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VISCOUS DISSIPATION EFFECTS IN A
VERTICAL ANNULUS FILLED WITH

FLUID-SATURATED POROUS MEDIUM

Eduard Marušić-Paloka and Igor Pažanin

Abstract. The investigation of heat transfer within porous medium has at-
tracted considerable interest because of its growing practical importance. The
present paper is devoted to the study of a steady-state non-isothermal fluid
flow through a vertical cylindrical annulus filled with sparsely packed porous
medium. The governing system is given by the Darcy-Brinkman-Boussinesq
model where the heat equation includes the viscous dissipation term. The side
walls are maintained at uniform temperatures, while the flow is driven by the
axial pressure gradient. Introducing the thickness of the annular region as
the small parameter of the problem, the goal is to derive the approximation
of the flow via asymptotic analysis. Although the governing problem is cou-
pled and nonlinear, the asymptotic solution is proposed in the explicit form
and that represents our main contribution. As such, it clearly displays the
effects of porous structure and viscous dissipation on the temperature and ve-
locity distribution. Due to the viscous dissipation, we observe the increase in
the heat generation leading to a raise in the temperature and velocity profile
within the annulus. Moreover, it is deduced that reducing the thickness of
the annular region may be employed to strengthen the seepage velocity of the
working fluid.

1. Introduction

As a local production of thermal energy induced by viscous forces in fluid-
particle interactions, the viscous dissipation effect is an important phenomenon
that cannot be neglected in porous medium flows. If we compare it with other
thermal effects relevant to fluid flow (for instance, with the thermal buoyancy com-
ing from the heated or cooled walls), it turns out that the consequent mechanical
energy can have a serious impact on the effective behavior of the fluid flow (see
e.g. [1]). A significant viscous dissipation naturally occurs in numerous practical
applications. The examples range from geological processes (petroleum reserves,
geothermal reservoirs, etc.) to industrial applications (catalytic reactors, porous
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journal bearings, etc.). In view of that, the current problem acknowledging this
phenomenon has been extensively studied in the literature. For the overview of the
obtained results, we refer to the chapter [2].

If one wants to study a non-isothermal, creeping fluid flow within a sparsely
packed porous medium, the Brinkman-extended Darcy system is the right choice
(see e.g. [3–5]) coupled with the energy equation via Boussinesq approximation.
Thus, in a steady-state regime, the seepage velocity u∗ = (u∗

1, u
∗
2, u

∗
3), the pressure

p∗ and the temperature T ∗ of the fluid obey the following system (see e.g. [6]):
µ

k
u∗ − µeff∆u∗ +∇p∗ = ρf [1− α(T ∗ − Tr)]g,(1.1)

divu∗ = 0,(1.2)
−λ∆T ∗ + ρfCfu

∗ · ∇T ∗ = Φ∗.(1.3)

Let us address the given positive constants in (1.1)–(1.3). The parameters of
the porous medium are the permeability k and the thermal conductivity λ. The
saturating fluid is characterized by the density ρf , the physical viscosity µ and
the effective viscosity of the Brinkman term µeff . Its thermal characteristics are
given by the specific heat (at constant volume) Cf and the coefficient of thermal
expansion α. The reference temperature of the surrounding medium is Tr, whereas
the gravitational force is denoted by g.

In the above system, the viscous dissipation effect appears as an extra term Φ∗

on the right-hand side in the temperature equation. This term may take various
forms depending on the way how we model the momentum equations. When the
Brinkman second-order term in (1.1) is present, the following form of the viscous
dissipation function is widely accepted:

(1.4) Φ∗ =
µ

k

[︂
(u∗

1)
2 + (u∗

2)
2 + (u∗

3)
2
]︂
+ µeff

[︂
2
(︂∂u∗

1

∂x∗
1

)︂2

+ 2
(︂∂u∗

2

∂x∗
2

)︂2

+ 2
(︂∂u∗

3

∂x∗
3

)︂2]︂
+ µeff

[︂(︂∂u∗
1

∂x∗
2

+
∂u∗

2

∂x∗
1

)︂2

+
(︂∂u∗

1

∂x∗
3

+
∂u∗

3

∂x∗
1

)︂2

+
(︂∂u∗

2

∂x∗
3

+
∂u∗

3

∂x∗
2

)︂2]︂
.

The formula (1.4) was originally proposed by Al-Hadhrami et al. [7]. It keeps
the dissipation Φ∗ always positive and, most importantly, ensures the asymptotic
behavior remaining correct for a wide range of permeability values k. It is composed
of two parts: the first one results from the internal heating needed to extrude
the fluid through the porous medium (the first term-Darcy dissipation) and the
second part results from the the frictional heating due to dissipation (the remaining
two terms).

Due to its practical importance, heat transfer processes in an annular region
have been the subject of numerous studies. We point out to the study [8], providing
a nice overview of the experimental and numerical studies on thermal flows through
a vertical annulus. In particular, the porous medium flows through vertical annular
regions have been the subject of many research efforts (see e.g. [9, 10] for the
experimental results and e.g. [11–13] for numerical simulations). The objective
here is to analytically study the fluid flow through a porous medium in a vertical
annulus by focusing on the thermal effects due to the viscous dissipation.
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We consider the system (1.1)–(1.4) in the domain Ω∗ defined as the region
between two vertical concentric cylinders of different radii (R1 < R2) (see Fig-
ure 1). The co-ordinate system Ox∗

1x
∗
2x

∗
3 is posed such that g = −ge3(g > 0). The

domain Ω∗ is assumed to be either thin or long by taking R2−R1

R1
≪ 1. A fluid-

saturated sparsely packed porous medium is filling the domain Ω∗ whose side walls
are kept at uniform temperatures. The axial pressure gradient governs the porous
medium flow through the annulus. Such setting naturally arises in the above-
mentioned applications and, thus, has attracted attention in the last two decades
(see e.g. [14–16]).

Figure 1. The domain Ω∗ defined as the region between two ver-
tical concentric cylinders of radii R1 < R2 and filled with a porous
medium of permeability k and thermal conductivity λ.

Let us provide more bibliographic remarks related to the subject of the paper.
The analytical studies of the viscous dissipation effects in porous media flow are not
so frequent throughout the literature. Indeed, the analysis of simple 2D channel
flows are mostly available with only Darcy dissipation appearing in (1.4) (k → 0),
see e.g. [17–21]. Starting from the decoupled problem, a rigorous derivation of a
higher-order model for a 3D thin domain involving viscous dissipation effects as in
(1.4) has been presented in [22]. A simplified version of (1.4) has been considered
in [23] to investigate a heat and fluid flow through a vertical annulus via homotopy
perturbation method. In view of that, here we aim to analytically tackle the fully
coupled problem (1.1)–(1.4) in a vertical annulus. To accomplish that, we extend
the approach from [24,25] employed for a thin porous domain without the presence
of the viscous dissipation.

We compose the paper as follows. Section 2 is devoted to the formal setting of
the problem and its transformation to dimensionless form. Passing to the cylindri-
cal coordinates, in Section 3, the approximation of the solution is proposed, using
the asymptotic expansion in powers of the small parameter ε = R2−R1

R1
. After

computing the zero-order approximation of the flow (Section 3.1), we construct the
correctors in the asymptotic expansion for the fluid velocity and temperature (Sec-
tion 3.2). By doing that, we capture the effects of all physically relevant phenomena
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occurring in the system and increase the accuracy of the approximation. We point
out that the asymptotic solution has been computed in the explicit form enabling
us to clearly visualize the impact of the viscous dissipation term on the effective
flow (Section 4). In Section 5, we summarize the obtained results and indicate the
future research directions based on this paper.

2. Formulation of the problem

As described above, the considered domain reads as follows:

(2.1) Ω∗ = {x∗ = (x∗
1, x

∗
2, x

∗
3) ∈ R3 : R2

1 < (x∗
1)

2 + (x∗
2)

2 < R2
2, 0 < x∗

3 < ℓ}.
The cylindrical annulus Ω∗ is assumed to be filled by a porous medium described
by the Darcy-Brinkman-Boussinesq equations. Taking into account the viscous
dissipation, we arrive at the following system:

µ

k
u∗ − µeff∆u∗ +∇p∗ = ρf [1− α(T ∗ − Tr)]g in Ω∗,(2.2)

divu∗ = 0 in Ω∗,

−λ∆T ∗ + ρfCfu
∗ · ∇T ∗ = Φ∗ in Ω∗,(2.3)

where

Φ∗ =
µ

k

[︂
(u∗

1)
2 + (u∗

2)
2 + (u∗

3)
2
]︂
+ µeff

[︂
2
(︂∂u∗

1

∂x∗
1

)︂2

+ 2
(︂∂u∗

2

∂x∗
2

)︂2

+ 2
(︂∂u∗

3

∂x∗
3

)︂2]︂
+ µeff

[︂(︂∂u∗
1

∂x∗
2

+
∂u∗

2

∂x∗
1

)︂2

+
(︂∂u∗

1

∂x∗
3

+
∂u∗

3

∂x∗
1

)︂2

+
(︂∂u∗

2

∂x∗
3

+
∂u∗

3

∂x∗
2

)︂2]︂
.

We impose the no-slip boundary condition on the side walls of the annular region
which are maintained at constant temperatures T1, T2 (T1 > T2):

(2.4) u∗ = 0 for |x̃∗| =
√︂

(x∗
1)

2 + (x∗
2)

2 = Ri, i = 1, 2,

(2.5) T ∗ = Ti for |x̃∗| = Ri, i = 1, 2.

We refer the reader to [2,6] with regard to governing equations and the boundary
conditions. To analyze the impact of the porous structure and viscous dissipation,
it is feasible to write the governing problem in dimensionless form. We proceed as
follows (see e.g. [26]):

x =
x∗

R1
, uε = ρfCfR1

u∗

λ
, T ε =

T ∗ − T2

T1 − T2
,

pε =
ρfCfk

µλ

[︁
p∗ + ρfg(1 + α(Tr − T2))x

∗
3

]︁
,

γ =
µeff

µ
, Da =

k

R2
1

(Darcy number),

Ra =
ρ2fCf (R2 −R1)

µλ
kgα(T1 − T2) (Rayleigh–Darcy number),

Br =
µU2

0

λ(T1 − T2)
(Brinkman number),
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where U0 = λ
ρfCfR1

is chosen as the reference velocity and ε = R2−R1

R1
is the small

parameter of the problem. As a result, the equations (2.2)–(2.3) become:

(2.6) uε − γDa∆uε +∇pε =
1

ε
RaT εe3 in Ωε,

(2.7) divuε = 0 in Ωε,

(2.8) −∆T ε + uε · ∇T ε = Br
{︂ 1

Da

[︂
(uε

1)
2 + (uε

2)
2 + (uε

3)
2
]︂

+ γ
[︂
2
(︂∂uε

1

∂x1

)︂2

+ 2
(︂∂uε

2

∂x2

)︂2

+ 2
(︂∂uε

3

∂x3

)︂2]︂
+ γ

[︂(︂∂uε
1

∂x2
+

∂uε
2

∂x1

)︂2

+
(︂∂uε

1

∂x3
+

∂uε
3

∂x1

)︂2

+
(︂∂uε

2

∂x3
+

∂uε
3

∂x2

)︂2]︂}︂
in Ωε,

where

Ωε =
{︂
x = (x1, x2, x3) ∈ R3 : 1 < x2

1 + x2
2 < (1 + ε)2, 0 < x3 <

ℓ

R1

}︂
.

Note that the boundary conditions (2.4)–(2.5) transform into:

uε = 0 for |x̃| =
√︂
x2
1 + x2

2 = 1, |x̃| = 1 + ε,(2.9)

T ε = 1 for |x̃| = 1,(2.10)
T ε = 0 for |x̃| = 1 + ε.(2.11)

It should be observed that the governing problem is nonlinear and coupled, so our
goal is to build the approximate solution of the system (2.6)–(2.11). Due to the
geometry of the domain, it is natural to assume that the flow is axisymmetric and
this is the only additional assumption related to the current problem.

3. Analysis

In order to construct the approximation of the solution (uε, pε, T ε), we use the
approach from [24,25] (see also [27]). The methodology is based on the multiscale
asymptotic expansion technique with respect to the annulus thickness ε, represent-
ing the small parameter of the problem. The goal is to compute the higher-order
terms in the expansion in order to construct more accurate asymptotic approxima-
tion.

Taking into account the domain (2.1), the natural step is to pass to cylindrical
coordinates. However, before that, we notice that

∇uε + (∇uε)T =

⎡⎢⎣ 2
∂uε

1

∂x1

∂uε
1

∂x2
+

∂uε
2

∂x1

∂uε
1

∂x3
+

∂uε
3

∂x1
∂uε

2

∂x1
+

∂uε
1

∂x2
2
∂uε

2

∂x2

∂uε
2

∂x3
+

∂uε
3

∂x2
∂uε

3

∂x1
+

∂uε
1

∂x3

∂uε
3

∂x2
+

∂uε
2

∂x3
2
∂uε

3

∂x3

⎤⎥⎦
so that the heat equation (2.8) can be compactly rewritten as

(3.1) −∆T ε + uε · ∇T ε = Br
(︂ 1

Da
|uε|2 + γ

2
|∇uε + (∇uε)T |2

)︂
.
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The flow is assumed to be axisymmetric so we introduce

r =
√︂
x2
1 + x2

2, z = x3

and use the known expressions for the differential operators in cylindrical coordi-
nates (see e.g. [28]). For uε = uε

rer + uε
ze3, the equations (2.6)–(2.7) and (3.1)

become:

(3.2) uε
r − γDa

(︂∂2uε
r

∂r2
+

1

r

∂uε
r

∂r
− uε

r

r2
+

∂2uε
r

∂z2

)︂
+

∂pε

∂r
= 0,

uε
z − γDa

(︂∂2uε
z

∂r2
+

1

r

∂uε
z

∂r
+

∂2uε
z

∂z2

)︂
+

∂pε

∂z
=

1

ε
RaT ε,

∂uε
r

∂r
+

uε
r

r
+

∂uε
z

∂z
= 0,

(3.3) −
(︂∂2T ε

∂r2
+

1

r

∂T ε

∂r
+

∂2T ε

∂z2

)︂
+ uε

r

∂T ε

∂r
+ uε

z

∂T ε

∂z
= Br

{︂ 1

Da

[︂
(uε

r)
2 + (uε

z)
2
]︂

+ γ
[︂
2
(︂∂uε

r

∂r

)︂2

+ 2
(︂∂uε

z

∂z

)︂2

+
2

r2
(uε

r)
2 +

(︂∂uε
r

∂z
+

∂uε
z

∂r

)︂2]︂}︂
,

for r ∈ ⟨1, 1 + ε⟩, z ∈ ⟨0, ℓ
R1

⟩. Now, expanding the unknown functions in powers ε

uε(r, z) = u0
(︂r − 1

ε
, z
)︂
+ εu1

(︂r − 1

ε
, z
)︂
+ . . . ,(3.4)

pε(r, z) =
1

ε2
p0
(︂r − 1

ε
, z
)︂
+

1

ε
p1
(︂r − 1

ε
, z
)︂
+ . . . ,

T ε(r, z) = T 0
(︂r − 1

ε
, z
)︂
+ εT 1

(︂r − 1

ε
, z
)︂
+ . . .(3.5)

we plug it to the system (3.2)–(3.3). By looking at the terms with equal powers
of ε, we deduce the recursive sequence of boundary-value problems and solve it
simultaneously by acknowledging the imposed conditions (2.9)–(2.11).

3.1. The approximation at the main order. Introducing the dilated vari-
able

ξ =
r − 1

ε
,

we first obtain:
1

ε3
:
∂p0

∂ξ
= 0 ⇒ p0 = p0(z),

1

ε2
: −γDa

∂2u0
r

∂ξ2
+

∂p1

∂ξ
= 0,(3.6)

1

ε2
: −γDa

∂2u0
z

∂ξ2
+

dp0

dz
= 0,(3.7)

1

ε
:
∂u0

r

∂ξ
= 0 ⇒ u0

r = u0
r(z),(3.8)

1

ε2
: −∂2T 0

∂ξ2
= γBr

(︂∂u0
z

∂ξ

)︂2

.(3.9)
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Hereinafter, on the left hand side of the equations we indicate the order of the
equations with respect to the small parameter ε.

Since u0
r(0, z) = u0

r(1, z) = 0, from (3.6) and (3.8) we obtain

u0
r = 0, p1 = p1(z).

Solving (3.7), we obtain

(3.10) u0
z(ξ, z) =

1

2Da
ξ(ξ − 1)

dp0

dz
,

due to the fact that u0
z(0, z) = u0

z(1, z) = 0. Applying (3.10) to (3.9) leads to

−∂2T 0

∂ξ2
=

Br

γDa2

(︂
ξ2 − ξ +

1

4

)︂(︂dp0
dz

)︂2

.

Taking into account that T 0(0, z) = 1 and T 0(1, z) = 0 (see (2.10)–(2.11)), after
integrating with respect to ξ, we obtain

(3.11) T 0(ξ, z) =
Br

2γDa2

(︂ξ3
3

− ξ4

6
− ξ2

4
+

ξ

12

)︂(︂dp0
dz

)︂2

+ (1− ξ).

To complete the derivation of the zero-order approximation, the pressure p0 still
needs to be determined. From the O(1)-term in the divergence equation we have

(3.12) 1 :
∂u1

r

∂ξ
+

∂u0
z

∂z
= 0.

Since u1
r(0, z) = u1

r(1, z) = 0, a simple integration with respect to ξ yields

(3.13)
dp0

dz
= C = const.

which is exactly the axial pressure gradient given in advance.

3.2. Correctors. To obtain a more accurate approximation, we continue and
build the correctors (u1, p1, T 1) in the asymptotic expansions (3.4)–(3.5). The
next-order terms are given by the following equations:

1

ε
: −γDa

∂2u1
r

∂ξ2
+

∂p2

∂ξ
= 0,(3.14)

1

ε
: −γDa

(︂∂2u1
z

∂ξ2
+

∂u0
z

∂ξ

)︂
+

dp1

dz
= RaT 0,(3.15)

ε :
∂u2

r

∂ξ
+ ξ

∂u1
r

∂ξ
+ u1

r +
∂u1

z

∂z
+ ξ

∂u0
z

∂z
= 0,(3.16)

1

ε
: −∂2T 1

∂ξ2
+

∂T 0

∂ξ
= 0.(3.17)

Before tackling the above system, we go back to (3.12) and deduce that ∂u1
r

∂ξ = 0,
due to (3.10) and (3.13). In view of that, from (3.14) we conclude

u1
r = 0, p2 = p2(z).



8 MARUŠIĆ-PALOKA AND PAŽANIN

Now, we solve the equation (3.15) by applying the derived expressions for u0
z and

T 0 (see (3.10) and (3.11)). We arrive at

u1
z(ξ, z) = − 1

2γDa

(︂ξ3
3

− ξ2

2
+

ξ

6

)︂dp0
dz

+
1

2γDa
(ξ2 − ξ)

dp1

dz
(3.18)

+
RaBr

2γ2Da3

(︂ ξ6

180
− ξ5

60
+

ξ4

48
− ξ3

72
+

ξ

240

)︂(︂dp0
dz

)︂2

− Ra

γDa

(︂ξ3
6

− ξ2

4
+

ξ

12

)︂
.

Note that we took into account that u1
z(0, z) = u1

z(1, z) = 0. Having in mind that
u1
r = 0, ∂u0

z

∂z = 0, u2
r(0, z) = u2

r(1, z) = 0 and acknowledging (3.10), (3.13) and
(3.18), after integrating the equation (3.16) with respect to ξ we arrive at:

dp1

dz
= const. ⇒ p1 = 0

due to p1(0) = p1( ℓ
R1

) = 0. Finally, taking into account (3.11), from the equation
(3.17) we obtain

(3.19) T 1(ξ, z) =
Br

2γDa2

(︂ ξ4

12
− ξ5

30
− ξ3

12
+

ξ2

24
− ξ

120

)︂(︂dp0
dz

)︂2

+
1

2
(ξ − ξ2),

due to T 1(0, z) = T 1(1, z) = 0. This completes the construction of the first-order
correctors.

4. Results and discussion

In view of the analysis presented in the previous section, the proposed approx-
imations for the velocity and temperature take the following form:

(4.1) u = ue3 = (u0
z + εu1

z)e3, T = T 0 + ε T 1.

The functions u0
z, T 0, u1

z and T 1 appearing in the above asymptotic solution are
given as follows (see (3.10), (3.11), (3.18) and (3.19)):

u0
z =

C

2Da
ξ(ξ − 1),(4.2)

T 0 =
BrC2

2γDa2

(︂ξ3
3

− ξ4

6
− ξ2

4
+

ξ

12

)︂
+ (1− ξ),(4.3)

u1
z = − C

2γDa

(︂ξ3
3

− ξ2

2
+

ξ

6

)︂
(4.4)

+
RaBrC2

2γ2Da3

(︂ ξ6

180
− ξ5

60
+

ξ4

48
− ξ3

72
+

ξ

240

)︂
− Ra

γDa

(︂ξ3
6

− ξ2

4
+

ξ

12

)︂
,

T 1 =
BrC2

2γDa2

(︂ ξ4

12
− ξ5

30
− ξ3

12
+

ξ2

24
− ξ

120

)︂
+

1

2
(ξ − ξ2),
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for ξ ∈ ⟨0, 1⟩ and dp0

dz = C.
Having the solution in the explicit form, by looking at the characteristic num-

bers we can easily deduce the impact of the different flow parameters on the ve-
locity and temperature distribution in the annular region. Namely, the effects of
the porous structure are present in the approximation for the seepage velocity at
the main order (see (4.2)). However, the zero-order approximation is not affected
by the thermally-induced effects so we add the corrector (4.4) feeling the effects of
the viscous dissipation. From (4.3), we conclude that the temperature distribution
is affected by the viscous dissipation effects even at the main order. Comparing
the results for the setting with neglected viscous dissipation where the heat flow is
dominantly in the axial direction (see [25]), here we do not obtain such findings. It
is also worth noticing that the convection term does not contribute to the temper-
ature approximation and those effects would not appear even in the second-order
corrector. Indeed, looking back to the (3.3), the equation satisfied by the corrector
T 2 reads:

1 : −
(︂∂2T 2

∂ξ2
+

∂T 1

∂ξ

)︂
= Br

{︂ 1

Da

(︂
u0
z

)︂2

+ γ
(︂∂u1

z

∂ξ

)︂2}︂
.

Applying the above expressions for u0
z, u1

z and T 1, it is straightforward to explicitly
compute T 2 by taking into account that T 2(0, z) = T 2(1, z) = 0 and we leave that
to the interested reader. Although the contribution of the second-order term ε2T 2

is negligible, observe that it captures the effects of the Darcy dissipation which are
not present in the temperature approximation provided in (4.1).

Having in hand the explicit solution also enables us to visualize its behavior
for different values of the characteristic numbers. Thus, in the following, using the
application Graph, the numerical results are laid and discussed in detail. Namely,
in Figures 2 and 3 we plot the velocity and temperature profiles provided in (4.1)
for different values of the Brinkman number. By doing that, we clearly visualize
the impact of viscous dissipation on the effective flow. Motivated by the practical
examples of physical systems involving vertical annular flows in porous media where
viscous dissipation effects are characterized by the higher Brinkman numbers, we
choose Br ∈ {100, 200, 300}. The moderate value for the Rayleigh-Darcy number
is Ra = 103 (see e.g. [29]), while the Darcy number is taken as Da = 10−1. We set
the ratio γ = 1, whereas the axial pressure drop is given by C = −1. To ensure a
thin-annular setting, we put ε = 10−3.

Figure 2 clearly displays the behavior of the temperature profile with respect to
the change of the Brinkman number. Due to the viscous dissipation, by gradually
increasing the Brinkman number, the heat generation within the annular region
raises, resulting in the significant increase in the fluid temperature. Also, it should
be noticed that the fluid temperature exhibits rapid changes in the vicinity of the
annular walls, while it becomes more flattened in between.

The viscous dissipation clearly raises the heat generation, resulting in the corre-
sponding increase in the velocity of the working fluid as well. Indeed, by increasing
the Brinkman number, a raise in the buoyancy force within the annular region
occurs, so the effect of the viscous dissipation on the fluid velocity is more than
obvious, as shown in Figure 3. It should be observed that the symmetry of the
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Figure 2. The effects of Br on the temperature profile (for ε =
10−3, Ra = 103, Da = 10−1, γ = 1 and C = −1).
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Figure 3. The effects of Br on the velocity profile (for ε = 10−3,
Ra = 103, Da = 10−1, γ = 1 and C = −1).
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Figure 4. The effects of ε on the velocity profile (for Br = 100,
Ra = 103, Da = 10−1, γ = 1 and C = −1).
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velocity profile is mostly preserved since the viscous dissipation effects are carried
by the corrector.

Last but not least, it is interesting to visualize how the thickness of the vertical
annulus may influence the velocity of the working fluid. Figure 4 displays the
velocity profile (4.1)1 for fixed Br = 100 and varying thickness ε ∈ {10−2, 5 ·
10−2, 10−3}. The other parameters are kept the same as in Figures 2 and 3. The
results clearly suggest that the seepage velocity can be significantly increased by
reducing the annulus thickness.

5. Conclusion

In this paper, an important application of the porous medium flow has been
addressed: the non-isothermal flow through a thin annulus. We are particularly
interested in viscous dissipation effects since this phenomenon became important
in various geological processes and industrial applications. The framework with
non-negligible viscous dissipation makes the standard Darcy-Brinkman-Boussinesq
model (as considered in [25]) inappropriate, so we consider the generalization with
additional term appearing in the energy equation, as proposed in [7]. After writ-
ing the problem in dimensionless form and passing to cylindrical coordinates, the
asymptotic approximation of the flow is constructed using multi-scale expansion
technique with respect to the annulus thickness. The main findings can be sum-
marized as follows:

• The obtained asymptotic solution is given in the explicit form clearly
showing the influence of the viscous dissipation.

• Increasing the Brinkman number leads to a significant raise of the velocity
and temperature distribution within the annulus, due to the increase of
the heat generation.

• Varying the thickness of the vertical annulus influences the velocity of the
working fluid which can be used in the context of industrial applications
design.

We believe that the provided results and numerical examples could prove useful
in engineering practice. Chemical reactors with porous catalysts, geothermal en-
ergy extraction systems, and oil well casing annuli are only few physical systems
involving vertical annular porous medium flow where viscous dissipation effects,
characterized by Brinkman numbers Br ∈ {100, 200, 300}, are significant. More-
over, to the best of our knowledge, tackling this problem using analytical approach
and without making substantial simplifications is still missing in the literature. The
presented analysis can straightforwardly be extended to a case when an additional
term of the form µeffu

∗ · (∇2u∗) is added in (1.4), as a result of power drag force
related to the viscous dissipation (see [30]). Also, since the analytical solution
has been derived in the explicit form, it can be employed as a control for numer-
ical simulations. Our future work in this area will be devoted to theoretical error
analysis of the given asymptotic model. This means that we aim to evaluate the
difference between the original solution (that cannot be found) and the proposed
asymptotic approximation in the suitable functional norm. To accomplish that,
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we need to generalize the strategy from [22] to a fully coupled problem treated
in the present paper. As a result, a rigorous justification of the proposed asymp-
totic approximation will be provided along with the information about its order of
accuracy.

Nomenclature
u∗ velocity
uε dimensionless velocity
p∗ pressure
pε dimensionless pressure
T ∗ temperature
T ε dimensionless temperature
ℓ length of the cylinders
R1, R2 radii of the cylinders
ε small parameter
Ω∗ annulus
k permeability
λ thermal conductivity
Φ∗ viscous dissipation term

µ physical viscosity
µeff effective viscosity
γ viscosity ratio
ρ density
Cf the specific heat
α thermal expansion
Tr surrounding temperature
T1, T2 prescribed temperatures
g gravitational constant
U0 reference velocity
Da Darcy number
Ra Rayleigh-Darcy number
Br Brinkman number
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ЕФЕКТИ ВИСКОЗНЕ ДИСИПАЦИJЕ КРЕТАЊА ФЛУИДА У
ВЕРТИКАЛНОМ ПРСТЕНУ ИСПУЊЕНОГ ПОРОЗНОМ

СРЕДИНОМ

Резиме. Истраживање преноса топлоте унутар порозне средине привукло jе
значаjно интересовање због свог растућег практичног значаjа. Оваj рад jе по-
свећен проучавању стационарног неизотермног струjања флуида кроз верти-
кални цилиндрични прстен испуњен ретко упакованом порозном средином. Си-
стем jедначина jе дат Дарси-Бринкман-Бусинесковим моделом где jедначина
топлоте укључуjе члан вискозне дисипациjе. Бочни зидови се одржаваjу на jед-
ноликим температурама, док се ток покреће аксиjалним градиjентом притиска.
Увођењем дебљине прстенасте области као малог параметра проблема, циљ jе
да се изведе апроксимациjа тока применом асимптотске анализе. Иако су jед-
начине система спрегнуте и нелинеарне, предложено jе асимптотско решење у
експлицитном облику и то представља главни допринос рада. Као такво, jасно
приказуjе ефекте порозне структуре и вискозне дисипациjе на расподелу тем-
пературе и брзине. Због вискозне дисипациjе, примећуjемо повећање стварања
топлоте што доводи до повећања температуре и профила брзине унутар прсте-
на. Штавише, закључуjе се да смањење дебљине прстенасте области може бити
примењено за повећање брзине цурења радног флуида. Такође, закључено jе
да се смањивањем дебљине прстена поjачава брзина истицања флуида.
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