiency). In grinding and
related abrasive finishing processes, practitioners evaluate the performance using
specific energy (energy per removed material volume) and wear efficiency (ma-
terial removed per wheel wear), together with thermal or quality indicators; see,
e.g., [19–21]. Let the time variable τ ∈ [0, T ] parameterize a production horizon (or
a pass along the workpiece) and let z(τ) :=

(︁
vs(τ), vw(τ), ae(τ), d(τ)

)︁
∈ Rn collect

adjustable set-points such as wheel speed vs, workpiece feed speed vw, depth of cut
ae, and a dressing/conditioning parameter d. Denote by Q(τ, z(τ)) the (instanta-
neous) material removal rate (volume per unit time), by P (τ, z(τ)) the grinding
power (energy per unit time), and by W (τ, z(τ)) a wheel-wear rate (wheel volume
loss per unit time). A standard efficiency criterion is the specific grinding energy

J1(z(·)) :=
∫︁ T

0
P (τ, z(τ))dτ∫︁ T

0
Q(τ, z(τ))dτ

,
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i.e., total energy divided by total removed volume. Similarly, the inverse of the
grinding ratio (wear per removed volume) can be written as

J2(z(·)) :=
∫︁ T

0
W (τ, z(τ))dτ∫︁ T

0
Q(τ, z(τ))dτ

,

while a thermal damage proxy (e.g., heat flux or maximum temperature surrogate)
Θ(τ, z(τ)) can be incorporated as

J3(z(·)) :=
∫︁ T

0
Θ(τ, z(τ))dτ∫︁ T

0
Q(τ, z(τ))dτ

.

The engineering requirement is to keep these indices low simultaneously, leading to
a vector objective (J1(z(·)), J2(z(·)), J3(z(·))) → inf and hence a Pareto notion of
optimality. Phase constraints express process feasibility and quality requirements
almost everywhere in time, for instance: power limits P (τ, z(τ)) ⩽ Pmax, burn
avoidance Θ(τ, z(τ)) ⩽ Θmax, surface-finish constraints, chatter/vibration bounds,
and machine-tool limitations, all written as inequalities hi(τ, z(τ)) ⩽ 0 a.e. on [0, T ].

Example: Time-dependent surface-grinding model. We consider a sim-
plified surface-grinding process over the time interval ∆ = [0, 1]. Let z(τ) =
p(τ) ∈ L∞([0, 1];R) denote the commanded normalized contact pressure between
the grinding wheel and the workpiece. In this model, the local contact geometry and
workpiece condition vary along the grinding pass. We represent this variation by
the term τ . Thus, the effective grinding intensity is q(τ, p) := p− τ . Mechanically,
q(τ, p) represents the effective pressure available for material removal after com-
pensating for the local position-dependent geometry or hardness variation of the
workpiece. The instantaneous material removal rate is modeled by Q(τ, p) = p− τ .
The instantaneous grinding power is modeled by P (τ, p) = 1 + p − τ . Here the
constant term 1 represents an idle machine-power contribution, while p− τ repre-
sents the pressure-dependent cutting/grinding contribution. The wheel-wear rate
is modeled by W (τ, p) = 2(p− τ)−1. Thus, wheel wear increases with the effective
grinding intensity. The mechanical operating constraints are 1 ⩽ p(τ)− τ ⩽ 2 a.e.
in [0, 1]. The lower bound guarantees a minimal material-removal intensity, while
the upper bound represents a power/thermal/wheel-wear limitation. Equivalently,
h1(τ, p) = 1 + τ − p ⩽ 0, h2(τ, p) = p− τ − 2 ⩽ 0.
Therefore, the corresponding vector fractional continuous-time programming prob-
lem is

(G)

min(J1(p(·)), J2(p(·))) =
(︃∫︁ 1

0
(1 + p(τ)− τ)dτ∫︁ 1

0
(p(τ)− τ)dτ

,

∫︁ 1

0
(2(p(τ)− τ)− 1)dτ∫︁ 1

0
(p(τ)− τ)dτ

)︃
s.t. 1 + τ − p(τ) ⩽ 0 a.e. in [0, 1],

p(τ)− τ − 2 ⩽ 0 a.e. in [0, 1],

p(·) ∈ L∞([0, 1];R).

The denominator
∫︁ 1

0
(p(τ) − τ)dτ represents the total removed material volume

in normalized units. The first numerator
∫︁ 1

0
(1 + p(τ) − τ)dτ represents the total
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Figure 1. Schematic representation of the time-dependent
surface-grinding model.

grinding energy. Hence, J1(p(·)) is the specific grinding energy, i.e., energy per re-
moved material volume. The second numerator

∫︁ 1

0
(2(p(τ)−τ)−1)dτ represents the

total wheel wear. Therefore, J2(p(·)) represents wheel wear per removed material
volume, i.e., the inverse of a grinding-ratio type efficiency index.

Thus, the problem describes the fundamental engineering compromise between
reducing energy consumption per removed material volume and reducing wheel
wear during the grinding process.

Model 2 (Aeronautics: cruise eco-efficiency without explicit dynam-
ics). A classical aircraft-performance quantity is specific air range (distance per
fuel), equivalently fuel per distance when posed as a minimization; see, e.g., [22–24].
Consider a quasi-steady cruise segment over a horizon τ ∈ [0, T ], and let z(τ) :=
(V (τ), h(τ), M(τ)) denote scheduled set-points such as true airspeed V , altitude
h, and/or Mach number M . Let rf (τ, z(τ)) be a fuel-use rate (fuel mass per unit
time) and let V (τ) represent airspeed. Define the accumulated air distance

D(z(·)) :=
∫︂ T

0

V (τ)dτ

and total fuel

F (z(·)) :=
∫︂ T

0

rf (τ, z(τ))dτ.

Minimizing fuel per distance is then

J1(z(·)) :=
∫︁ T

0
rf (τ, z(τ))dτ∫︁ T

0
V (τ)dτ

.

If, in addition, one wishes to reduce environmental impact, a second fractional
component can be added, e.g., a NOx emission rate rNOx(τ, z(τ)):

J2(z(·)) :=
∫︁ T

0
rNOx

(τ, z(τ))dτ∫︁ T

0
V (τ)dτ

,
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and possibly a third component for a noise proxy or an engine-health proxy, again
normalized by distance. The feasibility region is governed by phase constraints
representing the flight envelope and engine limits, such as stall margin, maximum
Mach, thrust/temperature margins, and structural load constraints, all naturally
written as hi(τ, z(τ)) ⩽ 0 a.e. Importantly, in this viewpoint, τ indexes a mission
segment and z(τ) is a scheduled operating point; one can formulate the problem
without explicitly introducing a state equation, while still capturing time-varying
atmosphere, mass/configuration envelopes, and operational constraints. With con-
vex/nonsmooth approximations (e.g., envelope or piecewise-affine fits) for rates and
constraints, the model falls into the nonsmooth convex framework.

Model 3 (Robotics: energy-aware gait scheduling in legged locomo-
tion). In legged robotics, a widely used efficiency measure is the (total/mechanical)
cost of transport, i.e., energy (or power) normalized by weight and distance; see,
e.g., [25–28]. Let τ ∈ [0, T ] denote a traversal interval and let z(τ) collect gait
parameters and set-points, for example, step frequency, duty factor, step length,
body height, compliance settings, or controller gains. Let Pelec(τ, z(τ)) be electri-
cal power consumption and let vx(τ, z(τ)) be forward speed. A distance-normalized
energy criterion is

J1(z(·)) :=
∫︁ T

0
Pelec(τ, z(τ))dτ∫︁ T

0
vx(τ, z(τ))dτ

.

Additional simultaneously optimized indices can include a wear/slip proxy S(τ, z(τ))
or a tracking/impact proxy E(τ, z(τ)), again normalized by distance:

J2(z(·)) :=
∫︁ T

0
S(τ, z(τ))dτ∫︁ T

0
vx(τ, z(τ))dτ

, J3(z(·)) :=
∫︁ T

0
E(τ, z(τ))dτ∫︁ T

0
vx(τ, z(τ))dτ

.

Phase constraints encode actuator and stability limits that must hold throughout
the motion, such as joint/torque bounds, friction-cone (often polyhedral) contact
constraints, center-of-pressure or support-polygon stability margins, and power/
temperature caps, all written as hi(τ, z(τ)) ⩽ 0 a.e. This yields a multiobjec-
tive fractional continuous-time model whose solutions are naturally interpreted
via proper efficiency: it excludes pathological trade-offs (e.g., “infinitely better en-
ergy at arbitrarily worse impacts”) and supports meaningful multiplier and duality
statements.

Our contribution. In this paper, we study a more general class of non-
smooth vector fractional continuous-time programming problems with inequality-
type phase constraints, formulated in L∞(∆;Rn), where the nonnegativity require-
ment on z(·) is not imposed. We derive saddle-point optimality conditions under
a Slater-type constraint qualification together with a regularity condition for con-
vex inequality systems. A key lemma is formulated and proved, and it plays a
pivotal role in establishing the subsequent multiplier and duality results. In com-
parison with the hypotheses imposed in, for example, [13–15], the assumptions
used in this paper are less restrictive and are designed to be directly verifiable
in concrete examples. Besides a Slater-type constraint qualification (SQ) and a
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regularity requirement (RC ) for convex inequality systems, we employ two ad-
ditional structural conditions tailored to our mixed-affine setting: the solvability
condition (SC ), which guarantees the existence of a trajectory satisfying the affine
constraint block while strictly improving at least one fractional component, and
the separation direction condition (SD), which provides a uniform descent direction
separating the affine parts of the Lagrangian integrands. These conditions allow
us to strengthen the multiplier statements, including nontriviality of the nonaffine
multiplier block, and to obtain parameter-free optimality assertions in the mixed-
affine framework. To the best of our knowledge, the resulting necessary optimality
conditions are derived under some of the weakest and most practically checkable
assumptions currently available for nonsmooth vector fractional continuous-time
programming in L∞(∆;Rn). The remainder of the paper is organized as follows.
Section 2 collects preliminaries and basic definitions. In Section 3 we introduce
and discuss a Lagrangian-type function for the vector fractional continuous-time
problem and establish saddle-point optimality conditions—results that, to the best
of our knowledge, have not appeared in the literature for models formulated in
L∞(∆;Rn). In Section 4 we define a vector Lagrangian dual model and prove weak
and strong duality theorems.

2. Preliminaries

Let us consider the following vector fractional continuous-time problem:

min
z(·)∈L∞(∆;Rn)

∫︁
∆
f(τ, z(τ))dτ∫︁

∆
g(τ, z(τ))dτ

=

(︃∫︁
∆
f1(τ, z(τ))dτ∫︁

∆
g1(τ, z(τ))dτ

, . . . ,

∫︁
∆
fk(τ, z(τ))dτ∫︁

∆
gk(τ, z(τ))dτ

)︃
s. t. h(τ, z(τ)) := (h1(τ, z(τ)), . . . , hm(τ, z(τ))) ≦ 0, a.e. in ∆,(VFCTP)

where fj , gj , hi : ∆ × Rn → R, j ∈ J = {1, . . . , k}, i ∈ I = {1, . . . ,m} are given
functions where ∆ = [0, T ] ⊂ R. The following convention for equalities and
inequalities will be used. If p, q ∈ Rk, then

(i) p = q ⇐⇒ pj = qj , j = 1, . . . , k,
(ii) p ≦ q ⇐⇒ pj ≦ qj , j = 1, . . . , k,
(iii) p ⩽ q ⇐⇒ p ≦ q and p ̸= q,
(iv) p < q ⇐⇒ pj < qj , j = 1, . . . , k,
(v) p ̸⩽ q is the negation of p ⩽ q.

For each τ ∈ ∆, zi(τ) is the ith component of z(τ) ∈ Rn and all integrals are in
the sense of Lebesgue. Let ΩP be the set of all feasible solutions of (VFCTP) i.e.,

ΩP = {z(·) ∈ L∞(∆;Rn) : h(τ, z(τ)) ≦ 0, a.e. in ∆}.

We assume that functions f(τ, ·), h(τ, ·) are convex and continuous on Rn, for a.e.
τ ∈ ∆ and g(τ, ·) is concave and continuous on Rn, for a.e. τ ∈ ∆. Also, we assume
that functions f(·, z), g(·, z), h(·, z) are Lebesgue measurable for all z ∈ Rn and
functions f(τ, z), g(τ, z), h(τ, z) are bounded for a.e. τ ∈ ∆ and for all bounded
z ∈ Rn. In some literature, these functions are also called Caratheodory functions.
We use the standard Euclidean inner product ⟨· , ·⟩. For z(·) ∈ ΩP , we also assume
that

∫︁
∆
f(τ, z(τ))dτ ≧ 0 and

∫︁
∆
g(τ, z(τ))dτ > 0.
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Remark 2.1 (Mixed affine/convex structure). If there exist index sets JA ⊆
{1, . . . , k} and IA ⊆ {1, . . . ,m} such that for each j ∈ JA,

fj(τ, z) = ⟨aj(τ), z⟩+ bj(τ), gj(τ, z) = ⟨cj(τ), z⟩+ dj(τ),

and for each i ∈ IA,
hi(τ, z) = ⟨pi(τ), z⟩+ qi(τ),

for a.e. τ ∈ ∆ and all z ∈ Rn, we have a special case of (VFCTP). Of course, in
that case for j ∈ JN := {1, . . . , k}∖JA the functions fj(τ, ·) are convex and gj(τ, ·)
are concave, and for i ∈ IN := {1, . . . ,m}∖ IA the functions hi(τ, ·) are convex.

Throughout this paper, all vectors are considered column vectors, and we de-
note transposition by ′. Also, the minimization in (VFCTP) is in the sense of a
proper efficient solution.

Definition 2.1. A point ẑ(·) ∈ ΩP is said to be an efficient solution for
(VFCTP) if there is no other z(·) ∈ ΩP such that∫︁

∆
f(τ, z(τ))dτ∫︁

∆
g(τ, z(τ))dτ

⩽

∫︁
∆
f(τ, ẑ(τ))dτ∫︁

∆
g(τ, ẑ(τ))dτ

.

Definition 2.2. A point ẑ(·) ∈ ΩP is said to be a proper efficient solution for
(VFCTP) if it is efficient and if there exists M > 0 such that, for each i,∫︁

∆
fi(τ,ẑ(τ))dτ∫︁

∆
gi(τ,ẑ(τ))dτ

−
∫︁
∆

fi(τ,z(τ))dτ∫︁
∆

gi(τ,z(τ))dτ∫︁
∆

fj(τ,z(τ))dτ∫︁
∆

gj(τ,z(τ))dτ
−

∫︁
∆

fj(τ,ẑ(τ))dτ∫︁
∆

gj(τ,ẑ(τ))dτ

≦M

for some j such that ∫︁
∆
fj(τ, z(τ))dτ∫︁

∆
gj(τ, z(τ))dτ

>

∫︁
∆
fj(τ, ẑ(τ))dτ∫︁

∆
gj(τ, ẑ(τ))dτ

when z(·) ∈ ΩP , and ∫︁
∆
fi(τ, z(τ))dτ∫︁

∆
gi(τ, z(τ))dτ

<

∫︁
∆
fi(τ, ẑ(τ))dτ∫︁

∆
gi(τ, ẑ(τ))dτ

.

If ẑ(·) is a proper efficient solution of (VFCTP), we denote a proper efficient
value ŵ ∈ Rk

+ by

ŵ =

∫︁
∆
f(τ, ẑ(τ))dτ∫︁

∆
g(τ, ẑ(τ))dτ

.

Here, Rk
+ denotes the positive orthant of Rk and e = (1, . . . , 1)′ ∈ Rk. Let Λ+ =

{λ ∈ Rk : λ′e = 1, λ > 0}, V = {v(·) ∈ L∞(∆;Rm) : v(τ) ≧ 0, a.e. in ∆}.
Next, we establish a Slater-type constraint qualification within the continuous-time
framework.

Constraint qualification 1 (SQ). (Slater’s constraint qualification) We
say that continuous-time Slater’s constraint qualification (SQ) is satisfied, if there
exists a function s(·) ∈ L∞(∆;Rn) such that

(SQ) h(τ, s(τ)) < 0 a.e. in ∆.



102 JOVIĆ

Constraint qualification 2 (SC). (Solvability condition) Assume the
mixed affine structure in the sense that JN = ∅ and I = IA ∪ IN , where for
each j ∈ J ,

fj(τ, z) = ⟨aj(τ), z⟩+ bj(τ), gj(τ, z) = ⟨cj(τ), z⟩+ dj(τ),

and for each i ∈ IA,
hi(τ, z) = ⟨pi(τ), z⟩+ qi(τ),

for a.e. τ ∈ ∆ and all z ∈ Rn. Let ŵ be defined as above. We say that the solvability
condition (SC) for problem (VFCTP) with mixed affine/convex structure is satisfied
if there exists a function ζ(·) ∈ L∞(∆;Rn) such that

(SC) hi(τ, ζ(τ)) = ⟨pi(τ), ζ(τ)⟩+ qi(τ) ⩽ 0 a.e. in ∆ for all i ∈ IA

and
∫︁
∆

(︁
fℓ(τ, ζ(τ))− ŵℓgℓ(τ, ζ(τ))

)︁
dτ < 0 for some ℓ ∈ J.

Constraint qualification 3 (SD). (Separation direction) Assume the mixed
affine structure in the sense that JN = ∅ and I = IA ∪ IN , where for each j ∈ J ,

fj(τ, z) = ⟨aj(τ), z⟩+ bj(τ), gj(τ, z) = ⟨cj(τ), z⟩+ dj(τ),

and for each i ∈ IA,
hi(τ, z) = ⟨pi(τ), z⟩+ qi(τ),

for a.e. τ ∈ ∆ and all z ∈ Rn. Let ŵ be defined as above. We say that (SD) holds
if there exists a function d(·) ∈ L∞(∆;Rn) such that for a.e. τ ∈ ∆,

(SD) ⟨aj(τ)− ŵjcj(τ), d(τ)⟩ < 0 ∀j ∈ J, ⟨pi(τ), d(τ)⟩ ⩽ 0 ∀i ∈ IA.

3. Optimality conditions

In vector fractional programming, there is a well-established link between the
solutions of a constrained programming problem and the points that fulfill the
so-called saddle point optimality conditions. In this section, we broaden these
findings by applying them to vector fractional continuous-time programming under
convexity assumptions. To achieve this, we first introduce novel definitions for
saddle points within a continuous-time framework. For fixed ŵ ∈ Rk

+, we define
the Lagrange-type function

Lŵ : L∞(∆;Rn)× Λ+ × L∞(∆;Rm) → R

with respect to Problem (VFCTP) as

Lŵ(z(·), λ, v(·)) = λ′
∫︂
∆

(f(τ, z(τ))− ŵ ◦ g(τ, z(τ)))dτ +
∫︂
∆

v′(τ)h(τ, z(τ))dτ,

where ◦ denotes Hadamard product of vectors.

Definition 3.1. A point (ẑ(·), λ̂, v̂(·)) ∈ L∞(∆;Rn)× Λ+ × V is said to be a
KKTSP (a Karush-Kuhn-Tucker saddle point) for (VFCTP) if v̂(τ) ≧ 0 a.e. in ∆
and

(3.1) Lŵ(ẑ(·), λ̂, v(·)) ≦ Lŵ(ẑ(·), λ̂, v̂(·)) ≦ Lŵ(z(·), λ̂, v̂(·)),
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for all z(·) ∈ L∞(∆;Rn) and all v(·) ∈ V where

ŵ =

∫︁
∆
f(τ, ẑ(τ))dτ∫︁

∆
g(τ, ẑ(τ))dτ

∈ Rk
+.

Let ẑ(·) ∈ ΩP be a proper efficient solution for (VFCTP). The following system
will be referred to in the next theorem:

χl(τ, z) :=

∫︂
∆

(fl(τ, z)− ŵlgl(τ, z))dτ < 0,

χj(τ, z) :=

∫︂
∆

(fl(τ, z)− ŵlgl(τ, z))dτ +M

∫︂
∆

(fj(τ, z)− ŵjgj(τ, z))dτ < 0, j ̸= l, j ∈ J,

χi(τ, z) :=hi(τ, z) ≦ 0, i ∈ I,

z ∈ Rn, ŵ ∈ Rk
+, M > 0.

Let L = I ⊔ J and

I(τ, z) =
{︂
p ∈ L : χp(τ, z) = max

k∈L
{χk(τ, z)}

}︂
, τ ∈ ∆, z ∈ Rn.

Definition 3.2. [29] The regularity condition (RC) holds, if there exist z̄(·) ∈
L∞(∆;Rn), reals R ≧ 0 and α > 0 such that for a.e. τ ∈ ∆ and for all z ∈ Rn with
∥z − z̄(τ)∥ ≧ R, there exists e = e(τ, z) ∈ Rn with ∥e∥ = 1, satisfying

(RC) ⟨∂zχp(τ, z), e⟩ ≧ α ∀p ∈ I(τ, z).

The following lemma plays a key role in proving the main result in this section.

Lemma 3.1. If ẑ(·) is a proper efficient solution of (VFCTP) and fj(τ, ·),
hi(τ, ·), j ∈ J , i ∈ I are convex on Rn for a.e. τ ∈ ∆ and gj(τ, ·), j ∈ J is concave
on Rn for a.e. τ ∈ ∆. Then for each j ∈ J , the following system∫︂

∆

(fl(τ, z(τ))− ŵlgl(τ, z(τ)))dτ < 0,∫︂
∆

(fl(τ, z(τ))− ŵlgl(τ, z(τ)))dτ(3.2)

+M

∫︂
∆

(fj(τ, z(τ))− ŵjgj(τ, z(τ)))dτ < 0, j ̸= l, j ∈ J,

has no solution in ΩP , where M is constant of the definition of proper efficient
solution.

Proof. Suppose that ẑ(·) is a proper efficient solution for (VFCTP). Then
from [30], ẑ(·) is a proper efficient solution for (VFCTP) if and only if ẑ(·) is a
proper efficient solution for (VCTP)

min
z(·)∈L∞(∆;Rn)

∫︂
∆

ϕ(τ, z(τ))dτ =

(︃∫︂
∆

ϕ1(τ, z(τ))dτ, . . . ,

∫︂
∆

ϕk(τ, z(τ))dτ

)︃
subject to z(·) ∈ ΩP ,

(VCTP)

where ϕj(τ, z(τ)) = fj(τ, z(τ))− ŵjgj(τ, z(τ)), j ∈ J and ŵ =
∫︁
∆

f(τ,ẑ(τ))dτ∫︁
∆

g(τ,ẑ(τ))dτ
.

We will suppose that the statement of the Lemma is not true. Let the system (3.2)
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be consistent, provided z(·) is a proper efficient solution, it follows∫︁
∆
(fl(τ, ẑ(τ))− ŵlgl(τ, ẑ(τ)))dτ −

∫︁
∆
(fl(τ, z(τ))− ŵlgl(τ, z(τ)))dτ∫︁

∆
(fj(τ, z(τ))− ŵjgj(τ, z(τ)))dτ −

∫︁
∆
(fj(τ, ẑ(τ))− ŵjgj(τ, ẑ(τ)))dτ

≦M

for some j such that∫︂
∆

(fj(τ, z(τ))− ŵjgj(τ, z(τ)))dτ >

∫︂
∆

(fj(τ, ẑ(τ))− ŵjgj(τ, ẑ(τ)))dτ = 0,

i.e.,
−
∫︁
∆
(fl(τ, z(τ))− ŵlgl(τ, z(τ)))dτ∫︁

∆
(fj(τ, z(τ))− ŵjgj(τ, z(τ)))dτ

≦M,

for some j such that ∫︂
∆

(fj(τ, z(τ))− ŵjgj(τ, z(τ)))dτ > 0.

The set {︃
j :

∫︂
∆

(fj(τ, z(τ))− ŵjgj(τ, z(τ)))dτ > 0

}︃
̸= ∅,

because otherwise∫︂
∆

(fj(τ, z(τ))− ŵjgj(τ, z(τ)))dτ ≦ 0 ∀j ∈ J,

which would imply that ẑ(·) is not an efficient solution, since∫︂
∆

(fl(τ, z(τ))− ŵlgl(τ, z(τ)))dτ < 0 =⇒
∫︂
∆

(f(τ, z(τ))− ŵ ◦ g(τ, z(τ)))dτ ̸= 0.

Hence,∫︂
∆

(fl(τ, z(τ))− ŵlgl(τ, z(τ)))dτ +M

∫︂
∆

(fj(τ, z(τ))− ŵjgj(τ, z(τ)))dτ ≧ 0,

contradicting (3.2). Thus, the proof is complete. □

The transposition theorem plays a key role in deriving optimality conditions
for a wide range of extremal problems. In [29], Aryutunov et al. established a
transposition theorem for convex systems of inequalities, and we will rely on their
result in this section as well. To apply the theorem effectively, a suitable regularity
condition must hold. The results that follow then provide necessary and sufficient
conditions for saddle-point optimality.

Theorem 3.1. Let ẑ(·) be a proper efficient solution of (VFCTP). Assume
that (SQ) and (RC) are satisfied. Then there exists (λ̂, v̂(·)) ∈ Λ+ × V such that

(3.3) v̂′(τ)h(τ, ẑ(τ)) = 0 a.e. in ∆

and (ẑ(·), λ̂, v̂(·)) is a KKTSP for (VFCTP).
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Proof. Let l ∈ J be fixed. Since ẑ is a proper efficient solution of (VFCTP),
then by Lemma 3.1, we obtain that there is no z(·) ∈ L∞(∆;Rn) such that the
following system is consistent∫︂

∆

(fl(τ, z(τ))− ŵlgl(τ, z(τ)))dτ < 0,∫︂
∆

(fl(τ, z(τ))− ŵlgl(τ, z(τ)))dτ +M

∫︂
∆

(fj(τ, z(τ))− ŵjgj(τ, z(τ)))dτ < 0, j ̸= l, j ∈ J,

h(τ, z(τ)) ≦ 0 a.e. in ∆.

It is clear that all assumptions of Theorem 1 [29] are satisfied. The solvability
condition is implied by (SQ). Therefore, there exists a nonzero function (φ̂l(·), ψ̂l(·),
ûl(·)) ∈ L∞(∆;R)×L∞(∆;Rk−1)×L∞(∆;Rm), with φ̂l(τ) ≧ 0, ψ̂l(τ) ≧ 0, ûl(τ) ≧
0 a.e. in ∆, and (φ̂l(τ), ψ̂l(τ)) ̸≡ 0, such that

φ̂l(τ)χl(τ, z(τ)) +

k∑︂
j=1
j ̸=i

ψ̂l
j(τ)χj(τ, z(τ)) +

m∑︂
i=1

ûli(τ)hi(τ, z(τ)) ≧ 0,

∀z(·) ∈ L∞(∆;Rn) a.e. in ∆, i.e.,

(3.4) φ̂l(τ)

∫︂
∆

(fl(s, z(s))− ŵlgl(s, z(s)))ds

+
k∑︂

j=1
j ̸=i

ψ̂l
j(τ)

(︃∫︂
∆

(fl(s, z(s))− ŵlgl(s, z(s)))ds+M

∫︂
∆

(fj(s, z(s))− ŵjgj(s, z(s)))ds

)︃

+

m∑︂
i=1

ûli(τ)hi(τ, z(τ)) ≧ 0,∀z(·) ∈ L∞(∆;Rn) a.e. in ∆.

Putting z(·) = ẑ(·) we obtain
∑︁m

i=1 û
l
i(τ)hi(τ, ẑ(τ)) ≧ 0 a.e. in ∆. Since the point

ẑ(·) ∈ ΩP and ûl(τ) ≧ 0 a.e. in ∆, we have that the opposite inequality is also
satisfied. From the fact it follows

ûl(τ)′h(τ, ẑ(τ)) =

m∑︂
i=1

ûli(τ)hi(τ, ẑ(τ)) = 0 a.e. in ∆.

Furthermore, integrating inequality (3.4) on ∆ we have

φ̂l

∫︂
∆

(fl(τ, z(τ))− ŵlgl(τ, z(τ))) dτ

+

k∑︂
j=1
j ̸=i

ψ̂l
j

(︃∫︂
∆

(fl(τ, z(τ))− ŵlgl(τ, z(τ)))dτ +M

∫︂
∆

(fj(τ, z(τ))− ŵjgj(τ, z(τ)))dτ

)︃

+

∫︂
∆

ûl(τ)′h(τ, z(τ))dτ ≧ 0, ∀z(·) ∈ L∞(∆;Rn),

where ψ̂l
j =

∫︁
∆
ψ̂l
j(τ)dτ , φ̂l =

∫︁
∆
φ̂l(τ)dτ , and according to the assumption (φ̂l(τ),

ψ̂j(τ)) ̸≡ 0, the value of least one integral above is strictly positive, i.e., (φ̂l, ψ̂j) ̸= 0.
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Further, we obtain,

(3.5) φ̂l

(︃∫︂
∆

fl(τ, z(τ))dτ −
∫︁
∆
fl(τ, ẑ(τ))dτ∫︁

∆
gl(τ, ẑ(τ))dτ

∫︂
∆

gl(τ, z(τ))dτ

)︃

+

k∑︂
j=1
j ̸=i

ψ̂l
j

[︄(︃∫︂
∆

fl(τ, z(τ))dτ −
∫︁
∆
fl(τ, ẑ(τ))dτ∫︁

∆
gl(τ, ẑ(τ))dτ

∫︂
∆

gl(τ, z(τ))dτ

)︃

+M

(︃∫︂
∆

fj(τ, z(τ))dτ −
∫︁
∆
fj(τ, ẑ(τ))dτ∫︁

∆
gj(τ, ẑ(τ))dτ

∫︂
∆

gj(τ, z(τ))dτ

)︃]︄

+

∫︂
∆

ûl(τ)′h(τ, z(τ))dτ ≧ 0, ∀z(·) ∈ L∞(∆;Rn).

Setting λ̂ = (λ̂1, λ̂2, . . . , λ̂k), v̂(τ) = (v̂1(τ), . . . , v̂m(τ)), where

λ̂l =
φ̂l +

∑︁k
j=1
j ̸=l

ψ̂j
l∑︁k

l=1

(︁
φ̂l +

∑︁k
j=1
j ̸=l

ψ̂j
l

)︁ > 0,

v̂i(τ) =

∑︁k
l=1 û

l
i(τ)∑︁k

l=1

(︁
φ̂l +

∑︁k
j=1
j ̸=l

ψ̂j
l

)︁ ≧ 0, l ∈ J, i ∈ I, a.e. in ∆

and summing inequality (3.5) for l ∈ J , we have that for such λ̂ and v̂(τ) the
conditions

λ̂′e = 1, λ̂ > 0,(3.6)
v̂(τ) ≧ 0, a.e. in ∆,(3.7)

v̂′(τ)h(τ, ẑ(τ)) = 0, a.e. in ∆ and(3.8)

λ̂′
∫︂
∆

(︃
f(τ, z(τ))−

(︃∫︁
∆
f(τ, z(τ))dτ∫︁

∆
g(τ, z(τ))dτ

)︃
◦ g(τ, z(τ))

)︃
dτ +

∫︂
∆

v̂′(τ)h(τ, z(τ))dτ(3.9)

≧ λ̂′
∫︂
∆

(︃
f(τ, ẑ(τ))−

(︃∫︁
∆
f(τ, z(τ))dτ∫︁

∆
g(τ, z(τ))dτ

)︃
◦ g(τ, ẑ(τ))

)︃
dτ +

∫︂
∆

v̂′(τ)h(τ, ẑ(τ))dτ

are satisfied.
From (3.6)–(3.9) we have

λ̂′
∫︂
∆

(︃
f(τ, z(τ))−

(︃∫︁
∆
f(τ, ẑ(τ))dτ∫︁

∆
g(τ, ẑ(τ))dτ

)︃
◦ g(τ, z(τ))

)︃
dτ +

∫︂
∆

v̂′(τ)h(τ, z(τ))dτ

≧ λ̂′
∫︂
∆

(︃
f(τ, ẑ(τ))−

(︃∫︁
∆
f(τ, ẑ(τ))dτ∫︁

∆
g(τ, ẑ(τ))dτ

)︃
◦ g(τ, ẑ(τ))

)︃
dτ +

∫︂
∆

v̂′(τ)h(τ, ẑ(τ))dτ

= 0 ≧ λ̂′
∫︂
∆

(︃
f(τ, ẑ(τ))−

(︃∫︁
∆
f(τ, ẑ(τ))dτ∫︁

∆
g(τ, ẑ(τ))dτ

)︃
◦ g(τ, ẑ(τ))

)︃
dτ

+

∫︂
∆

v′(τ)h(τ, ẑ(τ))dτ, ∀z(·) ∈ L∞(∆;Rn), ∀v(·) ∈ V.
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Therefore, (ẑ(·), λ̂, v̂(·)) ∈ L∞(∆;Rn) × Λ+ × V is a KKTSP of (VFCTP) with
complementary slackness condition (3.3). Thus, the proof is complete. □

From the proof of preceding Theorem we obtain the following necessary condi-
tions for (VFCTP).

Theorem 3.2. Let ẑ(·) be a proper efficient solution of (VFCTP). Assume
that (RC) and (SQ) are satisfied. Then, there exist the multipliers (λ̂, v̂(·)) ∈
Rk × L∞(∆;Rm), such that the following conditions are satisfied:

(1) λ̂ ∈ Λ+, v̂(·) ∈ V,

(2) v̂′(τ)h(τ, ẑ(τ)) = 0 a.e. in ∆,

(3) λ̂′
∫︂
∆

(︃
f(τ, z(τ))−

(︃∫︁
∆
f(τ, ẑ(τ))dτ∫︁

∆
g(τ, ẑ(τ))dτ

)︃
◦ g(τ, z(τ))

)︃
dτ

+

∫︂
∆

v̂′(τ)h(τ, z(τ))dτ ≧ 0, ∀z(·) ∈ L∞(∆;Rn).

The assertions of Theorem 3.1 are also sufficient for the proper efficiency of the
function ẑ(·).

Theorem 3.3. Let (ẑ(·), λ̂, v̂(·)) ∈ L∞(∆;Rn) × Λ+ × V be a KKTSP of
(VFCTP). Then ẑ(·) is a proper efficient solution of (VFCTP).

Proof. If we put v ≡ 0 in (3.1), we have

λ̂′
∫︂
∆

(f(τ, z(τ))−ŵ◦g(τ, z(τ)))dτ+
∫︂
∆

v̂′(τ)h(τ, z(τ))dτ ≧ 0, ∀z(·) ∈ L∞(∆;Rn).

Particularly for all z(·) ∈ ΩP . In such case,

λ̂′
∫︂
∆

(f(τ, z(τ))− ŵ ◦ g(τ, z(τ)))dτ +
∫︂
∆

v̂′(τ)h(τ, z(τ))dτ

≦ λ̂′
∫︂
∆

(f(τ, z(τ))− ŵ ◦ g(τ, z(τ)))dτ,

so that

(3.10) λ̂′
∫︂
∆

(f(τ, z(τ))− ŵ ◦ g(τ, z(τ)))dτ ≧ 0, z(·) ∈ ΩP .

In the following, the proof will be carried out in two steps.
Step 1: Now, suppose contrary, that ẑ(·) is not an efficient solution for (VFCTP).

Then there exists z̄(·) ∈ ΩP such that

λ̂j

∫︁
∆
fj(t, z̄(τ))dτ∫︁

∆
gj(t, z̄(τ))dτ

≦ λ̂j

∫︁
∆
fj(τ, ẑ(τ))dτ∫︁

∆
gj(τ, ẑ(τ))dτ

= λ̂jŵj for all j ∈ J,

and

λ̂i

∫︁
∆
fi(t, z̄(τ))dτ∫︁

∆
gi(t, z̄(τ))dτ

< λ̂i

∫︁
∆
fi(τ, ẑ(τ))dτ∫︁

∆
gi(τ, ẑ(τ))dτ

= λ̂iŵi for some i ∈ J,
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i.e.,

(3.11) λ̂j

∫︂
∆

(fj(τ, z̄(τ))− ŵjgj(τ, z̄(τ)))dτ ≦ 0 for all j ∈ J,

and

(3.12) λ̂i

∫︂
∆

(fi(τ, z̄(τ))− ŵigi(τ, z̄(τ)))dτ < 0 for some i ∈ J.

Since λ̂ ∈ Λ+, (3.11) and (3.12) imply∑︂
j∈J

λ̂j

∫︂
∆

(fj(τ, z̄(τ))− ŵjgj(τ, z̄(τ)))dτ = λ̂′
∫︂
∆

(f(τ, z̄(τ))− ŵ ◦ g(τ, z̄(τ)))dτ < 0.

This inequality contradicts (3.10). Thus, ẑ(·) must be an efficient solution for
(VFCTP). The proof of Step 1 is complete.

Step 2 : Assume that ẑ(·) is no proper efficient solution for (VFCTP). We
know that ẑ(·) is no proper efficient solution for (VCTP). Let | J |= k be the
cardinality of J . Then we choose

M = (k − 1) max
i,j∈J

λ̂j

λ̂i
, for k ⩾ 2,

and we have for some i ∈ J and some z(·) ∈ ΩP with∫︂
∆

(fi(τ, z(τ))− ŵigi(τ, z(τ)))dτ < 0,∫︁
∆
(fi(τ, ẑ(τ))− ŵigi(τ, ẑ(τ)))dτ −

∫︁
∆
(fi(τ, z(τ))− ŵigi(τ, z(τ)))dτ∫︁

∆
(fj(τ, z(τ))− ŵjgj(τ, z(τ)))dτ −

∫︁
∆
(fj(τ, ẑ(τ))− ŵjgj(τ, ẑ(τ)))dτ

> M

for all j ∈ J , with∫︂
∆

(fj(τ, z(τ))− ŵjgj(τ, z(τ)))dτ >

∫︂
∆

(fj(τ, ẑ(τ))− ŵjgj(τ, ẑ(τ)))dτ = 0.

It follows that

(3.13) −
∫︂
∆

(fi(τ, z(τ))− ŵigi(τ, z(τ)))dτ > M

∫︂
∆

(fj(τ, z(τ))− ŵjgj(τ, z(τ)))dτ

≧ (k − 1)
λ̂j

λ̂i

∫︂
∆

(fj(τ, z(τ))− ŵjgj(τ, z(τ)))dτ, ∀j ̸= i

i.e.,

− λ̂i
k − 1

∫︂
∆

(fi(τ, z(τ))− ŵigi(τ, z(τ)))dτ > λ̂j

∫︂
∆

(fj(τ, z(τ))− ŵjgj(τ, z(τ)))dτ, ∀j ̸= i.

Summing over j ̸= i, we have

−λ̂i
∫︂
∆

(fi(τ, z(τ))− ŵigi(τ, z(τ)))dτ >

k∑︂
j=1
j ̸=i

λ̂j

∫︂
∆

(fj(τ, z(τ))− ŵjgj(τ, z(τ)))dτ,
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so that∑︂
j∈J

λ̂j

∫︂
∆

(fj(τ, z(τ))− ŵjgj(τ, z(τ)))dτ = λ̂′
∫︂
∆

(f(τ, z(τ))− ŵ ◦ g(τ, z(τ)))dτ < 0,

which also contradicts (3.10). Thus, the proof of Step 2 is complete. Therefore,
ẑ(·) is a proper efficient solution of (VFCTP). □

As an illustration, we will consider the following example. Let ∆ = [0, 1].

Example 3.1.

min
z(·)∈L∞([0,1];R)

(︃∫︁ 1

0
f1(τ, z(τ))dτ∫︁ 1

0
g1(τ, z(τ))dτ

,

∫︁ 1

0
f2(τ, z(τ)), dτ∫︁ 1

0
g2(τ, z(τ))dτ

)︃
s.t. h1(τ, z(τ)) ≦ 0 a.e. in [0, 1],

(VPFCTP)

where f1(τ, z) := τ |z|, f2(τ, z) := z2 + 2τ , g1(τ, z) := ln(z + 2τ + 3), g2(τ, z) :=
4τ − z2, h1(τ, z) := |z| − τ . It can be easily verified that ẑ(τ) = 0 for a.e. τ ∈ [0, 1]
is a proper efficient solution of preceding problem and ŵ = (ŵ1, ŵ2) =

(︁
0, 12

)︁
.

We have that, for almost every τ ∈ [0, 1], Slater’s condition (SQ) is satisfied for
s(τ) = τ − 1

2 . For M = 1, it is obvious that χ1(τ, z) =
1
2 |z|, χ2(τ, z) =

1
2 |z|+

3
2z

2,
χ3(τ, z) = |z| − τ and

∂zχ1 =

⎧⎪⎨⎪⎩
{− 1

2
}, z < 0,

[− 1
2
, 1
2
], z = 0,

{ 1
2
}, z > 0,

∂zχ2 =

⎧⎪⎨⎪⎩
{− 1

2
+ 3z}, z < 0,

[− 1
2
, 1
2
], z = 0,

{ 1
2
+ 3z}, z > 0,

∂zχ3 =

⎧⎪⎨⎪⎩
{−1}, z < 0,

[−1, 1], z = 0,

{1}, z > 0.

In the following we will determine the set I(τ, z) = {i : χi(τ, z) = max
1≦j≦3

χj(τ, z)}.
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Take z̄(τ) ≡ 0, R = α = 1
2 . For z ∈ R ∖

(︁
− 1

2 ,
1
2

)︁
we have I(τ, z) = {2}. For

almost every τ ∈ [0, 1], the regularity of the system

χ1(τ, z) < 0, χ2(τ, z) < 0, χ3(τ, z) ≦ 0, z ∈ R

is verified with e1 = e1(τ, z) = 1 for z ≧ 1
2 and e2 = e2(τ, z) = −1 for z ≦ − 1

2 .
Indeed, we have

• ⟨∂zχ2(τ, z), e1⟩ ≧ α for z ≧ 1
2 ,

• ⟨∂zχ2(τ, z), e2⟩ ≧ α for z ≦ − 1
2 .

Here J = {1, 2}, I = {1}. Define the multipliers λ̂ = (λ̂1, λ̂2) =
(︁
1
2 ,

1
2

)︁
∈ Λ+,

v̂(τ) = 0 a.e. in [0, 1]. Then:
(1) This is obvious.
(2) Complementarity slackness condition holds:

v̂(τ)h1(τ, ẑ(τ)) = 0 · (−τ) = 0, a.e. in [0, 1].

(3) In the sequel, from inequality

L(z(·),(λ̂1, λ̂2), v̂(·))

=

∫︂ 1

0

[︄
λ̂1⏞⏟⏟⏞
1
2

·τ |z(τ)|+ λ̂2⏞⏟⏟⏞
1
2

·

(︄
z2(τ) + 2τ − ŵ2⏞⏟⏟⏞

1
2

·(4τ − z2(τ))

)︄]︄
dτ

+

∫︂ 1

0

v̂(τ)⏞⏟⏟⏞
0

·(|z(τ)| − τ)dτ =

∫︂ 1

0

(︂1
2
τ |(z(τ)|+ 3

4
z2(τ)

)︂
dτ

≧ 0 = L(ẑ(·), (λ̂1, λ̂2), v̂(·)) ∀z(·) ∈ L∞([0, 1];R),

it can be easily verified the condition (3) is satisfied.

Theorem 3.4. Let ẑ(·) be a proper efficient solution of (V FCTP ) and let

ŵ :=

∫︁
∆
f(τ, ẑ(τ))dτ∫︁

∆
g(τ, ẑ(τ))dτ

∈ Rk
+.

Assume that the mixed affine/convex structure holds, i.e., there exist index sets
JA ⊆ {1, . . . , k} and IA ⊆ {1, . . . ,m} such that, for each j ∈ JA,

fj(τ, z) = ⟨aj(τ), z⟩+ bj(τ), gj(τ, z) = ⟨cj(τ), z⟩+ dj(τ),

and for each i ∈ IA,
hi(τ, z) = ⟨pi(τ), z⟩+ qi(τ),

for a.e. τ ∈ ∆ and all z ∈ Rn. Let JN := {1, . . . , k}∖JA and IN := {1, . . . ,m}∖IA.
Assume that (RC) and (SQ) hold. Then, there exist multipliers (λ̂, v̂(·)) ∈ Rk ×
L∞(∆;Rm) such that the following conditions are satisfied:

(1) λ̂ ∈ Λ+ and v̂(·) ∈ V (i.e., v̂(τ) ≧ 0 a.e. in ∆);
(2) v̂(τ)′h(τ, ẑ(τ)) = 0 for a.e. τ ∈ ∆;
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(3) for all z(·) ∈ L∞(∆;Rn),∫︂
∆

[︄ ∑︂
j∈JA

λ̂j(⟨aj(τ)− ŵjcj(τ), z(τ)⟩+ bj(τ)− ŵjdj(τ))

+
∑︂
j∈JN

λ̂j(fj(τ, z(τ))− ŵjgj(τ, z(τ)))

+
∑︂
i∈IA

v̂i(τ)(⟨pi(τ), z(τ)⟩+ qi(τ)) +
∑︂
i∈IN

v̂i(τ)hi(τ, z(τ))

]︄
dτ ≧ 0.

3.1. Improved necessary optimality conditions for (VFCTP) under
mixed affine structure and novel constraint qualification.

Theorem 3.5 (Affine objective with mixed phase constraints: necessary con-
ditions under (SC)). Let ẑ(·) be a proper efficient solution of (VFCTP) and define

ŵ :=

∫︁
∆
f(τ, ẑ(τ))dτ∫︁

∆
g(τ, ẑ(τ))dτ

∈ Rk
+.

Assume that JN = ∅, i.e., for each j ∈ J = JA,

fj(τ, z) = ⟨aj(τ), z⟩+ bj(τ), gj(τ, z) = ⟨cj(τ), z⟩+ dj(τ),

and that the phase constraints are split as I = IA ∪ IN , where for each i ∈ IA,

hi(τ, z) = ⟨pi(τ), z⟩+ qi(τ),

while for each i ∈ IN the function hi(τ, ·) is convex (not necessarily affine). Assume
that (RC) and (SQ) hold. Then, there exist multipliers (λ̂, v̂(·)) ∈ Rk×L∞(∆;Rm)
such that

(1) λ̂ ∈ Λ+ and v̂(·) ∈ V ;
(2) v̂(τ)′h(τ, ẑ(τ)) = 0 for a.e. τ ∈ ∆;
(3) for all z(·) ∈ L∞(∆;Rn),∫︂

∆

[︄ ∑︂
j∈JA

λ̂j(⟨aj(τ)− ŵjcj(τ), z(τ)⟩+ bj(τ)− ŵjdj(τ))

+
∑︂
i∈IA

v̂i(τ)(⟨pi(τ), z(τ)⟩+ qi(τ)) +
∑︂
i∈IN

v̂i(τ)hi(τ, z(τ))

]︄
dτ ≧ 0.

Moreover, if the solvability requirement (SC) holds, then necessarily
(0) v̂N (·) ̸≡ 0, where v̂N (·) := (v̂i(·))i∈IN .

Proof of condition (0). Assume that (SQ) and (RC) hold and that there
exist multipliers (λ̂, v̂(·)) ∈ Rk ×L∞(∆;Rm) satisfying (1)–(3) of Theorem 3.4. We
prove that v̂N (·) ̸≡ 0.
Step 0 (Contradiction hypothesis). Suppose to the contrary that

(3.14) v̂N (·) ≡ 0, i.e., v̂i(·) ≡ 0 ∀i ∈ IN .
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Then, condition (3) reduces to an inequality involving only the affine parts:

(3.15)
∫︂
∆

[︄ ∑︂
j∈JA

λ̂j(⟨aj(τ)− ŵjcj(τ), z(τ)⟩+ bj(τ)− ŵjdj(τ))

+
∑︂
i∈IA

v̂i(τ)(⟨pi(τ), z(τ)⟩+ qi(τ))

]︄
dτ ≧ 0, ∀z(·) ∈ L∞(∆;Rn).

Step 1 (Affine decomposition). Define for a.e. τ ∈ ∆ and z ∈ Rn the affine
integrand

Ψ(τ, z) :=
∑︂
j∈JA

λ̂j(⟨aj(τ)−ŵjcj(τ), z⟩+bj(τ)−ŵjdj(τ))+
∑︂
i∈IA

v̂i(τ)(⟨pi(τ), z⟩+qi(τ)).

Then Ψ(τ, ·) is affine in z and can be written as

(3.16) Ψ(τ, z) = ⟨η(τ), z⟩+ β(τ),

where

η(τ) :=
∑︂
j∈JA

λ̂j(aj(τ)− ŵjcj(τ)) +
∑︂
i∈IA

v̂i(τ) pi(τ),

β(τ) :=
∑︂
j∈JA

λ̂j(bj(τ)− ŵjdj(τ)) +
∑︂
i∈IA

v̂i(τ) qi(τ).

With this notation, (3.15) becomes

(3.17)
∫︂
∆

Ψ(τ, z(τ))dτ ≧ 0 ∀z(·) ∈ L∞(∆;Rn).

Step 2 (Showing η(τ) = 0 a.e. in ∆ by the test functions zt). We prove that

(3.18) η(τ) = 0 for a.e. τ ∈ ∆.

Assume the contrary. Then, there exists a measurable set E ⊆ ∆ with µ(E) > 0
such that η(τ) ̸= 0 for all τ ∈ E. To avoid any boundedness issue, define for each
M ∈ N the measurable set EM :=

{︁
τ ∈ E : ∥η(τ)∥ ≦ M

}︁
. Since E =

⋃︁∞
M=1EM

and µ(E) > 0, there exists M0 ∈ N with µ(EM0) > 0. Fix such an M0 and set
F := EM0

. For t > 0, define zt(·) ∈ L∞(∆;Rn) by

zt(τ) :=

{︄
− t η(τ), τ ∈ F,

0, τ /∈ F.

Clearly zt(·) ∈ L∞(∆;Rn) because ∥η(τ)∥ ≦M0 on F . Using (3.16) and (3.17) we
obtain

0 ≦
∫︂
∆

Ψ(τ, zt(τ))dτ =

∫︂
F

(︂
⟨η(τ),−t η(τ)⟩+ β(τ)

)︂
dτ +

∫︂
∆∖F

β(τ)dτ

= − t

∫︂
F

∥η(τ)∥2 dτ +
∫︂
∆

β(τ)dτ.
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Since µ(F ) > 0 and η(τ) ̸= 0 on F , we have
∫︁
F
∥η(τ)∥2 dτ > 0. Letting t →

+∞ yields a contradiction. Hence (3.18) holds. Consequently, (3.16) reduces to
Ψ(τ, z) = β(τ) a.e., and (3.17) simplifies to∫︂

∆

β(τ)dτ ≧ 0.

Step 3 Contradiction with the solvability requirement (SC). Taking ζ(·)
from (SC) and substituting z(·) = ζ(·) into (3.17), we obtain

0 ≦
∑︂
j∈JA

λ̂j

∫︂
∆

(fj(τ, ζ(τ))− ŵjgj(τ, ζ(τ)))dτ +

∫︂
∆

∑︂
i∈IA

v̂i(τ)hi(τ, ζ(τ))dτ.

Since v̂i(τ) ≧ 0 a.e. and hi(τ, z̃(τ)) ≦ 0 a.e. for all i ∈ IA, the second integral is less
than or equal to zero. Therefore,

(3.19) 0 ≦
∑︂
j∈JA

λ̂j

∫︂
∆

(fj(τ, ζ(τ))− ŵjgj(τ, ζ(τ)))dτ.

On the other hand, (SC) provides an index ℓ ∈ J = JA such that∫︂
∆

(fℓ(τ, ζ(τ))− ŵℓgℓ(τ, ζ(τ)))dτ < 0.

Because λ̂ ∈ Λ+ (hence λ̂ℓ > 0), the weighted sum in (3.19) contains a strictly
negative term with a strictly positive weight, and all terms are finite. Consequently,∑︂

j∈JA

λ̂j

∫︂
∆

(︁
fj(τ, ζ(τ))− ŵjgj(τ, ζ(τ))

)︁
dτ < 0,

which contradicts (3.19). Thus (3.14) is false and v̂N (·) ̸≡ 0. This completes the
proof. □

Example 3.2. Let ∆ = [0, 1], n = 1, k = 2, and m = 2. We consider the
vector fractional continuous-time problem (VFCTP):

min
z(·)∈L∞([0,1];R)

(︃∫︁ 1

0
f1(τ, z(τ))dτ∫︁ 1

0
g1(τ, z(τ))dτ

,

∫︁ 1

0
f2(τ, z(τ))dτ∫︁ 1

0
g2(τ, z(τ))dτ

)︃
h1(τ, z(τ)) ≦ 0, a.e. on [0, 1],

h2(τ, z(τ)) ≦ 0, a.e. on [0, 1],

where h1(τ, z) = z − τ
2 (affine in z), h2(τ, z) = z2 − τ2

16 (convex in z), g1(τ, z) =

g2(τ, z) = 2 + τ , f1(τ, z) = (2 + τ) · 1 + τ
2 z +

τ2

8 , f2(τ, z) = (2 + τ) · 2 + τ
2 z +

τ2

8
(affine in z and depending on τ). Also, we have IA = {1} and IN = {2}. From
h2(τ, z) ≦ 0 we obtain |z| ≦ τ/4, hence the feasible set is

Ω =
{︂
z(·) ∈ L∞([0, 1]) : −τ

4
≦ z(τ) ≦

τ

4
a.e.
}︂
.

Let ẑ(τ) := − τ
4 for a.e. τ ∈ [0, 1]. Hence ŵ = (1, 2) ∈ R2

+. We have that, for
almost every τ ∈ [0, 1], Slater’s condition (SQ) is satisfied for s(τ) = 0. Recall that
the nonaffine constraint is h2(τ, z) = ∥z∥2 − τ2/16, z ∈ R2, which is convex in z
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and has quadratic growth. In particular, for every τ ∈ [0, 1] we have ∂zh2(τ, z) =
{2z}. It is easy to check that condition (RC) holds. Recall that (SC) requires a
function ζ(·) satisfying only the affine constraints (i.e., for i ∈ IA) and such that∫︁ 1

0

(︁
fℓ − ŵℓgℓ

)︁
< 0 for some ℓ. Choose ζ(τ) = −τ . Then h1(τ, ζ(τ)) = −3τ/2 ≦ 0

a.e., and∫︂ 1

0

(f1(τ, ζ(τ))− ŵ1g1(τ, ζ(τ)))dτ =

∫︂ 1

0

(︂τ
2
(−τ) + τ2

8

)︂
dτ =

∫︂ 1

0

(︂
− 3

8
τ2
)︂
dτ < 0.

Therefore, (SC) holds (with ℓ = 1). Define λ̂ =
(︁
1
2 ,

1
2

)︁
∈ Λ+, v̂1(τ) ≡ 0, v̂2(τ) ≡

1. Then, (1) and (2) hold by construction. For any z ∈ R, we have f1(τ, z) −
ŵ1g1(τ, z) = τ

2 z + τ2

8 , f2(τ, z) − ŵ2g2(τ, z) = τ
2 z + τ2

8 , so the integrand in (3)
becomes nonnegative. Integrating over ∆ yields (3). Moreover, v̂N (·) = v̂2(·) ̸≡ 0.

Example 3.3. Let ∆ = [0, 1], n = 2, k = 2, and m = 2. Let z = (z1, z2) ∈ R2.
We impose the phase constraints (a.e. in ∆)

h1(τ, z) = z1 −
τ

2
≦ 0 (IA = {1}), h2(τ, z) = ∥z∥2 − τ2

16
≦ 0 (IN = {2}).

Define common denominators g1(τ, z) = g2(τ, z) = 2+τ and fix a parameter β > 0.
Define f1(τ, z) = (2+τ)·1+ τ

2 z1+
τ2

8 +β τ
4 z2 and f2(τ, z) = (2+τ)·2+ τ

2 z1+
τ2

8 −β τ
4 z2.

Thus, both objective components are affine in z (so JN = ∅). It can be easily verified
that ẑ(τ) =

(︁
− τ

4 , 0
)︁

for a.e. τ ∈ [0, 1] is a proper efficient solution and ŵ1 = 1,
ŵ2 = 2. Take s(τ) ≡ (0, 0). Then h1(τ, s(τ)) < 0 and h2(τ, s(τ)) < 0 for τ ∈ (0, 1],
hence (SQ) holds. The nonaffine function h2(τ, z) = ∥z∥2 − τ2/16 is convex in z.
Similarly, as in the previous example (RC) is obviously valid. Let ζ(τ) = (−τ, 0).
We have h1(τ, ζ(τ)) ≦ 0 a.e. in [0, 1]. Moreover, (SC) also holds (with ℓ = 1).
Let λ̂ =

(︁
1
2 ,

1
2

)︁
, v̂1(τ) ≡ 0 and v̂2(τ) ≡ 1. Then (1) holds. Condition (2) holds

since h2(τ, ẑ(τ)) = 0 a.e. and v̂1 ≡ 0. Also, condition (3) obviously holds and
v̂N = v̂2 ̸≡ 0.

Theorem 3.6 (Affine objective with mixed phase constraints: necessary con-
ditions under (SD)). Let ẑ(·) be a proper efficient solution of (V FCTP ) and define

ŵ :=

∫︁
∆
f(τ, ẑ(τ))dτ∫︁

∆
g(τ, ẑ(τ))dτ

∈ Rk
+.

Assume that JN = ∅, i.e., for each j ∈ J = JA,

fj(τ, z) = ⟨aj(τ), z⟩+ bj(τ), gj(τ, z) = ⟨cj(τ), z⟩+ dj(τ),

and that the phase constraints are split as I = IA ∪ IN , where for each i ∈ IA,

hi(τ, z) = ⟨pi(τ), z⟩+ qi(τ),

while for each i ∈ IN the function hi(τ, ·) is convex (not necessarily affine). Assume
that (RC) and (SQ) hold. Then, there exist multipliers (λ̂, v̂(·)) ∈ Rk×L∞(∆;Rm)
such that

(1) λ̂ ∈ Λ+ and v̂(·) ∈ V ;
(2) v̂(τ)′h(τ, ẑ(τ)) = 0 for a.e. τ ∈ ∆;
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(3)
∫︁
∆

[︁∑︁
j∈JA

λ̂j(⟨aj(τ)− ŵjcj(τ), z(τ)⟩+ bj(τ)− ŵjdj(τ))

+
∑︁

i∈IA
v̂i(τ)(⟨pi(τ), z(τ)⟩+ qi(τ)) +

∑︁
i∈IN

v̂i(τ)hi(τ, z(τ))
]︁
dτ ≧ 0,

for all z(·) ∈ L∞(∆;Rn).
Moreover, if (SD) holds, then necessarily

(0) v̂N (·) ̸≡ 0, where v̂N (·) := (v̂i(·))i∈IN .

Proof. Assume that (SQ) and (RC) hold and that there exist multipliers
(λ̂, v̂(·)) ∈ Rk × L∞(∆;Rm) satisfying (1)–(3) of Theorem 3.4. We prove that
v̂N (·) ̸≡ 0.
Step 0 (Contradiction hypothesis). Suppose to the contrary that

v̂N (·) ≡ 0, i.e., v̂i(·) ≡ 0 ∀i ∈ IN .

Then condition (3) reduces to an inequality involving only the affine parts:∫︂
∆

[︄ ∑︂
j∈JA

λ̂j(⟨aj(τ)− ŵjcj(τ), z(τ)⟩+ bj(τ)− ŵjdj(τ))

+
∑︂
i∈IA

v̂i(τ)(⟨pi(τ), z(τ)⟩+ qi(τ))

]︄
dτ ≧ 0, ∀z(·) ∈ L∞(∆;Rn).

Then the KKT-type inequality of Theorem 3.6 reduces to an affine-only inequality:
for all z(·) ∈ L∞(∆;Rn),

(3.20)
∫︂
∆

(︁
⟨η(τ), z(τ)⟩+ β(τ)

)︁
dτ ≧ 0,

where

η(τ) :=
∑︂
j∈J

λ̂j(aj(τ)− ŵjcj(τ)) +
∑︂
i∈IA

v̂i(τ) pi(τ) a.e. in ∆,

β(τ) :=
∑︂
j∈J

λ̂j(bj(τ)− ŵjdj(τ)) +
∑︂
i∈IA

v̂i(τ) qi(τ) a.e. in ∆.

By the standard zt test-function argument (as in Step 2 of the previous Theorem),
(3.20) implies

(3.21) η(τ) = 0 for a.e. τ ∈ ∆.

Step 1 (Contradiction using (SD)). We have

0 = ⟨η(τ), d(τ)⟩ =
∑︂
j∈J

λ̂j⟨aj(τ)− ŵjcj(τ), d(τ)⟩+
∑︂
i∈IA

v̂i(τ)⟨pi(τ), d(τ)⟩ a.e. in ∆.

By (SD), each term ⟨aj(τ) − ŵjcj(τ), d(τ)⟩ is strictly negative, and since λ̂ ∈ Λ+

we have λ̂j > 0 for all j ∈ J . Therefore,∑︂
j∈J

λ̂j⟨aj(τ)− ŵjcj(τ), d(τ)⟩ < 0 for a.e. in ∆.

Also, (SD) gives ⟨pi(τ), d(τ)⟩ ≦ 0 and v̂i(τ) ≧ 0 a.e. in ∆, hence∑︂
i∈IA

v̂i(τ)⟨pi(τ), d(τ)⟩ ≦ 0 for a.e. in ∆.
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Adding the two inequalities yields ⟨η(τ), d(τ)⟩ < 0 a.e. in ∆ contradicting ⟨η(τ),
d(τ)⟩ = 0 from (3.21). Hence v̂N (·) ̸≡ 0. □

Example 3.4. Let ∆ = [0, 1], n = 2, k = 2, m = 2, and keep the same
constraints as in Example 3.3. Let h1(τ, z) = z1 − τ

2 ≦ 0 (IA = {1}), h2(τ, z) =
∥z∥2 − τ2

16 ≦ 0 (IN = {2}). Let g1(τ, z) = g2(τ, z) = 3 + τ − 1
8 z1. On the feasible

set ∥z(τ)∥ ≦ τ/4 we have z1(τ) ≦ τ/4, hence gj(τ, z) > 0. Fix β > 0 and define
f1(τ, z) = 1 ·g1(τ, z)+ τ

2 z1+
τ2

8 +β τ
4 z2 and f2(τ, z) = 2 ·g2(τ, z)+ τ

2 z1+
τ2

8 −β τ
4 z2.

Thus both objective components are affine in z (so JN = ∅). Let ẑ(τ) =
(︁
− τ

4 , 0
)︁

a.e.
in [0, 1]. Hence, ŵ1 = 1, ŵ2 = 2. (SQ) holds with s(τ) ≡ (0, 0). (RC) holds exactly
as in previous example, since h2(τ, z) is convex and has quadratic growth with
∂zh2(τ, z) = 2z. Let d(τ) ≡ (−1, 0). Then, for τ > 0, ⟨a1(τ) − ŵ1c(τ), d(τ)⟩ < 0,
⟨a2(τ) − ŵ2c(τ), d(τ)⟩ < 0. Moreover, h1(τ, z) = ⟨p1, z⟩ + q1(τ) with p1 = (1, 0),
so ⟨p1, d(τ)⟩ ≦ 0. Hence, (SD) holds. Let λ̂ =

(︂
1
2 ,

1
2

)︂
, v̂1(τ) ≡ 0 and v̂2(τ) ≡ 1.

Conditions (1), (2) and (3) are obviously satisfied. Also

v̂N = v̂2 ̸≡ 0.

Theorem 3.7 (Fully affine case). Let ẑ(·) ∈ L∞(∆;Rn) be a proper efficient
solution of (V FCTP ) and define

ŵ :=

∫︁
∆
f(τ, ẑ(τ))dτ∫︁

∆
g(τ, ẑ(τ))dτ

∈ Rk
+.

Assume that all objective components are affine in the second argument, i.e., for
each j ∈ J = {1, . . . , k},

fj(τ, z) = ⟨aj(τ), z⟩+ bj(τ), gj(τ, z) = ⟨cj(τ), z⟩+ dj(τ),

and that all phase constraints are affine in the second argument, i.e., for each
i ∈ I = {1, . . . ,m},

hi(τ, z) = ⟨pi(τ), z⟩+ qi(τ),

for a.e. τ ∈ ∆ and all z ∈ Rn. Assume that (RC) and (SQ) hold. Then, there
exist multipliers (λ̂, v̂(·)) ∈ Rk × L∞(∆;Rm) such that

(1) λ̂ ∈ Λ+ and v̂(·) := (v̂i(·))i∈I ∈ V (i.e. v̂(τ) ≧ 0 for a.e. τ ∈ ∆);

(2) v̂i(τ)(⟨pi(τ), z(τ)⟩+ qi(τ)) = 0, i ∈ I for a.e. τ ∈ ∆;

(3.1)
∑︁

j∈J λ̂j(aj(τ)− ŵjcj(τ)) +
∑︁

i∈I v̂i(τ) pi(τ) = 0 a.e. in ∆;

(3.2)
∫︁
∆

(︁∑︁
j∈J λ̂j(bj(τ)− ŵjdj(τ)) +

∑︁
i∈I v̂i(τ) qi(τ)

)︁
dτ ≧ 0.

Proof. Step 0. Under (RC ) and (SQ), Theorem 3.6 provides multipliers
(λ̂, v̂(·)) ∈ Rk × L∞(∆;Rm) such that λ̂ ∈ Λ+, v̂(·) ∈ V , complementary slack-
ness holds, and the basic KKT-type inequality of Theorem 3.6 is satisfied for all
z(·) ∈ L∞(∆;Rn). Using the fully affine structure of f, g, h, this inequality becomes
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exactly∫︂
∆

[︄ ∑︂
j∈JA

λ̂j(⟨aj(τ)− ŵjcj(τ), z(τ)⟩+ bj(τ)− ŵjdj(τ))

+
∑︂
i∈IA

v̂i(τ)(⟨pi(τ), z(τ)⟩+ qi(τ))

]︄
dτ ≧ 0.

Step 1 The proof of this step is the same as the proof of Step 2 in Theorem 3.5.
Hence, with η(τ) = 0 a.e. in ∆, condition (3) reduces to

∫︁
∆
β(τ)dτ ≧ 0, which

completes the proof. □

Solution of Example: Time-dependent surface-grinding model. In
the notation of (VFCTP), we have k = 2, m = 2, and f1(τ, p) = 1 + p − τ ,
f2(τ, p) = 2(p− τ)− 1, g1(τ, p) = g2(τ, p) = p− τ , h1(τ, p) = 1 + τ − p, h2(τ, p) =
p − τ − 2. The feasible set is ΩP = {p(·) ∈ L∞([0, 1];R) : 1 ⩽ p(τ) − τ ⩽
2 a.e. on [0, 1]}. Obviously, ˆ︁p(τ) = τ + 3

2 is a proper efficient solution of prob-
lem (G) with M = 1. For every τ ∈ [0, 1], the functions f1(τ, p), f2(τ, p) are
affine in p, hence convex. Also, g1(τ, p) = g2(τ, p) = p − τ are affine in p,
hence concave as well as convex. Therefore, −g1(τ, p), −g2(τ, p) = τ − p are
convex. Finally, h1(τ, p) = 1 + τ − p, h2(τ, p) = p − τ − 2 are affine in p,
hence convex. All functions are measurable in τ , continuous in p, and bounded
on bounded subsets of R. Moreover, for every feasible p(·), p(τ) − τ ⩾ 1 a.e.
[0, 1], so

∫︁ 1

0
gj(τ, p(τ))dτ > 0, j = 1, 2. Hence, the problem belongs to the mixed-

affine VFCTP framework. Set A :=
∫︁ 1

0

(︁
p(τ) − τ

)︁
dτ . Since 1 ⩽ p(τ) − τ ⩽ 2

a.e. on [0, 1], we have 1 ⩽ A ⩽ 2. Thus (J1(p(·)), J2(p(·))) = (1 + 1
A , 2 − 1

A ),
A ∈ [1, 2]. For ˆ︁p(τ) = τ + 3

2 , we obtain ˆ︁w =
(︁
5
3 ,

4
3

)︁
. We have that, for almost

every τ ∈ [0, 1], Slater’s condition (SQ) is satisfied for s(τ) = τ + 5
4 . The problem

is fully affine. We have JA = {1, 2}, JN = ∅, IA = {1, 2}, IN = ∅. Therefore,
the mixed-affine structure required in Theorem 3.3 holds. Also, it is clear that the
(RC) condition is satisfied. We now construct multipliers satisfying the conclusion
of Theorem 3.3. Let ˆ︁λ =

(︁
1
2 ,

1
2

)︁
, ˆ︁v1(τ) = 0 and ˆ︁v2(τ) = 0, a.e. in [0, 1]. Conditions

(3.1) and (3.2) hold as the two weighted objective components are in exact equi-
librium under the chosen multipliers. Since the phase-constraint multipliers are
zero, no additional contribution arises from the constraints. Therefore, both the
pointwise balance condition and the global integral condition are trivially satisfied.

Conclusion. In this example, the properly efficient pressure profile is ˆ︁p(τ) =
τ + 3

2 . Mechanically, this means that the commanded contact pressure increases
along the grinding pass in order to compensate for the position-dependent reduction
encoded by τ . The effective grinding intensity ˆ︁p(τ) − τ = 3

2 remains constant.
This gives a balanced operating regime. Increasing the effective intensity would
reduce the specific grinding energy, but it would increase wheel wear per removed
material volume, while decreasing it would reduce wheel wear but increase the
specific energy.
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Figure 2. Optimal pressure profile and admissible bounds. The
profile ˆ︁p(τ) = τ+ 3

2 remains strictly inside the feasible band τ+1 ⩽
p(τ) ⩽ τ + 2, while the effective intensity ˆ︁p(τ)− τ is constant.

4. Duality

Generally, the dual of a vector programming problem is also a vector problem.
For instance, nonlinear vector programming problems in finite-dimensional spaces
are discussed in [30,31]. In the following, we examine a parameter-free efficiency
result of the saddle-point type, expressed in terms of a vector-valued Lagrangian
function L : L∞(∆;Rn) × L∞(∆;Rm) → Rk, as L(z(·), v(·)) = (L1(z(·), v(·)), . . . ,
Lk(z(·), v(·)))′ with components Lj , j ∈ J , defined by

Lj(z(·), v(·)) =
∫︁
∆
(fj(τ, z(τ)) + v′(τ)h(τ, z(τ)))dτ∫︁

∆
gj(τ, z(τ))dτ

.

We shall say that a pair (ẑ(·), v̂(·)) is a solution of vector saddle point continuous-
time problem (VSPCTP) if

L(ẑ(·), v(·)) ̸⩾ L(ẑ(·), v̂(·))(4.1)
L(ẑ(·), v̂(·)) ̸⩾ L(z(·), v̂(·))(4.2)

for all z(·) ∈ L∞(∆;Rn) and all v(·) ∈ V .
We formulate a Lagrangian-type dual problem for (VFCTP) and establish both

weak and strong duality theorems. The structure of this dual problem is based on
Theorem 3.1. Let

ΩD =
{︂
(λ, η, v(·)) ∈ Λ+ × Rk

+ × V : λ′η = inf
z(·)∈L∞(∆;Rn)

λ′L(z(·), v(·))
}︂
.

We consider the vector dual (VDFCTP) of the primal problem (VFCTP):

max η

subject to (λ, η, v(·)) ∈ ΩD.
(VDFCTP)
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In the following, the first result, called the weak duality theorem, is a simple con-
sequence of the definition of the dual problem.

Theorem 4.1 (Weak duality theorem). Let z(·) ∈ L∞(∆;Rn) and (λ, η, v(·)) ∈
ΩD be feasible solutions of (VFCTP) and (VDFCTP), respectively. Then

η ̸⩾
∫︁
∆
f(τ, z(τ))dτ∫︁

∆
g(τ, z(τ))dτ

.

Proof. For some λ ∈ Λ+, v(·) ∈ V , λ′η = infz(·)∈L∞(∆;Rn) λ
′L(z(·), v(·)).

Since z(·) ∈ ΩP , we have

λ′η = inf
z(·)∈L∞(∆;Rn)

λ′L(z(·), v(·))≦ λ′
∫︁
∆
f(τ, z(τ))dτ∫︁

∆
g(τ, z(τ))dτ

+
∑︂
j∈J

λj
∫︁
∆
v′(τ)h(τ, z(τ))dτ∫︁

∆
gj(τ, z(τ))dτ

≦ λ′
∫︁
∆
f(τ, z(τ))dτ∫︁

∆
g(τ, z(τ))dτ

.

Hence,

λ′
(︃∫︁

∆
f(τ, z(τ))dτ∫︁

∆
g(τ, z(τ))dτ

− η

)︃
≧ 0 =⇒ η ̸⩾

∫︁
∆
f(τ, z(τ))dτ∫︁

∆
g(τ, z(τ))dτ

.

Thus, the proof is complete. □

The following lemma plays a key role in proving the strong duality result in
this section.

Lemma 4.1. Let ẑ(·) be a proper efficient solution of (VFCTP) and assume that
(RC) and (SQ) are satisfied. Then, there exists v̂(·) ∈ V such that (ẑ(·), v̂(·)) is a
solution of the saddle point problem (VSPCTP) and slackness condition
(3.3) holds.

Proof. From Theorem 3.1 we obtain that there exists (λ̂, v̂(·)) ∈ Λ+ × V ,
such that

(4.3) v̂′(τ)h(τ, ẑ(τ)) = 0 a.e. in ∆

and (ẑ(·), λ̂, v̂(·)) is a KKTSP for (VFCTP), i.e.,

(4.4) Lŵ(ẑ(·), λ̂, v(·)) ≦ Lŵ(ẑ(·), λ̂, v̂(·)) ≦ Lŵ(z(·), λ̂, v̂(·)),

for all z(·) ∈ L∞(∆;Rn) and all v(·) ∈ V . Now, we shall prove that (ẑ(·), v̂(·)) is
a solution of the vector saddle point continuous-time problem (VSPCTP). We will
suppose that (4.1) is not true. Then, for some l ∈ J , v̄(·) ∈ V , we have

(4.5)
∫︁
∆
(fl(τ, ẑ(τ)) + v̂′(τ)h(τ, ẑ(τ)))dτ∫︁

∆
gl(τ, ẑ(τ))dτ

<

∫︁
∆
(fl(τ, ẑ(τ)) + v̄(τ)′h(τ, ẑ(τ)))dτ∫︁

∆
gl(τ, ẑ(τ))dτ

and

(4.6)
∫︁
∆
(fj(τ, ẑ(τ)) + v̂′(τ)h(τ, ẑ(τ)))dτ∫︁

∆
gj(τ, ẑ(τ))dτ

≦

∫︁
∆
(fj(τ, ẑ(τ)) + v̄′(τ)h(τ, ẑ(τ)))dτ∫︁

∆
gj(τ, ẑ(τ))dτ
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for all j ̸= l, j ∈ J .
Multiplying (4.5) by λ̂l

∫︁
∆
gl(τ, ẑ(τ))dτ and (4.6) by λ̂j

∫︁
∆
gj(τ, ẑ(τ))dτ , j ̸= l and

summing, we obtain

(4.7) λ̂′
∫︂
∆

f(τ, ẑ(τ))dτ +
∑︂
j∈J

λ̂j

∫︂
∆

v̂′(τ)h(τ, ẑ(τ))dτ

< λ̂′
∫︂
∆

f(τ, ẑ(τ))dτ +
∑︂
j∈J

λ̂j

∫︂
∆

v̄′(τ)h(τ, ẑ(τ))dτ.

Since
∑︁

j∈J λ̂j = 1, adding the term −λ̂′
∫︁
∆
ŵ ◦ g(τ, ẑ(τ))dτ to both sides of in-

equality (4.7), we obtain a contradiction to the inequality (4.4). Likewise, we will
suppose that (4.2) is not true. Then, for some l ∈ J , z̄(·) ∈ L∞(∆;Rn), we have

(4.8)
∫︁
∆
(fl(τ, z̄(τ)) + v̂′(τ)h(τ, z̄(τ)))dτ∫︁

∆
gl(τ, z̄(τ))dτ

<

∫︁
∆
(fl(τ, ẑ(τ)) + v̂′(τ)h(τ, ẑ(τ)))dτ∫︁

∆
gl(τ, ẑ(τ))dτ

and

(4.9)
∫︁
∆
(fj(τ, z̄(τ)) + v̂′(τ)h(τ, z̄(τ)))dτ∫︁

∆
gj(τ, z̄(τ))dτ

≦

∫︁
∆
(fj(τ, ẑ(τ)) + v̂′(τ)h(τ, ẑ(τ)))dτ∫︁

∆
gj(τ, ẑ(τ))dτ

for all j ̸= l, j ∈ J . Multiplying (4.8) by λ̂l
∫︁
∆
gl(τ, z̄(τ))dτ and (4.9) by

λ̂j
∫︁
∆
gj(τ, z̄(τ))dτ , j ̸= l and summing, we obtain

(4.10) λ̂′
∫︂
∆

f(τ, z̄(τ))dτ +
∑︂
j∈J

λ̂j

∫︂
∆

v̂(τ)′h(τ, z̄(τ))dτ

<
∑︂
j∈J

λ̂j
∫︁
∆
gj(τ, z̄(τ))dτ

∫︁
∆
fj(τ, ẑ(τ))dτ∫︁

∆
gj(τ, ẑ(τ))dτ

+
∑︂
j∈J

λ̂j

∫︂
∆

v̂(τ)′h(τ, ẑ(τ))dτ.

Since
∑︁

j∈J λ̂j = 1, (4.3) holds, ŵj =
∫︁
∆

fj(τ,ẑ(τ))dτ∫︁
∆

gj(τ,ẑ(τ))dτ
, if we add the term

−
∑︂
j∈J

λ̂j
∫︁
∆
gj(τ, z̄(τ))dτ

∫︁
∆
fj(τ, ẑ(τ))dτ∫︁

∆
gj(τ, ẑ(τ))dτ

to both sides of inequality (4.10) we obtain

λ̂′
∫︂
∆

(f(τ, z̄(τ))− ŵ ◦ g(τ, z̄(τ)))dτ +
∫︂
∆

v̂(τ)′h(τ, z̄(τ))dτ < 0,

also contradicting the inequality (4.4). Therefore, (4.1) and (4.2) hold and (ẑ(·), v̂(·))
is a solution of (VSPCTP). Thus, the proof is complete. □

The following result, known as the strong duality theorem, shows that, under
convexity assumptions, suitable regularity condition and Slater’s constraint quali-
fication, there is no duality gap between primal (VFCTP) and (VDFCTP).
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Theorem 4.2 (Strong duality theorem). Let ẑ(·) be a proper efficient solu-
tion of (VFCTP). Assume that (RC) and (SQ) are satisfied. Then, there exists
(λ̂, η̂, v̂(·)) ∈ Λ+×Rk×V such that η̂ is a proper efficient solution of (VDFCTP) and∫︁

∆
f(τ, ẑ(τ))dτ∫︁

∆
g(τ, ẑ(τ))dτ

= η̂.

Proof. Step 1: Since ẑ(·) is an efficient solution of (VFCTP), by Lemma 4.1,
there exist v̂(·) ∈ V such that (ẑ(·), v̂(·)) is a solution of the saddle point problem
(VSPCTP) and

(4.11) v̂′(τ)h(τ, ẑ(τ)) = 0 a.e. in ∆.

Hence, for λ̂ ∈ Λ+ we have

λ̂′
∫︁
∆
f(τ, ẑ(τ))dτ∫︁

∆
g(τ, ẑ(τ))dτ

≦ λ̂′
∫︁
∆
(f(τ, z(τ)) + ev̂′(τ)h(τ, z(τ)))dτ∫︁

∆
g(τ, z(τ))dτ

∀z(·) ∈ L∞(∆;Rn).

Therefore,

(4.12) λ̂′
∫︁
∆
f(τ, ẑ(τ))dτ∫︁

∆
g(τ, ẑ(τ))dτ

≦ inf
z(·)∈L∞(∆;Rn)

λ̂′L(z(·), v̂(·)).

On the other hand, from (4.11) we obtain

(4.13) inf
z(·)∈L∞(∆;Rn)

λ̂′L(z(·), v̂(·)) ≦ λ̂′L(ẑ(·), v̂(·)) = λ̂′
∫︁
∆
f(τ, ẑ(τ))dτ∫︁

∆
g(τ, ẑ(τ))dτ

.

Setting η̂ =
∫︁
∆

f(τ,ẑ(τ))dτ∫︁
∆

g(τ,ẑ(τ))dτ
= ŵ, from (4.12) and (4.13) we obtain

λ̂′η̂ = inf
z(·)∈L∞(∆;Rn)

λ̂′L(z(·), v̂(·)).

Therefore, the solution is feasible.
Step 2: It is obvious that (λ̂, η̂, v̂(·)) is an efficient solution. If this solution is

not a proper efficient solution, there will be another feasible solution (λ0, η0, v0(·)),
such that for some j ∈ J , inequality η0j − η̂j > M(η̂t − η0t ) holds for all t ∈ J where
η̂t − η0t > 0. Hence, η̂j − η0j < 0 i.e. ŵj < η0j , which contradicts inequality η ̸⩾ ŵ.
Thus, the proof is complete. □

Example 4.1. Consider the following primal problem from Example 3.1 and
the corresponding dual problem (VDFCTP)

max η =(η1, η2)

subject to λ1η1 + λ2η2 = inf
z(·)∈L∞(∆;Rn)

(λ1L1(z(·), v(·)) + λ2L2(z(·), v(·))),

(λ, η, v(·)) ∈ Λ+ × R2
+ × V,(VDFCTP)

where k = 2, m = 1 and

L(z(·), v(·)) = (L1(z(·), v(·)),L2(z(·), v(·)))′

=

(︃∫︁ 1

0
(τ |z(τ)|+ v(τ)(|z(τ)| − τ))dτ∫︁ 1

0
ln(z(τ) + 2τ + 3)dτ

,

∫︁ 1

0
(z2(τ) + 2τ + v(τ)(|z(τ)| − τ)))dτ∫︁ 1

0
(4τ − z2(τ))dτ

)︃
.



122 JOVIĆ

However, from Example 3.1 we have that for a.e. τ in [0, 1], ẑ(τ) = 0 is a proper
efficient optimal solution of (VPFCTP), ŵ = (ŵ1, ŵ2) =

(︁
0, 12

)︁
and (SQ), (RC) are

satisfied. Further, there exists (λ̂, η̂, v̂(·)) =
(︁(︁

1
2 ,

1
2

)︁
,
(︁
0, 12

)︁
, 0
)︁
∈ Λ+ ×R2

+ × V such
that η̂ is an efficient solution of (VDFCTP). Indeed, for ẑ(τ) = 0 and v̂(τ) = 0 a.e.
in [0, 1] problem (VDFCTP) becomes

max η = (η1, η2)

subject to
1

2
η1 +

1

2
η2 =

1

4
,

η1 ≧ 0, η2 ≧ 0,

(VDFCTP)

with the obvious proper efficient solution η̂ =
(︁
0, 12

)︁
. It is obvious that optimal

values of (VPFCTP) and (VDFCTP) are equal.

5. Conclusion

This paper investigated a nonsmooth vector fractional continuous-time pro-
gramming problem with inequality-type phase constraints in the essentially bound-
ed space L∞(∆;Rn). The main outcomes can be summarized as follows:

• A continuous-time saddle-point framework was developed for properly ef-
ficient solutions by introducing an appropriate KKT saddle-point concept
and a Lagrange-type functional tailored to the fractional structure.

• Under a continuous-time Slater-type feasibility condition and a regularity
requirement for convex inequality systems, we established KKT-type nec-
essary optimality conditions and also provided a sufficient saddle-point
criterion for proper efficiency.

• For models exhibiting mixed affine/convex structure, we derived refined
optimality conditions that separate affine and genuinely nonaffine compo-
nents. In addition, we introduced a new relaxed Slater-type condition for
mixed-affine settings that yields strengthened, parameter-free statements
and enforces the nontriviality of multipliers associated with the nonaffine
constraint block.

• A vector-valued Lagrangian was proposed and used to formulate a vector
dual problem. For this dual model, we proved weak duality and, under
the same assumptions (and their mixed-affine relaxed variant), a strong
duality theorem ensuring the absence of a duality gap.

• Several examples were provided to illustrate how the assumptions can be
checked and how multipliers can be constructed explicitly in representative
situations.

Potential extensions include: (i) further weakening of regularity/constraint
qualification requirements while preserving multiplier nontriviality; (ii) treatment
of additional constraint classes (e.g., equality-type phase constraints or integral-
type constraints); (iii) generalized convexity frameworks; and (iv) discretization
and numerical schemes that exploit the derived saddle-point and duality structures
for computation in practical applications.
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О ОПТИМАЛНОСТИ И ДУАЛНОСТИ У НЕГЛАТКОМ
ВЕКТОРСКОМ РАЗЛОМЉЕНОМ ПРОГРАМИРАЊУ СА

НЕПРЕКИДНИМ ВРЕМЕНОМ: ПОJАЧАНИ УСЛОВИ
ЗА МЕШОВИТО-АФИНЕ МОДЕЛЕ

Резиме. У овом раду разматрамо проблем неглатког векторског разломљеног
програмирања са непрекидним временом са фазним ограничењима неjеднако-
сти. Мотивациjа потиче из модела примењене механике у коjима се перфор-
мансе описуjу разломљеним индексима акумулираним током времена, при че-
му оперативна ограничења мораjу бити задовољена у готово сваком тренутку
посматраног временског интервала. Такви модели обухватаjу, између осталог,
абразивну обраду и брушење, квазистационарну ефикасност крстарења авио-
на, као и енергетски ефикасно планирање хода код робота. Изводимо неопход-
не Каруш-Кун-Такерове услове оптималности за правилно ефикасна решења
комбиновањем Слеjтеровог услова по непрекидном времену и услова регулар-
ности за конвексне системе неjеднакости. Такође успостављамо довољан услов
оптималности коjи важи под претпоставкама конвексности.

За моделе са мешовитом афином структуром, jачамо теориjу изван класич-
них оквира заснованих на Слеjтеровом услову. Уводимо две додатне провер-
љиве хипотезе, услов решивости и услов правца раздваjања. Ове претпостав-
ке даjу оштриjе закључке о мултипликаторима, укључуjући нетривиjалност
мултипликатора повезаних са неафиним ограничењима и воде до побољшања
услова оптималности без помоћних параметара. Формулисана jе и доказана
кључна лема коjа пружа главни алат коjи лежи у основи ових резултата. За-
тим уводимо векторски Лагранжиjан и формулишемо одговараjући векторски
дуални модел. За тако добиjени дуални модел доказуjемо теореме слабе и jаке
дуалности, при чему теорема jаке дуалности обезбеђуjе одсуство дуалног jа-
за. На краjу, неколико примера показуjе како се претпоставке могу проверити
у конкретним ситуациjама и како се добиjени теориjски резултати примењуjу
помоћу експлицитно конструисаних множилаца.

Department of Numerical Mathematics and Optimization (Received 23.01.2026)
Faculty of Mathematics (Revised 26.05.2026)
University of Belgrade (Available online 29.06.2026)
Belgrade
Serbia
ajovic@matf.bg.ac.rs
https://orcid.org/0000-0003-0414-7969

https://orcid.org/0000-0003-0414-7969

	1. Introduction
	2. Preliminaries
	3. Optimality conditions
	4. Duality
	5. Conclusion
	Acknowledgments
	References

