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ON OPTIMALITY AND DUALITY IN
NONSMOOTH VECTOR FRACTIONAL
CONTINUOUS-TIME PROGRAMMING:

STRENGTHENED CONDITIONS
FOR MIXED-AFFINE MODELS

Aleksandar Jovié

ABsTrACT. We investigate a nonsmooth vector fractional continuous-time
programming problem with inequality-type phase constraints, motivated by
applied-mechanics contexts in which performance is quantified by ratio-type,
time-accumulated indices under pointwise-in-time operational constraints, in-
cluding abrasive machining and grinding, quasi-steady aircraft cruise efficiency,
and energy-aware gait scheduling in legged robotics. We derive saddle-point
and Karush-Kuhn-Tucker type necessary optimality conditions for properly
efficient solutions by combining a continuous-time Slater-type condition with
a regularity requirement for convex inequality systems, and we also estab-
lish a sufficient saddle-point optimality condition that holds in the convex
framework. For models with mixed affine structure, we strengthen the theory
beyond classical Slater-based frameworks by introducing two additional veri-
fiable hypotheses, a solvability condition and a separation direction condition.
These assumptions yield sharper multiplier conclusions, including nontrivial-
ity of multipliers associated with nonaffine constraints, and lead to refined
optimality statements without auxiliary parameters. A key lemma is estab-
lished and provides the main tool underlying these results. We then introduce
a vector-valued Lagrangian and formulate a corresponding vector dual model.
For the dual problem, we prove weak and strong duality results, including a
strong duality theorem that guarantees the absence of a duality gap. Several
examples illustrate how the assumptions can be verified and how the theoret-
ical results apply through explicit multiplier constructions.

1. Introduction

A vector continuous-time programming problem involves minimizing a vector-
valued integral functional subject to phase constraints that must hold almost ev-
erywhere in time. Over the past several decades, such problems have been stud-
ied extensively due to their central role in modeling time-dependent systems in
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economics, engineering, and control; see, e.g., [1-4]. In particular, a broad optimal-
ity and duality theory has been developed for vector continuous-time programming
under various convexity and generalized convexity assumptions; see, e.g., [5-12].
In many applications, performance is naturally measured through efficiency-type
criteria, that is, ratios of accumulated benefits to accumulated costs. This leads
to wvector fractional continuous-time programming, where several fractional indices
must be optimized simultaneously. In contrast to the non-fractional case, the lit-
erature on vector fractional continuous-time programming is comparatively sparse;
see, for example, [13-17]. The smooth version of a vector fractional continuous-
time problem was studied in [13]. Subsequently, [14,15] derived saddle-point type
criteria and duality theorems for a class of monsmooth vector fractional problems
involving Volterra-type integral inequalities. It is important to emphasize that
these papers impose the nonnegativity constraint z(-) for trajectories in Lo (A;R™).
Moreover, in order to apply scalar nonsmooth continuous-time results from [18],
Zalmai adopted restrictive hypotheses and constraint qualifications that can be
difficult to verify in practice, and also worked with a special Volterra-type con-
straint structure. More recently, [16] examined a more general smooth vector
fractional continuous-time programming model and obtained improved optimal-
ity conditions under new constraint qualifications that are demonstrably verifiable
through examples.

1.1. Motivation. Vector fractional continuous-time models arise whenever
engineering performance is assessed through time-accumulated efficiency indices,
i.e., ratios of “useful effect” to “spent resources” measured over an operating hori-
zon. In many mechanical systems the decision variables can be interpreted as
time-dependent set-points (or scheduling signals) chosen in response to changing op-
erating conditions, while no state dynamics are explicitly modeled. This makes the
resulting formulation closer to continuous-time programming than to optimal con-
trol. Moreover, in practice the involved performance maps are frequently obtained
from data sheets, calibrated look-up tables, or piecewise models, which naturally
leads to convex but possibly nonsmooth integrands.

Model 1 (Abrasive machining / grinding efficiency). In grinding and
related abrasive finishing processes, practitioners evaluate the performance using
specific energy (energy per removed material volume) and wear efficiency (ma-
terial removed per wheel wear), together with thermal or quality indicators; see,
e.g., [19-21]. Let the time variable 7 € [0, T] parameterize a production horizon (or
a pass along the workpiece) and let z(7) 1= (vs(7), vw(7), ac(7), d(7)) € R™ collect
adjustable set-points such as wheel speed v, workpiece feed speed v,,, depth of cut
ae, and a dressing/conditioning parameter d. Denote by Q(7, z(7)) the (instanta-
neous) material removal rate (volume per unit time), by P(7,z(7)) the grinding
power (energy per unit time), and by W (7, z(7)) a wheel-wear rate (wheel volume
loss per unit time). A standard efficiency criterion is the specific grinding energy

fOT P(7,z(7))dr

Ji(2() = Q)i
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e., total energy divided by total removed volume. Similarly, the inverse of the
grinding ratio (wear per removed volume) can be written as

M

fo dT

while a thermal damage proxy (e.g., heat ﬂux or maximum temperature surrogate)
O(7, 2(7)) can be incorporated as

Ja(2(+) =

fo ))dT

fo dT

The engineering requirement is to keep these mdlces low simultaneously, leading to
a vector objective (Ji(z(+)), J2(2(+)), J3(2(+))) — inf and hence a Pareto notion of
optimality. Phase constraints express process feasibility and quality requirements
almost everywhere in time, for instance: power limits P(7,2(7)) < Ppax, burn
avoidance O(7, 2(7)) < Omax, surface-finish constraints, chatter /vibration bounds,
and machine-tool limitations, all written as inequalities h; (T, 2(7)) < 0 a.e. on [0, T].

J3(2(1)) =

Example: Time-dependent surface-grinding model. We consider a sim-
plified surface-grinding process over the time interval A = [0,1]. Let z(r) =
p(7) € Loo([0,1];R) denote the commanded normalized contact pressure between
the grinding wheel and the workpiece. In this model, the local contact geometry and
workpiece condition vary along the grinding pass. We represent this variation by
the term 7. Thus, the effective grinding intensity is ¢(7, p) := p — 7. Mechanically,
q(7,p) represents the effective pressure available for material removal after com-
pensating for the local position-dependent geometry or hardness variation of the
workpiece. The instantaneous material removal rate is modeled by Q(7,p) =p—7.
The instantaneous grinding power is modeled by P(7,p) = 1+ p — 7. Here the
constant term 1 represents an idle machine-power contribution, while p — 7 repre-
sents the pressure-dependent cutting/grinding contribution. The wheel-wear rate
is modeled by W (r,p) = 2(p —7) — 1. Thus, wheel wear increases with the effective
grinding intensity. The mechanical operating constraints are 1 < p(7) — 7 < 2 a.e.
in [0,1]. The lower bound guarantees a minimal material-removal intensity, while
the upper bound represents a power/thermal/wheel-wear limitation. Equivalently,
hi(r,p) =1+7—p<0, ho(r,p) =p—7—2<0.

Therefore, the corresponding vector fractional continuous-time programming prob-
lem is

] fol 1+p(7) —1)dr fol (p(t) —7) = 1l)dr
min(Jy(p(+)), J2(p(+))) = )
(Ji(p(), 2(())) ( fo (p(t) — 7)dr fo (p(7) — 7)dT )
(G) st. 1+7—p(1) <0 ae. in|0,1],
p(r)—7—2<0 ae. in[0,1],
p(-) € Lo ([0, 1; R).

The denominator fol(p(r) — 7)dT represents the total removed material volume

in normalized units. The first numerator fol(l + p(7) — 7)d7 represents the total
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FIGURE 1. Schematic representation of the time-dependent
surface-grinding model.

grinding energy. Hence, Ji(p(-)) is the specific grinding energy, i.e., energy per re-
moved material volume. The second numerator fol (2(p(7)—7)—1)dr represents the
total wheel wear. Therefore, Jo(p(-)) represents wheel wear per removed material
volume, i.e., the inverse of a grinding-ratio type efficiency index.

Thus, the problem describes the fundamental engineering compromise between
reducing energy consumption per removed material volume and reducing wheel
wear during the grinding process.

Model 2 (Aeronautics: cruise eco-efficiency without explicit dynam-
ics). A classical aircraft-performance quantity is specific air range (distance per
fuel), equivalently fuel per distance when posed as a minimization; see, e.g., [22-24].
Consider a quasi-steady cruise segment over a horizon 7 € [0,7], and let z(7) :=
(V (1), h(7), M (7)) denote scheduled set-points such as true airspeed V, altitude
h, and/or Mach number M. Let 7¢(7,2(7)) be a fuel-use rate (fuel mass per unit
time) and let V() represent airspeed. Define the accumulated air distance

D(z(")) ::/O V(r)dr

and total fuel

Minimizing fuel per distance is then
T
Jo o7, 2(7))dr
fOT V(r)dr

If, in addition, one wishes to reduce environmental impact, a second fractional
component can be added, e.g., a NO, emission rate ryo, (7, 2(7)):

fOT rvo, (T, z(7))dr
fOT V(r)dr

Ji(2()) =

Ja(2(1)) =
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and possibly a third component for a noise proxy or an engine-health proxy, again
normalized by distance. The feasibility region is governed by phase constraints
representing the flight envelope and engine limits, such as stall margin, maximum
Mach, thrust/temperature margins, and structural load constraints, all naturally
written as h;(7,z(7)) < 0 a.e. Importantly, in this viewpoint, 7 indexes a mission
segment and z(7) is a scheduled operating point; one can formulate the problem
without explicitly introducing a state equation, while still capturing time-varying
atmosphere, mass/configuration envelopes, and operational constraints. With con-
vex/nonsmooth approximations (e.g., envelope or piecewise-affine fits) for rates and
constraints, the model falls into the nonsmooth convex framework.

Model 3 (Robotics: energy-aware gait scheduling in legged locomo-
tion). Inlegged robotics, a widely used efficiency measure is the (total/mechanical)
cost of transport, i.e., energy (or power) normalized by weight and distance; see,
e.g., [25-28]. Let 7 € [0,7] denote a traversal interval and let z(7) collect gait
parameters and set-points, for example, step frequency, duty factor, step length,
body height, compliance settings, or controller gains. Let Peec(T, 2(7)) be electri-
cal power consumption and let v, (7, (7)) be forward speed. A distance-normalized
energy criterion is

foT Poec(7, 2(7))dr

fOT v (7, 2(7))dT .

Additional simultaneously optimized indices can include a wear /slip proxy S(7, z(7))
or a tracking/impact proxy E(7, z(7)), again normalized by distance:

T T
Bo(2() = f% S(r,2(7))dr T = f(%r E(T,Z(T))dT.

fo v (T, 2(7))dT fo v (T, 2(7))dT
Phase constraints encode actuator and stability limits that must hold throughout
the motion, such as joint/torque bounds, friction-cone (often polyhedral) contact
constraints, center-of-pressure or support-polygon stability margins, and power/
temperature caps, all written as h;(7,2z(7)) < 0 a.e. This yields a multiobjec-
tive fractional continuous-time model whose solutions are naturally interpreted
via proper efficiency: it excludes pathological trade-offs (e.g., “infinitely better en-
ergy at arbitrarily worse impacts”) and supports meaningful multiplier and duality

statements.

J1(2() =

Our contribution. In this paper, we study a more general class of non-
smooth vector fractional continuous-time programming problems with inequality-
type phase constraints, formulated in L (A; R™), where the nonnegativity require-
ment on z(-) is not imposed. We derive saddle-point optimality conditions under
a Slater-type constraint qualification together with a regularity condition for con-
vex inequality systems. A key lemma is formulated and proved, and it plays a
pivotal role in establishing the subsequent multiplier and duality results. In com-
parison with the hypotheses imposed in, for example, [13-15], the assumptions
used in this paper are less restrictive and are designed to be directly verifiable
in concrete examples. Besides a Slater-type constraint qualification (SQ) and a
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regularity requirement (RC) for convex inequality systems, we employ two ad-
ditional structural conditions tailored to our mixed-affine setting: the solvability
condition (SC), which guarantees the existence of a trajectory satisfying the affine
constraint block while strictly improving at least one fractional component, and
the separation direction condition (SD), which provides a uniform descent direction
separating the affine parts of the Lagrangian integrands. These conditions allow
us to strengthen the multiplier statements, including nontriviality of the nonaffine
multiplier block, and to obtain parameter-free optimality assertions in the mixed-
affine framework. To the best of our knowledge, the resulting necessary optimality
conditions are derived under some of the weakest and most practically checkable
assumptions currently available for nonsmooth vector fractional continuous-time
programming in L., (A;R™). The remainder of the paper is organized as follows.
Section 2 collects preliminaries and basic definitions. In Section 3 we introduce
and discuss a Lagrangian-type function for the vector fractional continuous-time
problem and establish saddle-point optimality conditions—results that, to the best
of our knowledge, have not appeared in the literature for models formulated in
Lo (A;R™). In Section 4 we define a vector Lagrangian dual model and prove weak
and strong duality theorems.

2. Preliminaries

Let us consider the following vector fractional continuous-time problem:

min fA f(T7Z(T))dT _ (IA fl(TwZ(T))dT fA fk(Taz(T))dT)

2(-)€Los(ARM) [\ (T, 2(T))dT Jagi(rz(m))dr” "7 [\ gi(T, 2(7))dT
(VFCTP) s. t. h(r,2(7)) :== (hi(7,2(7)), .. . s hin(7, 2(7))) £ 0, ae. in A,
where f;,g;,hi: AXR* =R, jeJ={1,...,k},i eI ={1,...,m} are given
functions where A = [0,T] C R. The following convention for equalities and
inequalities will be used. If p, ¢ € R*, then

(1) p=q <~ pP; = gy, j:17~'~7k7

(11) péq <~ 2 éqjv j:]-a"wkv

i

i

(i) p< g <= p=qandp#yq,

(iv) p<q <= pj<q, j=1,...,k,

(v) p £ q is the negation of p < q.
For each 7 € A, z;(7) is the ith component of z(7) € R™ and all integrals are in
the sense of Lebesgue. Let Qp be the set of all feasible solutions of (VFCTP) i.e.,

Qp ={2(:) € Lo (A;R™) s h(7,2(7)) =0, a.e. in A}.

We assume that functions f(7,-), h(7,) are convex and continuous on R", for a.e.
7 € A and g(r,-) is concave and continuous on R™, for a.e. 7 € A. Also, we assume
that functions f(-,z), g(-, z), h(:, z) are Lebesgue measurable for all z € R"™ and
functions f(7,z), g(7,2), h(r, z) are bounded for a.e. 7 € A and for all bounded
z € R™. In some literature, these functions are also called Caratheodory functions.
We use the standard Euclidean inner product (-, -). For z(-) € Qp, we also assume
that [, f(7,2(7))dT = 0 and [, g(7, 2(7))dr > 0.
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REMARK 2.1 (Mixed affine/convex structure). If there exist index sets J4 C
{1,...,k} and T4 C {1,...,m} such that for each j € Ja4,

fj(T7 z) = <aj(7—)a z) + bj(T)a gj(’ra z) = <Cj(T)v z) + dj(T)’
and for each i € 14,
hi(7,2) = (pi(7), 2) + a:(7),
for a.e. 7 € A and all z € R™, we have a special case of (VFCTP). Of course, in

that case for j € Jy :={1,...,k}\ Ja the functions f;(7,-) are convex and g, (7, -)
are concave, and for i € Iy := {1,...,m} \ I4 the functions h;(7,-) are convex.

Throughout this paper, all vectors are considered column vectors, and we de-
note transposition by ’. Also, the minimization in (VFCTP) is in the sense of a
proper efficient solution.

DEFINITION 2.1. A point 2(-) € Qp is said to be an efficient solution for
(VFCTP) if there is no other z( € Qp such that

)
Ja f(r,2(7))d fA dr
ngTZ(T) ngTZ( ))dT.

DEFINITION 2.2. A point 2(-) € Qp is said to be a proper efficient solution for
(VFCTP) if it is efficient and if there exists M > 0 such that, for each 4,
Sa fi(m2(r))dr [\ fi(T,2(7))dT
fA gi(T,2(7T))dT fA gi(T,2(7T))dT <M
fA fi(r,z(7))dr . fA fi(r,2(m))dr =
Sagi(mz(r))dr [ g;(7.2(T))dT

for some j such that
Ja£i(m2(T)dr - [n £5(, 2(7))d7
Ja 95(7,2(7))d fA g; (1, 2(7))dr
when z(-) € Qp, and
fA fi(r, z(1))dr _ fA fi(r, 2(7))dr
fA gi(7, 2(7))dT fA gi(7, 2(7))dT
If 2(-) is a proper efficient solution of (VFCTP), we denote a proper efficient
value w € R’j_ by
) fA ))dT

RN m( >>dr
Here, R’i denotes the positive orthant of R* and e = (1,...,1) € R*. Let AT =
IANeRF:Ne=1, A >0}, V={v() € Lo (A;R™) : v(7) = 0, ae. in A}.
Next, we establish a Slater-type constraint qualification within the continuous-time
framework.

CONSTRAINT QUALIFICATION 1 (SQ). (Slater’s constraint qualification) We
say that continuous-time Slater’s constraint qualification (SQ) is satisfied, if there
exists a function s(-) € Loo(A;R™) such that

(SQ) h(7,s(1)) <0 ae. in A.
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CONSTRAINT QUALIFICATION 2 (SC). (Solvability condition) Assume the
mixed affine structure in the sense that Jy = 0 and I = I4 U Iy, where for
each j € J,

fJ(T’ z) = <aj (1), 2) + b, (1), 9j (1,2) = <Cj(7-)7 z) + d; (1),
and for each i € 14,
hi(r, 2) = (pi(7), 2) + ¢ (7),
fora.e. 7 € A andall z € R™. Let w be defined as above. We say that the solvability
condition (SC) for problem (VFCTP) with mixed affine/convex structure is satisfied
if there exists a function () € Loo(A;R™) such that
(SC) hi(7,¢(7)) = (pi(7), C(7)) + ¢i(7) < O a.e. in Afor all i € I
and fA (fg(T,C(T)) — wggg(T,C(T)))dT <0 for some ¢ € J.
CONSTRAINT QUALIFICATION 3 (SD). (Separation direction) Assume the mixed
affine structure in the sense that Jy = () and I = I, U Iy, where for each j € J,
fj(T> z) = <aj(7—)’ z) + bj(T)7 gj(7—7 z) = <cj(7-)’ z) + dj(7)7
and for each i € T4,
hi(r,2) = (pi(7), 2) + ¢ (7),
for a.e. 7 € A and all z € R". Let w be defined as above. We say that (SD) holds
if there exists a function d(-) € Loo(A; R™) such that for a.e. 7 € A,

(SD) (a; (1) —wjci(T), d(T)) <0 VjeJ, (pi(7), d(1)) <0 Vi€ I4.

3. Optimality conditions

In vector fractional programming, there is a well-established link between the
solutions of a constrained programming problem and the points that fulfill the
so-called saddle point optimality conditions. In this section, we broaden these
findings by applying them to vector fractional continuous-time programming under
convexity assumptions. To achieve this, we first introduce novel definitions for
saddle points within a continuous-time framework. For fixed W € Ri, we define
the Lagrange-type function

Lo Loo(A;R™) x AT x Lo (A;R™) = R
with respect to Problem (VFCTP) as
Lo(z() A 0()) = X / (F(r, 2(7)) — b 0 g(r, 2(r)))dr + / o (), 2(r))dr,

A A
where o denotes Hadamard product of vectors.

DEFINITION 3.1. A point (2(-), A, 9(-)) € Loo(A;R™) x AT x V is said to be a
KKTSP (a Karush-Kuhn-Tucker saddle point) for (VECTP) if ¢(7) 2 0 a.e. in A
and

(3'1) Ew(é(')7)‘7”(')) § ‘Cw(é()vj‘a@()) £w(2(-),5\,ﬁ(~))7

A
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for all z(+) € Loo(A;R™) and all v(-) € V' where
S f(7,2(7))dr
fi g(T, 2(7))dr < le_'

Let 2(-) € Qp be a proper efficient solution for (VFCTP). The following system
will be referred to in the next theorem:

(7, 2) = /A (fi(7, 2) — dngu( 2))dr < 0,

’11]:

Xj(Tv Z) ::/ (fl(Ta Z) - ’qugl(T,Z))dT+ M/ (fj(Ta Z) - wjgj(7-7z))d7— < Oa] 7é lv] € J7
A A
Xi(7,2) :=hi(1,2) £0, i€,
zeR", weR, M>o0.
Let L =1U1J and
I(r,z) = {p €L:xy(r,z2)= I]?eazc{xk(T,z)}}7 TeA, zeR™

DEFINITION 3.2. [29] The regularity condition (RC) holds, if there exist z(-) €
Loo(A;R™), reals R = 0 and o > 0 such that for a.e. 7 € A and for all z € R™ with
Iz — Z(7)|| 2 R, there exists e = e(7, z) € R™ with ||e|| = 1, satisfying

(RC) (O:xp(T,2),€) 2 ¢ Vp e I(T,2).
The following lemma plays a key role in proving the main result in this section.

LEMMA 3.1. If 2(-) is a proper efficient solution of (VFCTP) and f;(r,-),
hi(7,-), j € J, i €I are convex on R™ for a.e. 7 € A and ¢;(7,-), j € J is concave
on R™ for a.e. 7 € A. Then for each j € J, the following system

/A (Fulr, 2(7)) — thug(r, 2(7)))dr < 0,
(3.2) /A (fulr, 2(r)) — dinga(r, =(7)))dr

+ M/A(fj(T,Z(T)) —w;g;(T, 2(7)))dr <0, j#I, jeJ,

has no solution in Qp, where M is constant of the definition of proper efficient
solution.

PROOF. Suppose that 2(-) is a proper efficient solution for (VFCTP). Then
from [30], 2(-) is a proper efficient solution for (VFCTP) if and only if 2(-) is a
proper efficient solution for (VCTP)

(VCTP) z()einoj?A;Rn)/A o(, 2(1))dr = (/A¢1(T,Z(T))d7,...7A¢k(T,Z(T))dT)
subject to z(-) € Qp,

~ . ~ T,2(7))dT
where ¢;(7, 2(7)) = f;(1,2(7)) — W;g;(7,2(1)), j € J and w = %.

We will suppose that the statement of the Lemma is not true. Let the system (3.2)
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be consistent, provided z(-) is a proper efficient solution, it follows

Jalhi(m, 2()) — tuga(7, 2(7)))dT — [7(fi(7, 2(7)) — dugu(7, 2(7)))dr
JalFi (7 2(7)) = g5 (7, 2(7)))dr — [5(£i (7, (7)) — g, (7, 2(7)))dr

for some j such that

/ (f;(r, 5(7)) — 39, (7, 2(r)))dr > / (f;(m, 5(1)) — tbyg5(r, £(r))dr = 0,
A A

A

M

— Jalfil7, 2(7)) — dbugu(7, 2(7)))dr
Jati(m, 2(7)) = ;g5 (7, 2(7)))dr

for some j such that

<M

)

J (2o = g ()i > 0.
The set
{j | st = i) > o} 40,
because otherwise

/A(fj(T, 2(7)) =ty 2(7)))dr S0 V) € J,

which would imply that 2(-) is not an efficient solution, since

/ (fi(r. 2(r)) — tinga(r, 2(7)))dr < 0 = / (F(r, 2(r)) — 0 glr, 2(r)))dr # 0.
A A

Hence,

/A(fz(ﬂZ(T)) —wlgz(ﬂZ(T)))dTJrM/A(fj(T,Z(T)) —w;g;(7,2(7)))dr 2 0,
contradicting (3.2). Thus, the proof is complete. O

The transposition theorem plays a key role in deriving optimality conditions
for a wide range of extremal problems. In [29], Aryutunov et al. established a
transposition theorem for convex systems of inequalities, and we will rely on their
result in this section as well. To apply the theorem effectively, a suitable regularity
condition must hold. The results that follow then provide necessary and sufficient
conditions for saddle-point optimality.

THEOREM 3.1. Let 2(-) be a proper efficient solution of (VECTP). Assume
that (SQ) and (RC) are satisfied. Then there exists (A, 0(-)) € AT X V such that

(3.3) o'(T)h(1,2(1)) =0 ae. in A
and (2(-),\,0(-)) is a KKTSP for (VFCTP).
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PROOF. Let [ € J be fixed. Since Z is a proper efficient solution of (VFCTP),
then by Lemma 3.1, we obtain that there is no z(-) € Lo (A;R™) such that the
following system is consistent

/A (Fu(r, 2(7)) — tiugu(r, 2(7)))dr < 0,

/ (fl(Tvz(T)) - wlgl(Tvz(T)))dT + M/ (fj(T7Z(T)) - wjgj(T7Z(T)))dT < 07.j 7é lv] S Ja
A A
h(r,2(7)) £0 a.e. in A.

It is clear that all assumptions of Theorem 1 [29] are satisfied. The solvability
condition is implied by (SQ). Therefore, there exists a nonzero function (3!(-), 9'(-),
@) € Loo(A;R) X Log (A RF 1) x Lo (A; R™), with ¢H(7) = 0,4 () = 0,0 (1) =
0 a.e. in A, and (¢!(7), ! (7 )) # 0, such that

Bl =(r +Zw () + Y ()i 2(7) 2 0,

Vz(+) € Loo(A;R™) ace. in A, i.e.,

(34) Lﬁl(T)/(fz(SaZ(S))—wzgz(&z(S)))dS

n Zw (it 5660) it 2 31 [ (155206 = iy o)

J#

i 7)) 2 0,V2(+) € Lo (A;R™) ace. in A.

Putting z(-) = 2(-) we obtain Y ;" 4l(7)hi(7,2(7)) 2 0 a.e. in A. Since the point
2() € Qp and 4!(7) = 0 a.e. in A, we have that the opposite inequality is also
satisfied. From the fact it follows

m
al () Z 7)) =0 ae. in A.
Furthermore, integrating inequality (3.4) on A we have

> /A (ol 2(r)) — bnga(r, 2(7))) dr

+Z (/ (fil(r, 2(r ))—711191(7"Z(T)))dT+M/A(fj(7-’Z(T))_wjgj(7.7z(7.)))d7_)

+/ (1) h(r, 2(7))dr 2 0,Y2(-) € Loo(A;R™),
A

where ¢! = [, Jl()dr, ¢! = [, ¢'(r)dr, and according to the assumptlo (PH(T),
) A0

I (7)) # 0, the value of least one integral above is strictly positive, i.e., (¢
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Further, we obtain,

¢ (s B [ o)

+ 72;72}; l (/A fi(r, z(7))dr — M /AQI(T,Z(T))dT>

+M(/Afj(7',z(7-))d7' M/g](r,z(f))m)]

-I-/ A (1) h(r, 2(7))dr 2 0, Vz(-) € Loo(A;R™).
A

Setting A = (A, Aa, ..., i), 0(7) = (61.(7), ..., Om (7)), where

5 = ‘P"’Zflwl
- Zl L (@ +ZJ IW)
oi(7) = i () >0, leJ, i€l ae. in A

SRS SRTT

and summing inequality (3.5) for [ € .J, we have that for such A and #(7) the
conditions

(3.6) Ne=1,1>0,
(3.7) (1) 20, ae. in A,
(3.8) o'(T)h(r,2(1)) =0, ae. in A and
< z(7))dr
(3.9) A /4\. (f(T,z(T (ng (7, 2(0))d T) )d7'+ ' (T)h(T, 2(T))dT

=i/ (f(r,z(r» (ﬁgijg; ) a(r. ()))dr+ RGO

are satisfied.
From (3.6)—(3.9) we have

}'/A <f(7,z( )) — (W) og(T,z(T))>dT+/A@’(T)h(T,z(T))dT

> X'/A (f(T,é(T)) (H) og(T,é(T)))dT+Aﬁ'(7‘)h(7‘,2(7’))d7‘
ogi’/A(f(T,z(T)) <ﬁ{}7) g(T,z(T))>dT

-l-/ V' (T)h(T, 2(7))dT, Vz(-) € Loo(A;R™), V() € V.
A
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Therefore, (2(-),\, () € Loo(A;R™) x AT x V is a KKTSP of (VFCTP) with
complementary slackness condition (3.3). Thus, the proof is complete. O

From the proof of preceding Theorem we obtain the following necessary condi-
tions for (VFCTP).

THEOREM 3.2. Let 2(-) be a proper efficient solution of (VFCTP). Assume
that (RC) and (SQ) are satisfied. Then, there exist the multipliers (X, 0(-)) €
R* x Lo (A;R™), such that the following conditions are satisfied:

(1) Ae At, o() eV,

(2) '(7)h(1,2(7)) = 0 a.e. in A,

@ 3 [ (strston - (LEEDT ) st Jar
+/A1§’(T)h(7,z(r))d7 >0, Va(-) € Loo(A;R™).

The assertions of Theorem 3.1 are also sufficient for the proper efficiency of the
function 2(+).

THEOREM 3.3. Let (2(:),\,0(-)) € Loo(A;R™) x AT x V be a KKTSP of
(VFECTP). Then 2(-) is a proper efficient solution of (VFCTP).

PrROOF. If we put v =0 in (3.1), we have

5\// (f(T,z(T))—d/og(ﬂz(T)))dT—i—/ o' (T)h(7, 2(7))dT 2 0, Vz(-) € Loo(A;R™).
A A

Particularly for all z(-) € Qp. In such case,

N /A(f(T,Z(T)) —wog(r, 2(7)))dr +/ O (T)h(T, z(7))dT

A

A

z /A (f(r, (7)) — b o g(r, 2(r)))dr,
so that
(3.10) &// (F(r, (7)) — i o g(r, 2(r))dr = 0, () € Qp.

A

In the following, the proof will be carried out in two steps.
Step 1: Now, suppose contrary, that 2(-) is not an efficient solution for (VFCTP).
Then there exists z(-) € Qp such that

fAf] t,z2(7 fAf] 2(1))dr 25\-12)
Jnga (t, (7 ))dT - Jnga Z(r)dr T

fAfz ,Z(7))dr - X‘fAfi(T,é(T))dT
ngz , (T))dT lfA gi(Tﬁé(T»dT

for all j € J,

and

IS \

= 5\11132 for some i € J,

"
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(3.11) A, /A (f5(r, 2(7)) — by, (7, 2(7)))dr <0 for all j € J,
and
(3.12) i /A(fi(T, Z(7)) — Wwigi(7,2(7)))dT < 0 for some i € J.

Since A € A*, (3.11) and (3.12) imply
N | (fi(r2(7)) = gy (r, 2(7)))dr = N[ (f(7,2(r)) — b o g(r, 2(7)))dT < 0.
> IR g /. g

This inequality contradicts (3.10). Thus, Z(-) must be an efficient solution for
(VFCTP). The proof of Step 1 is complete.

Step 2 : Assume that 2(-) is no proper efficient solution for (VFCTP). We
know that 2() is no proper efficient solution for (VCTP). Let | J |= k be the
cardinality of J. Then we choose

M:(k:—l)max)\— for k > 2,
LIES )\

and we have for some ¢ € J and some z(-) € Qp with
/ (fi(r,2(7)) — Wigi(T, 2(7)))dT < 0,

fA(fi(T7 2(7)) — W;gi(T, (T ))dT — fA (7)) - UA}in(ﬂ z T)))
Jalfi(7,2(7)) = jg; (7, 2(7)))dr — [5(fi(7,2(7)) — W;g; (T, 2(T)))dr
for all j € J, with

/ (f;(7, 2(r)) — ;95 (r, (7)) )dr > / (f5(r, 2(7)) — tyg5(r, 2(7)) ) = 0.
A A
It follows that

(313) - /A (film 2(r)) — dbsgs(r, 2(r)))dr > M /A (f5(7, 2(r)) — ;9 (r, (7)))dr

> M

> (k—1)&/(fj(r,z(f))—wjgj(T,z(T»)dr, Vj£i
)\i A
ie.,
-2 [ st0) = oo > &y [ (1 20) = ) Vi A

Summing over j # i, we have

Y /A (filr 2(r)) — dosgi(r, =(r dT>ZA / (f5(7, 2(7)) — 39, (r, (7)) )dr,
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so that
E;A/,LTZ(D—@%ﬁwﬁmw*ﬂ\AUUJﬁD—@Oﬂﬂdﬂﬁw<0,

which also contradicts (3.10). Thus, the proof of Step 2 is complete. Therefore,
£(-) is a proper efficient solution of (VFCTP). O

As an illustration, we will consider the following example. Let A = [0, 1].

EXAMPLE 3.1.

nin (fol Hirz@)dr [y f2<r,z<7>>,dr)
(€L ([0,1]; fo gi(7,2(r))dr’ fol g2 (7, 2(7))dr
s.t. hi(r,2(7)) £0 a.e. in [0,1],

where f1(7,2) := 7|z|, fa(7,2) == 22 + 27, g1(7, 2) := In(z + 27 + 3), ga(T,2) =
41 — 2% hy(7,2) := |z| — 7. Tt can be easily verified that 2(7) = 0 for a.e. 7 € [0,1]
is a proper efficient solution of preceding problem and @ = (w,ws) = ( %)
We have that, for almost every 7 € [0, 1], Slater’s condition (SQ) is satisfied f
s(r) =7 — 4. For M =1, it is obvious that x1(7,2) = %|z], x2(7,2) = %|z| + %22,
x3(7,2) = |z| — 7 and

(VPFCTP)

{-3}, =<0, {-3+32}, z2<0, {-1}, =z2<0,
Dox1=19 -1, 2=0, d:x2=<[-3, 3], z2=0, O:xs=<[-1,1], z=0,
{3} z >0, {$+3z}, z2>0, {1}, z > 0.

Graph forT=0 . Graph for T€(0, %)

0.4

0.3 1

0.2

0.1

0.01

-0.4 —0.2 0.0 0.2 0.4 -0.4 -0.2 0.0 0.2 0.4

z z
Graph for T=2 Graph for T€ (%, 1]
0.4

0.4

0.3

0.2

0.19

T T T T T T T T T T
-0.4 —0.2 0.0 0.2 0.4 -0.4 -0.2 0.0 0.2 0.4
z z

In the following we will determine the set Z(7,2) = {i : x;(7,2) = max x; (r,2)}.
15553
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Take z(7) =

’ 202
almost every 7 € [0,

R=a=4%. Forz € R~ (—3,3%) we have Z(7,2) = {2}. For
1], the regularity of the system

]
Xl(Tv Z) < 07 X2(7—7 Z) < 07 X3(T7 Z) g 07 zeR
is verified with e; = e1(7,2) = 1 for z = % and ey = eg(7,2) = —1 for z < —%.
Indeed, we have
b <8ZX2(T7 Z),€1> 2 a for z Z %7
b <82X2(7',Z),62> 2 aforz = —
Here J = {1,2}, I = {1}. Define the multipliers A = (A, Ay) = (3,3) € AT,
(1) =0 a.e. in [0, 1]. Then:
(1) This is obvious.
(2) Complementarity slackness condition holds:

(1) hi(7,2(1)) =0-(—7) =0, a.e. in[0,1].

1
5-

(3) In the sequel, from inequality
‘C(Z(')v(j\la 5\z)a@())

:/0 [\/\1/1/-7'|z(7)|—|—\/\1/2/~<z2(r)—|—27'—\1Z)/2/-(4T—z2(7'))>]d7'

1 1
2 2

[N

+ 7)) — )7 = / e+ 22 )ar

—~
0
i 0= ‘C(é()7 (5‘17 5\Q)a ﬁ()) VZ() € Loo([07 1];R)7
it can be easily verified the condition (3) is satisfied.
THEOREM 3.4. Let 2(-) be a proper efficient solution of (VFCTP) and let
2(7))d
PN (UL ) PNy
Ja 9(7,2(7))dr
Assume that the mized affine/convexr structure holds, i.e., there erist index sets
Ja C{1,...,k} and I, C{1,...,m} such that, for each j € Ju,
fj(7—7 z) = <aj(T)7 Z> + bj(T)7 gj(T7 Z) = <cj(7—)a Z> + dj(T)7
and for each i € 14,
hi(Tv Z) = <p2(7'),2> + qi(’r),
forae. 7€ Aandallz € R". Let Iy :={1,...,k}~Ja and Iy :={1,... ,m}~I4.

Assume that (RC) and (SQ) hold. Then, there exist multipliers (A, 9(-)) € RF x
Loo(A;R™) such that the following conditions are satisfied:

(1) Ae AT and 6(-) € V (ice., 6(7) 2 0 a.e. in A);
(2) (7)h(r,2(1)) =0 for a.e. T € A;
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(3) for all z(-) € Loo(A;R™),

/. [ZA (a(1) = 1¢;(7), (1) + by(r) = 3 (7))

JE€Ja

+ 37 N[ 2(7) — digi (7, 2(7)))

JjEJIN
=S G (o), () + g + 3 64(r) hal 2(0)) | dr 2 0.
1€l i€IN

3.1. Improved necessary optimality conditions for (VFCTP) under
mixed affine structure and novel constraint qualification.

THEOREM 3.5 (Affine objective with mixed phase constraints: necessary con-
ditions under (SC)). Let 2(-) be a proper efficient solution of (VFCTP) and define

))d
W= —f = T Rk
Jag(r,2(7))dr
Assume that Jy =0, i.e., for each j € J = J 4,
fj(T’ Z) = <aj(7->7 Z) + bj(T>7 gj(T7 Z) = <Cj(7-)a Z> + dj(T)’
and that the phase constraints are split as I = I4 U Iy, where for each i € 14,
hi(7, 2) = (pi(7), 2) + ¢i(7),
while for each i € I the function h;(7,-) is convez (not necessarily affine). Assume

that (RC) and (SQ) hold. Then, there exist multipliers (X, 9(-)) € RF x Log (A;R™)
such that

(1) Ae Ay and o() €
(2) o(r) h(r, ())—OforaeTeA
(3) for all z() € Loo(A;R™),

/. [ZA (a5(r) = tj05 (7). 2(r)) +b, () =y )

Jj€Ja
+ ) a(T) (i), 2(7) + ai(m) + Y ol (r))|dr Z 0.
1€l i€IN
Moreover, if the solvability requirement (SC) holds, then necessarily

(0) on(:) £0, where  on() = (0:i(*))icry-

PROOF OF CONDITION (0). Assume that (SQ) and (RC) hold and that there
exist multipliers (A, (-)) € RF x Lo (A; R™) satisfying (1)~(3) of Theorem 3.4. We
prove that o () Z 0.

Step 0 (Contradiction hypothesis). Suppose to the contrary that
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Then, condition (3) reduces to an inequality involving only the affine parts:

(3.15) /A [ Z )\ a/] ’lf)jCj(T),z(T» + bj(T) _ 'Lf]jdj(T))

Jj€Ja

+ Z 0;(T)((pi(7), 2(7)) + ql(T))] dr 20, Vz() € Loo(A;R™).

i€l

Step 1 (Affine decomposition). Define for a.e. 7 € A and z € R"™ the affine
integrand

)= Y A((a5(m)—1bje; (1), 2) 4 (7) )+ 0i(r)((pi(7), 2)+ai(T)).
JE€EJA i€la
Then ¥(7,-) is affine in z and can be written as
(3.16) U(r, 2) = (n(r), 2) + B(7),

where

()= Ajlag(r) —@je; (7)) + D 6il7) pil7)

JEJTA S
Blr) =Y Aj(bi(r) =i (1) + Y 0i(7) qil)
JEJA i€la

With this notation, (3.15) becomes

(3.17) /A U(r, 2(r))dr 2 0 V() € Loo(A:R).

Step 2 (Showing 7(7) = 0 a.e. in A by the test functions z;). We prove that
(3.18) n(r) =0 forae. 7€A.

Assume the contrary. Then, there exists a measurable set E C A with u(E) > 0
such that n(7) # 0 for all 7 € E. To avoid any boundedness issue, define for each
M € N the measurable set Eyy := {7 € E: |[n(7)|| £ M}. Since E = Jy,_, Eum
and p(E) > 0, there exists My € N with p(Ep;,) > 0. Fix such an My and set
F := Epp,. For t > 0, define 2z,(-) € Loo(A;R™) by

) —tn(r), TEF,
(7)== {O, T¢F.

Clearly z:(+) € Loo(A;R™) because ||n(7)|| < My on F. Using (3.16) and (3.17) we
obtain

0 [ W@y = [ (@) —tn)+50)ar+ [ e

——t [ W@+ [ srar
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Since p(F) > 0 and n(7) # 0 on F, we have [y |n(7)|*dr > 0. Letting ¢ —
+0o yields a contradiction. Hence (3.18) holds. Consequently, (3.16) reduces to
U(r,z) = B(7) a.e., and (3.17) simplifies to

/A B(r)dr = 0.

Step 3 Contradiction with the solvability requirement (SC). Taking ((-)
from (SC) and substituting z(-) = {(+) into (3.17), we obtain

o<ZA/fJT<( ) — by (s C(r dT—I—/ZvZ (1))dr.

JjE€JA i€l

Since 9;(7) 2 0 a.e. and h; (7, 2(7)) < 0 a.e. for all i € I4, the second integral is less
than or equal to zero. Therefore,

(319) 0= 34 [ (h(rclr) = gy (r )
Jj€Ja
On the other hand, (SC) provides an index ¢ € J = J4 such that

/A (folm, C(7)) = tege(r, ¢ (7)))dr < 0.

Because A € A, (hence A, > 0), the weighted sum in (3.19) contains a strictly
negative term with a strictly positive weight, and all terms are finite. Consequently,

=4y [ () = sy () <0,

Jj€JA
which contradicts (3.19). Thus (3.14) is false and on(-) # 0. This completes the
proof. O

EXAMPLE 3.2. Let A = [0,1], n = 1, k = 2, and m = 2. We consider the
vector fractional continuous-time problem (VFCTP):

i (fol fi(r, 2(7))dr fo falT, z(r))dr)
2L (0B [ g1 (7, 2(7))dr " [ g2(T, 2(7))dr
hi(r,2(1)) £ 0, a.e. on [0, 1],
ha(r,2(7)) £ 0, a.e. on [0, 1],
where hy(7,2) = z — L (affine in 2), ho(7,2) = 2* — ;—6 (convex in z), g1(7,2) =

g2(7m,2) =2+ 7, fl(T,z) =Q2+7)- 1+ %2+ %, Ja(T,2) = (2+7) 2+ Z2+ %
(affine in z and depending on 7). Also, we have I4 = {1} and Iy = {2}. From
ha(,2) £ 0 we obtain |z| £ 7/4, hence the feasible set is

Q= {z(-) € Loo([0,1]) : —i < 2(r) < % a.e.}.

Let 2(7) := —7 for a.e. 7 € [0,1]. Hence @ = (1,2) € R%. We have that, for
almost every 7 € [0, 1], Slater’s condition (SQ) is satisfied for s(7) = 0. Recall that
the nonaffine constraint is ha(7,2) = ||2||*> — 72/16, z € R?, which is convex in 2z
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and has quadratic growth. In particular, for every 7 € [0, 1] we have J,ha(7,2) =
{2z}. Tt is easy to check that condition (RC) holds. Recall that (SC) requires a
function ((-) satisfying only the affine constraints (i.e., for i € I4) and such that
fol (fe — ege) < O for some £. Choose ((1) = —7. Then hy(7,((7)) = =37/2 <0
a.e., and

- 2

1 1 - 1 3

| thircoy —ingntrctrmyir = [ (Gn+ T)ar= [ (= 5r)ar <o
Therefore, (SC) holds (with ¢ = 1). Define A = (3.3) € Ay, 0a(7) =0, da(7) =
1. Then, (1) and (2) hold by construction. For any z € R, we have fi(7,z2) —
W1g1(7,2) = 52 + %, fa(T,2) — 2ga(T,2) = G2+ %:, so the integrand in (3)
becomes nonnegative. Integrating over A yields (3). Moreover, dn(-) = 92(-) £ 0.

EXAMPLE 3.3. Let A =[0,1], n =2, k =2, and m = 2. Let z = (21, 22) € R%.
We impose the phase constraints (a.e. in A)

T 7'2
hi(rz)=z2-550 (Ia={1}),  ha(r2)= 21 ~ 6 =0 Unv={2})

Define common denominators g1 (7, z) = g2(7, 2) = 2+ 7 and fix a parameter 8 > 0.
Define f1(7,2) = (24—7’)'14—%214-%24-5%22 and fo(T,2) = (2+7)~2+§zl+%2—ﬂ£,22.
Thus, both objective components are affine in z (so Jy = @). It can be easily verified
that 2(7) = ( -5 0) for a.e. 7 € [0,1] is a proper efficient solution and w; = 1,
g = 2. Take s(7) = (0,0). Then hq(7,s(7)) < 0 and ha(7,s(7)) < 0 for 7 € (0,1],
hence (SQ) holds. The nonaffine function ha(7,2) = ||z||* — 72/16 is convex in z.
Similarly, as in the previous example (RC) is obviously valid. Let {(7) = (—7,0).
We have hi(7,{(7)) < 0 a.e. in [0,1]. Moreover, (SC) also holds (with £ = 1).
Let A = (3,3), 91(r) = 0 and 02(7) = 1. Then (1) holds. Condition (2) holds
since ho(7,2(7)) = 0 a.e. and 93 = 0. Also, condition (3) obviously holds and
by = 12 2 0.

THEOREM 3.6 (Affine objective with mixed phase constraints: necessary con-
ditions under (SD)). Let 2(-) be a proper efficient solution of (VFCTP) and define

, 2(7))d
W= Ja S(r,2(7))dr f(T)) T e Rk .
Ja 9(r, 2(7))dr
Assume that Jy =0, i.e., for each j € J = J 4,
fj(T’ Z) = <aj(7->7 Z) + bj(T>7 gj(T’ Z) = <cj(7-)a Z> + dj(T)’
and that the phase constraints are split as I = I4 U Iy, where for each i € 14,
hi(T7 Z) = <p2(7—)7 Z> + qi(T)a
while for each i € I the function h;(7,-) is convez (not necessarily affine). Assume

that (RC) and (SQ) hold. Then, there exist multipliers (X, 9(-)) € R¥ X Loo (A;R™)
such that

(1) Ae Ay and 0(-) € V;
(2) o(7)'h(r,2(1)) =0 for a.e. T € A;
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3) Sa [ jess Millag(r) = jej(7), 2(r)) + bj(7) — b;d; (7))
+ 2 ier, V(T (Pil7), 2(7)) + @i(7)) + Xiep, 0i(7) ha(T, 2(7))] dT 2 0,
for all z(-) € Lo (A;R™).

Moreover, if (SD) holds, then necessarily

(0) on() #0,  where on () := (0i(-))iery-

PrOOF. Assume that (SQ) and (RC) hold and that there exist multipliers
(A, 0(-)) € R x Loo(A;R™) satisfying (1)-(3) of Theorem 3.4. We prove that

UN( ) % 0.
Step 0 (Contradiction hypothesis). Suppose to the contrary that

on(-) =0, ie, 9(-)=0 Vi e Iy.
Then condition (3) reduces to an inequality involving only the affine parts:
/ [ D Aag(r) = dbse;(r), 2(7)) + by(7) — iy (7))
J€Ja

+ ) 0(T)((pi(7), 2(7)) + @i(7)) | dT 20, Vz(-) € Loo(A;R™).
1€l
Then the KKT-type inequality of Theorem 3.6 reduces to an affine-only inequality:
for all z(-) € Loo(A;R™),

(3.20) / ((n(r), 2(1)) + B(r))dr = 0,
A
where

)= 3" Ajay(7) — dyes(r) + 3 8u(r) pi(r) ae. in A,

jeJ i€la
= Z Aj(bj(7) —jdy(7)) + Z 0;(7) q;(7) a.e. in A.
jeJ i€la

By the standard z; test-function argument (as in Step 2 of the previous Theorem),
(3.20) implies

(3.21) n(r) =0 forae. 7€A.

Step 1 (Contradiction using (SD)) We have

0= Z)\ a; (1) —w;ci (T )+ Z 03 (1) (pi(7),d(7)) a.e. in A.
JjeJ 1€l

By (SD), each term (a;(7) — w;c;(7),d(T)) is strictly negative, and since Ae Ay
we have 5\]- > 0 for all j € J. Therefore,
> Ajla (1) = je;(r),d(r)) <0 for ae. in A,
JjeJ
Also, (SD) gives (p;(7),d(7)) < 0 and 0;(7) 2 0 a.e. in A, hence
Z 0;(T)(pi(7),d(7)) £0 for a.e. in A.

i€l
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Adding the two inequalities yields (n(7),d(7)) < 0 a.e. in A contradicting (n(7),
d(7)) =0 from (3.21). Hence 0y (-) # 0. ;

EXAMPLE 34. Let A = [0,1], n = 2, k = 2, m = 2, and keep the same
constraints as in Example 3.3. Let hy(7,2) =21 — 5 =0 (Ia = {1}), ha(7,2) =
l|z]12 — % S0 (In ={2}). Let g1(7,2) = g2(7,2) =347 — £ z1. On the feasible
set ||z(7)]| £ 7/4 we have z1(7) £ 7/4, hence g;(7,%2) > 0. Fix 8 > 0 and define
2 2
filr,2) =1-g1(1,2) + Z21+ 5 + BTz and fo(7,2) = 2-go(7, 2) + F21+ T — B 2.
Thus both objective components are affine in z (so Jy = 0). Let 2(7) = (=%, 0) a.e.
in [0,1]. Hence, w1 = 1, e = 2. (SQ) holds with s(7) = (0,0). (RC) holds exactly
as in previous example, since ho(7,2) is convex and has quadratic growth with
0.ho(7,2) = 2z. Let d(7) = (—1,0). Then, for 7 > 0, {(a1(7) — wic(7),d(r)) < 0,
{as(T) — Wac(7),d(r)) < 0. Moreover, hi(r,z) = (p1,2) + ¢1(7) with p; = (1,0),
so (p1,d(r)) < 0. Hence, (SD) holds. Let A = (%,%), 01(7) = 0 and (1) = 1.
Conditions (1), (2) and (3) are obviously satisfied. Also

by = s Z 0.

THEOREM 3.7 (Fully affine case). Let 2(-) € Loo(A;R™) be a proper efficient
solution of (VFCTP) and define

o fA f(r, 2(m))dr
' fA g(7, 2(7))dr

Assume that all objective components are affine in the second argument, i.e., for
each j € J={1,...,k},

fi(r:2) = {a;(7),2) +b5(7),  9;(7,2) = (¢(7), 2) + dj(7),

and that all phase constraints are affine in the second argument, i.e., for each
iel={1,...,m},

k
eR".

hi(7,2) = (pi(7), 2) + ¢ (7),
for a.e. 7 € A and all z € R™. Assume that (RC) and (SQ) hold. Then, there
exist multipliers (A, 9(-)) € R* x Lo (A;R™) such that
(1) Ae Ay and 0(-) := (3;(-))ier € V (i.e. (1) 20 for a.e. 7 € A);

Proor. Step 0. Under (RC) and (SQ), Theorem 3.6 provides multipliers
(A, 5(-)) € R¥ x Loo(A;R™) such that A € Ay, 6(-) € V, complementary slack-
ness holds, and the basic KKT-type inequality of Theorem 3.6 is satisfied for all
2(+) € Loo(A;R™). Using the fully affine structure of f, g, h, this inequality becomes
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exactly

i((a;(T) = jc;(7), 2(7)) + b;(7) — w;d;(7))

o
Ing
>

+ Y 0:(n)((pi(7), 2(7)) + ai(7)) |dr 2 0.

i€l

Step 1 The proof of this step is the same as the proof of Step 2 in Theorem 3.5.
Hence, with 7(7) = 0 a.e. in A, condition (3) reduces to [, 8(7)dr = 0, which
completes the proof. O

Solution of Example: Time-dependent surface-grinding model. In
the notation of (VFCTP), we have k = 2, m = 2, and fi(r,p) = 1 +p — 7,
fZ(Tvp) = 2(p_ T) - 17 gl(Tap) = QQ(T,p) =p—-T, h1(7—7p) =1+7 - D hZ(Tvp) =
p — 7 — 2. The feasible set is Qp = {p(-) € Lo([0,1;R) : 1 < p(7) = 7 <
2 a.e. on [0,1]}. Obviously, p(r) = 7+ 2 is a proper efficient solution of prob-
lem (G) with M = 1. For every 7 € [0,1], the functions fi(r,p), fa(7,p) are
affine in p, hence convex. Also, g1(7,p) = g¢a(7,p) = p — 7 are affine in p,
hence concave as well as convex. Therefore, —gi(7,p), —g2(7,p) = 7 — p are
convex. Finally, hi(t,p) = 1+ 7 — p, ha(1,p) = p — 7 — 2 are affine in p,
hence convex. All functions are measurable in 7, continuous in p, and bounded
on bounded subsets of R. Moreover, for every feasible p(:), p(r) — 7 > 1 a.e.
[0,1], so fol g;j(T,p(T))dT > 0, j = 1,2. Hence, the problem belongs to the mixed-
affine VFCTP framework. Set A := fol (p(r) — 7)dr. Since 1 < p(r) — 7 < 2
a.e. on [0,1], we have 1 < A < 2. Thus (Ji(p(-)), J2(p(")) = 1+ 5,2 — %),
A € [1,2]. For p(r) =7+ %, we obtain W = (%, %) We have that, for almost
every 7 € [0,1], Slater’s condition (SQ) is satisfied for s(r) = 7+ 5. The problem
is fully affine. We have J4 = {1,2}, Jy =0, 14 = {1,2}, Ixn = 0. Therefore,
the mixed-affine structure required in Theorem 3.3 holds. Also, it is clear that the
(RC) condition is satisfied. We now construct multipliers satisfying the conclusion
of Theorem 3.3. Let A = (2,3). 01(7) = 0 and Ua(7) = 0, a.e. in [0,1]. Conditions
(3.1) and (3.2) hold as the two weighted objective components are in exact equi-
librium under the chosen multipliers. Since the phase-constraint multipliers are
zero, no additional contribution arises from the constraints. Therefore, both the
pointwise balance condition and the global integral condition are trivially satisfied.

Conclusion. In this example, the properly eflicient pressure profile is p(7) =
T+ % Mechanically, this means that the commanded contact pressure increases
along the grinding pass in order to compensate for the position-dependent reduction
encoded by 7. The effective grinding intensity p(7) — 7 = % remains constant.
This gives a balanced operating regime. Increasing the effective intensity would
reduce the specific grinding energy, but it would increase wheel wear per removed
material volume, while decreasing it would reduce wheel wear but increase the

specific energy.
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FIGURE 2. Optimal pressure profile and admissible bounds. The
profile p(7) = T-I—% remains strictly inside the feasible band 7+1 <
p(T) < 7+ 2, while the effective intensity p(7) — 7 is constant.

4. Duality

Generally, the dual of a vector programming problem is also a vector problem.
For instance, nonlinear vector programming problems in finite-dimensional spaces
are discussed in [30,31]. In the following, we examine a parameter-free efficiency
result of the saddle-point type, expressed in terms of a vector-valued Lagrangian
function £ : Loo(A;R™) x Lo (A;R™) — R¥ as L(2(),v(+) = (L1(2(-),v(+)), ..
Ly(2(+),v(-)))" with components L;, j € J, defined by

_ Jalfi(m,2(n)) + 0" (D)h(7, 2(7)))dr
Jagi(r,2(7))dr '

We shall say that a pair (£(-),9(+)) is a solution of vector saddle point continuous-
time problem (VSPCTP) if

(4.1) L2(1),v(-) 2 L(2(),0())
(4.2) L(2(-),0() 2 L(=(-),0(-))
for all z(+) € Loo(A;R™) and all v(-) € V.
We formulate a Lagrangian-type dual problem for (VFCTP) and establish both

weak and strong duality theorems. The structure of this dual problem is based on
Theorem 3.1. Let

_ . + k Ve — 3 4 . .
Op = {nv() €ATxRE XV Np=_inf VL), ()}

9

Li(z(),0()

We consider the vector dual (VDFCTP) of the primal problem (VFCTP):
max 7

DFCTP
(VDFCTP) subject to (A, n,v(+)) € Qp.
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In the following, the first result, called the weak duality theorem, is a simple con-
sequence of the definition of the dual problem.

THEOREM 4.1 (Weak duality theorem). Let 2(-) € Loo(A;R™) and (A, n,v(+)) €
Qp be feasible solutions of (VFCTP) and (VDFCTP), respectively. Then
Ja J(r,2(7))dr
Jag(r 2(r))dr

PrOOF. For some A € AT, v(:) € V, N = inf,()er_amm) NL(2(-),v(")).
Since z(-) € {2p, we have

n#

;o . 2 (o). o /fA f(r,z(7))dr Aj fA V'(T)h(T, 2(7))dT
Xp= b NEGEC)()E A s g(r 2(r))dr +jEJ [ 95(r 2(r))dr
< /\,fA f(T,Z(T))dT.
Sa9(r, 2(7))dr
Hence,
/ fA f(T7Z(T))dT _ ) > fA f(T,Z(T))dT
A (ng(T,Z(T))dT njz0=mnz Sa 9(7,2(7))dr’
Thus, the proof is complete. O

The following lemma plays a key role in proving the strong duality result in
this section.

LEMMA 4.1. Let 2(-) be a proper efficient solution of (VFCTP) and assume that
(RC) and (SQ) are satisfied. Then, there exists 0(-) € V such that (2(-),0(-)) is a
solution of the saddle point problem (VSPCTP) and slackness condition
(3.3) holds.

PROOF. From Theorem 3.1 we obtain that there exists (A, 9(-)) € AT x V,
such that

(4.3) o' (T)h(r,2(1)) =0 ae. in A
and (2(-), X, 8(-)) is a KKTSP for (VFCTP), i.e.,

for all 2(-) € Loo(A;R™) and all v(-) € V. Now, we shall prove that (2(-),9(-)) is
a solution of the vector saddle point continuous-time problem (VSPCTP). We will
suppose that (4.1) is not true. Then, for some [ € J, 4(-) € V, we have

Jalfi(7 2(r)) + 0" ()h(r, 2(7)))dr [\ (fi(7, 2(7)) + 0()'h(T, £(7)))dT

(45) Taai(r 2(r))dr < IN GG

and

(4.6) Jalfi (1, 2(7) + 0" (Dh(7, 2(7))dr _ [ (£i(7,2(7)) + 0 (7)h(7, 2(7)))dr
’ Sa 95 (7, 2(7))dT = Sa 95 (T, 2(7))dT
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forall j #1,j€ J. K R
Multiplying (4.5) by A [, g1(7, 2(7))dr and (4.6) by \; [ g;(7, 2(7))d7, j # | and

summing, we obtain
(@.7) A’/Af(T,z(T))dT+jez;Aj/A@'(T)h(r,z(f))dr
<A /Af(f,z(T))dH;Aj/Av(T)h(m(T))dT.

Since > ¢, A; = 1, adding the term —X Ja w0 g(7,2(7))dr to both sides of in-
equality (4.7), we obtain a contradiction to the inequality (4.4). Likewise, we will
suppose that (4.2) is not true. Then, for some | € J, Z(-) € Loo(A;R™), we have

Jal(m, 2(7) + F(D)h(r, 2(7)dT_ [ (AT 2(7)) + ¥ (7T, £(7)))dr

(4.8)

S gi(7, 2(7))dT S gi(7, 2(7))dT
and
(4.9) Jalfi (1, 2(7) + 0" (D)h(7, 2(7))dr _ [ (£i(7,2(7)) + &' (7)(7, 2(7)))dr
' Sa 95 (1, 2(7))dT = Sa 95 (T, 2(7))dT

for all j # 1, j € J. Multiplying (4.8) by A\ [ gi(7, 2(7))dr and (4.9) by
A\ Ja 9i(7,2(7))d7, j # | and summing, we obtain

(4.10) X / flrz2(m)dr + A / o(7)'h(r, 2(1))dr
A jed A

oy Ja9i(r: 2(T))dr [ fi(r, A())dr Y /A o(r)'h(r, 2(7))dr.

=~ T 93(r.2(r)dr 2

Since 32,¢, Aj = 1, (4.3) holds, i, = % if we add the term
AT ?

N Sagi (A [y fi( A(r))dr
Z, s 9i(7, 2(7))dr

to both sides of inequality (4.10) we obtain

5\// (f(r,2(7)) —wo g(r, 2(7)))dT + / o(7) h(r, 2(1))dT < 0,

A A

also contradicting the inequality (4.4). Therefore, (4.1) and (4.2) hold and (2(-), 4(-))
is a solution of (VSPCTP). Thus, the proof is complete. O

The following result, known as the strong duality theorem, shows that, under
convexity assumptions, suitable regularity condition and Slater’s constraint quali-
fication, there is no duality gap between primal (VFCTP) and (VDFCTP).
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THEOREM 4.2 (Strong duality theorem). Let 2(-) be a proper efficient solu-
tion of (VFCTP). Assume that (RC) and (SQ) are satisfied. Then, there exists
(A7, 9(:)) € AT xRF XV such that 7 is a pmper efficient solution of (VDFCTP) and

JaI( )dr
= 1.
Jag(m Z( ))dT
PROOF. Step 1: Since 2(-) is an efficient solution of (VFCTP), by Lemma 4.1,

there exist 9(-) € V such that (2(-),9(+)) is a solution of the saddle point problem
(VSPCTP) and

(4.11) o'(T)h(7,2(1)) =0 ae. in A.
Hence, for ;\ € AJr we have

SN [y 20)) £ e (G )i .

ng T, Z(T))dT é A Ja 97, 2(7))dT 2() € Loo (A RY).
Therefore,

/M in NL(2(). 6
(4.12) )\ng( S e ClORIO)
On the other hand, from (4.11) we obtain
. N . N /fA T))dT

a1 et NEGE,60) S VLR, 60) = VRE T

Sa F(7,2(7))dT _
Ja 9(7,2(7))dr

Ny = inf NL(z(-),0(-)).

2(-)€Loo (AR™)

Setting 1) = =, from (4.12) and (4.13) we obtain

Therefore, the solution is feasible.

Step 2: It is obvious that (X, 7),5(-)) is an efficient solution. If this solution is
not a proper efficient solution, there will be another feasible solution (A%, 7%, v°()),
such that for some j € J, inequality 77? —1)j > M(fi; —n?) holds for all t € J where
it —nY > 0. Hence, 7; — 77? <0Oie w; < 77?, which contradicts inequality n 2 .
Thus, the proof is complete. O

ExaMPLE 4.1. Consider the following primal problem from Example 3.1 and
the corresponding dual problem (VDFCTP)

maxn =(n1,72)

; = inf Y. (- TS
subject to A1 + A2m2 z(~)el}£(A;R")()\1£1(Z( ),v(4)) + X2 La(2(4),v(-))),
(VDFCTP) (Amv() € AT xRS x V,

where k =2, m =1 and
L(z(),v() = (La(2(),v()), La(2(-), (-)))’

(fo (r2(0)] + v(r)(|=(0)| = ))dr [, (= +QT+U(T)(|Z(T)—T)))dT)'
fo In(z(7) + 27 + 3)dr ’ fo 41 — 22(7))dT
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However, from Example 3.1 we have that for a.e. 7in [0,1], 2(7) = 0 is a proper
efficient optimal solution of (VPFCTP), w = (i1, w2) = (0, ) and (SQ), (RC) are
satisfied. Further, there exists (X, 7, 9(-)) = ((2, 1),(0,1),0) € AT x R x V such
that 7 is an efficient solution of (VDFCTP). Indeed, for 2(7) = 0 and U( ) =0 a.e.
in [0, 1] problem (VDFCTP) becomes

max 1 = (11, 72)

1 1 1
(VDFCTP) subject to 5771 + 5772 =7
m z 03 12 é 07

with the obvious proper efficient solution 7 = (0, l). It is obvious that optimal

2
values of (VPFCTP) and (VDFCTP) are equal.

5. Conclusion

This paper investigated a nonsmooth vector fractional continuous-time pro-
gramming problem with inequality-type phase constraints in the essentially bound-
ed space Lo (A;R™). The main outcomes can be summarized as follows:

e A continuous-time saddle-point framework was developed for properly ef-
ficient solutions by introducing an appropriate KKT saddle-point concept
and a Lagrange-type functional tailored to the fractional structure.

e Under a continuous-time Slater-type feasibility condition and a regularity
requirement for convex inequality systems, we established KKT-type nec-
essary optimality conditions and also provided a sufficient saddle-point
criterion for proper efficiency.

e For models exhibiting mixed affine/convex structure, we derived refined
optimality conditions that separate affine and genuinely nonaffine compo-
nents. In addition, we introduced a new relaxed Slater-type condition for
mixed-affine settings that yields strengthened, parameter-free statements
and enforces the nontriviality of multipliers associated with the nonaffine
constraint block.

e A vector-valued Lagrangian was proposed and used to formulate a vector
dual problem. For this dual model, we proved weak duality and, under
the same assumptions (and their mixed-affine relaxed variant), a strong
duality theorem ensuring the absence of a duality gap.

e Several examples were provided to illustrate how the assumptions can be
checked and how multipliers can be constructed explicitly in representative
situations.

Potential extensions include: (i) further weakening of regularity/constraint
qualification requirements while preserving multiplier nontriviality; (ii) treatment
of additional constraint classes (e.g., equality-type phase constraints or integral-
type constraints); (iii) generalized convexity frameworks; and (iv) discretization
and numerical schemes that exploit the derived saddle-point and duality structures
for computation in practical applications.
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O OIITMMAJIHOCTU 11 AYAJIHOCTN Y HEI'VIATKOM
BEKTOPCKOM PA3JIOMJBEHOM IIPOI'PAMUPAILY CA
HEIMPEKN/THNM BPEMEHOM: IIOJAYAHUN YCJIOBHA
3A MEIITIOBUTO-A®VHE MOJEJIE

PE3UME. ¥V oBoM pajiy pasmMarpaMo IpobjieM HerJiaTKor BEKTOPCKOT Pa3JIOMJbEHOT
[IpOTrpaMuparka Ca HEIMPEKUHUM BPEMEHOM ca (hba3HUM OrpAaHUYEHUMA HejeTHAKO-
cru. MoruBamnuja norude u3 MOfesa IPUMEheHe MEXaHUKe y KOojuMa ce mepdop-
MaHCe OINCY]y Pa3JIOMJbEHIM WHIEKCUMA aKyMYJIUPAHUM TOKOM BpPEMeEHA, IIPH |e-
My OIl€pATUBHA OI'PAHUYEE-A MOPAjy OUTH 3a/I0BOJBEHA Yy NOTOBO CBAKOM TPEHYTKY
[TOCMATPAHOI BPEMEHCKOr MHTepBaJja. TakBu Momenn oOyxBarajy, mamely ocrasior,
abpa3uBHy 00pajly u OpyIIeme, KBa3UCTAIIMOHAPHY e(DUKACHOCT KPCTAPEHha aBUO-
Ha, KA0 U €HEePreTCKN e(pUKACHO IJIAHUPAbe X0o1a Ko pobora. VI3Bonumo Heomrxo -
ne Kapymr-Kymn-TakepoBe yciioBe OnTUMAaIHOCTH 32 MPABUIHO e(UKACHA PEIIeha
koMOuHOBameM CJ1ejTepoBOr yCJIoBa 110 HEPEKUIHOM BPEMEHY U yCJIOBa perysiap-
HOCTH 32 KOHBEKCHE CHCTeMe HejeHakocTu. Takolje ycrnocraB/baMo JI0BOJbAH YCJIOB
ONTUMAJTHOCTH KOJU BakKU IOJ, IPETIIOCTaBKaAMa KOHBEKCHOCTH.

3a MoJiesie ca MEIoBUTOM apUHOM CTPYKTYPOM, jadaMO TEOPHU)y M3BAH KJIACHU-
HUX OKBUpa 3acHoBaHuX Ha CJjiejTepOBOM YCJIOBY. ¥YBOIUMO JiBE JOJATHE TPOBEP-
JbUBE XUIIOTE3€e, YCJOB PEIIMBOCTH U YCJOB MpaBla pa3jsajama. OBe mpermocras-
Ke JIajy OIITpHUje 3aK/bydKe O MYJITHILIMKATOPUMA, YKJ/bydyjylin HerpuBujaaHOCT
MYJITUILINKATOPA [TOBE3AHUX Ca Hea(hUHUM OrpaHUYEhbUMa U BOJIE JI0 1TOOO0JbIIAHA
yCJIOBa OnTHMaJIHOCTH 6e3 momohHux mapamerapa. PopMmynmcana je u IOKa3aHaA
KJbYUYHA JIeMa KOja Mpy»Ka IVIABHU AJIAT KOjU JIEKU Y OCHOBH OBUX PE3yJITara. 3a-
THM yBOAMMO BeKTOopcku Jlarpamkujan u dpopmysuiiemMo ofropapajyhn BeKTopcKu
JIYAJIHA MOJIeJI. 3a TAKO JOOMjeHU JIyaJIHA MOJIEJ JI0Ka3yjeMo TeopeMe Ciabe U jake
JIyaJIHOCTH, IIPU YeMy TeopeMa jake JyaJHOCTH 0be36elyje ojcycTBO jyasHor ja-
3a. Ha Kpajy, HEKOJIMKO IpuMepa MOKa3yje KaKO Ce IIPETIOCTABKE MOTY IIPOBEPUTH
Yy KOHKDETHAM CHTyallljaMa M KaKO ce JTOOMjeHU TEOPUjCKU PE3yJITaTHA IPUMEY]Y
moMoNy eKCIUIUIUTHO KOHCTPYUCAHUX MHOXKHJIAIIA.
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